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Prologue 


La lutte elle-méme vers les sommets suffit a4 remplir un 
coeur d’homme. I] faut imaginer Sisyphe heureux. 

The struggle itself toward the heights is enough to fill a 
man’s heart. One must imagine Sisyphus happy. 


Albert Camus, Le mythe de Sisyphe, [94, p. 166] (trans- 
lation taken from [93, p. 91]). 


Prologue 


Quite often, at the undergraduate level, topology is taught in parallel with complex 
analysis, and functional analysis is taught the following year. Then, interactions 
of complex analysis with topology and functional analysis are minimal. More pre- 
cisely: 


On the topology side, the Riemann sphere C is introduced, usually by adding 
the point at infinity in an ad hoc way, C = C U {oo}. It may allow us to define 
the notion of simply connected set, at least in a pictorial way, using stereographic 
projection: A subset of the complex plane is simply connected if the complement 
of its image under stereographic projection is connected in C (this definition does 
not require the set to be open, but see the discussion [91, p. 40] in Burckel’s book 
for a proviso). The Riemann sphere is not seen as the one point compactification 
of C, let alone as a compact manifold. Another example is uniform convergence on 
compact sets, which may be dealt with by using Morera’s theorem, but no hint is 
given that it corresponds to convergence in a metric space. The student may also 
meet as an exercise the fact that a meromorphic function on the Riemann sphere 
is a rational function, but no similar characterization of functions meromorphic 
on the torus will in general be given, nor will elliptic functions (or, automorphic 
functions, for that matter) be discussed. Although all the needed tools are at 
hand, the condition for conformal equivalence of two annuli seems a bit beyond 
the scope of a first course. Finally, a proof of Riemann’s theorem is difficult to 
present without precise compactness arguments. 


2 Prologue 


On the functional analysis side, analytic functions are really considered as 
individuals, and not as elements of some underlying space. The student does not 
meet Banach spaces, or even Hilbert spaces, of analytic functions. And if she/he 
meets a Fréchet space, let alone a nuclear space, of analytic functions (for instance 
the space of entire functions; see [164, 165] and [251, pp. 105-106]) it would be 
analogous to Monsieur Jourdain’s discovery that he had been speaking prose for 
40 years without realizing it [238]. 


The aim of this book is to illustrate, at the beginning graduate level, some 
of the connections between functional analysis and the theory of functions of one 
complex variable. Our road-map when writing the present book was to help a be- 
ginning graduate student to get familiar with various aspects of complex variables 
and functional analysis (such as the ones alluded to above) not always present 
in the curriculum. We use as a bridge the notion of reproducing kernel Hilbert 
space. The book contains exercises of three kinds, aimed at a beginning graduate 
student: On analysis (in a broad sense, essentially functional analysis), on ana- 
lytic functions, and at the interface of these two topics. There is also some review 
material, for instance elementary results on topological spaces. 


Connections of complex analysis with other fields are numerous. On two 
completely different avenues, operator theory on the one hand and the theory 
of stochastic processes on the other hand give two examples of a wide spectrum 
of applications. This is why we tried to present, or sometimes merely hint at, 
relationships to other fields, such as stochastic processes, covariance functions, 
Gaussian measures. We elaborate on these examples in the second part of the 
introduction. 


The book consists of three parts. In the first part, called Algebra and ana- 
lytic functions, we review various elementary but useful results in linear algebra, 
rational functions, and related topics. We also present exercises and complements 
in analytic functions. 


In the second part, called Topology and functional analysis, we give exercises 
in topological spaces, manifolds and metric spaces, (and in particular countably 
normed spaces). We also review some facts on indefinite inner product spaces, and 
in particular Pontryagin spaces. Operator theory in these spaces has been a source 
of definitions of new class of analytic functions, some of which are presented in the 
book. We also discuss the Stieltjes integral. We assume known elementary measure 
theory, and in particular the Lebesgue integral. We refer the reader to Chapter 
15 of our previous book [CABP]. Although some complex analysis does appear in 
this part, the focus is on topology and functional analysis (at an elementary level). 
Section 6.3 on density results may be of independent interest. 


In the third part, entitled Spaces of analytic functions, we first discuss posi- 
tive definite kernels and the associated reproducing kernel Hilbert spaces. We then 
focus on the case of Hilbert spaces of analytic functions, and important examples 
of these, such as the Bargmann—Segal—Fock space, the Bergman space and the 
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Hardy space. Each of these spaces has a geometric description and an analytic 
one, and we discuss these in detail. 


Positive definite kernels 


We here briefly explain where positive definite functions play a key role. The 
definition of these functions is recalled in Section 7.1. We here start from an 
equivalent definition (see Exercise 7.1.7). Let Q denote some set. The function 


K(z,w) : QAx2 > C 
is positive definite if it can be written as (7.1.3), that is: 
K(z, w) = (hw, hz) #, 


where # is a Hilbert space, with inner product (-,-), and where z +> hz isa 
A -valued function defined on 2. For instance the functions 


al 
K(z,w) =7—>, (0.0.1) 
1— zw 
1 
K = ——_ 0.0.2 
(0) =o (0.0.2) 
where z,w belong to the open unit disk D, the functions 
1 
K(z,w) = Gam” vy € (—1,00), (0.0.3) 


where z,w run through the open right half-plane C,, the function 
K(a,b) =e), a,b € ba, 
where 2 (= ¢2(No)) denotes the space of square summable sequences of complex 
numbers indexed by No = {0,1,2,...}, and the function 
K(t,s) =min(t,s),  t,s © Ry, (0.0.4) 
(where Ry = [0,00)) are positive definite in their respective domain of definition. 
Sometimes classical formulas intermingle with reproducing kernel formulas in a 


maybe unexpected way. For instance Taylor’s formula with remainder applied to 
functions f with m continuous derivatives in [0,1] and such that 


f(0) =--- = f""Y(0) =0, 
that is: 
(2) (m—1) 
Fla) = F(0) +af"(0) +L 4 am EO 
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is such an example when this space of functions is endowed with an appropriate 
inner product. See Exercise 7.5.6, where it is shown that the reproducing kernel 
of this space is 


1 
y= | Glu, 2)G(u, y)du, 
0 
with 


(w—t)™7} J 
G(t,x) = co cae) 


0, else. 


These different examples are the subject of various exercises in the book, but 
the reader might want to find already proofs that they are instances of positive 
definite functions. 


Associated to a positive definite function K on 2 is a Hilbert space H(K) of 
functions defined on 2, which contains the function z+ K(z,w) for every w € 2 
and uniquely defined by the reproducing kernel property: 


for all f € H(K) and all w €Q. 


For the six examples above the associated reproducing kernel Hilbert space 
is respectively the Hardy space of the unit disk, the Bergman space of the unit 
disk [70], the fractional v-Hardy space, the Fock space (or, more precisely, the 
symmetric Fock space associated with C; see [60, 61]), and Sobolev spaces (see 
Remark 6.1.26 for the definition). 


The associated reproducing kernel Hilbert space often provides a convenient 
structure to solve underlying problems. For instance, shift-invariant subspaces of 
the space ¢2 have a nice representation when the problem is transposed in the 
Hardy space. This is Beurling’s theorem; see Exercise 8.3.9 for a finite-dimensional 
version of this result. In the case of the Bergman space, problems in complex 
variables are considered, in the case of the Fock space, problems from quantum 
physics, and problems from stochastic processes for the Sobolev space. The func- 
tion K(t,s) = min(t, s) (with t,s € R_) is the covariance function of the Brownian 
motion. In fact, any positive definite function is a covariance function of an un- 
derlying stochastic process: One can always choose # in (7.1.3) to be of the form 


KH =2(E,B,P), 


where P(f) = 1, (that is, (EZ, 6, P) is a probability space). 


Remark 0.0.1. Quite often, the reproducing kernel Hilbert space associated with a 
given positive definite function has a number of equivalent characterizations, each 
stressing a particular aspect of the space. We mention in particular: 
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1. The reproducing kernel itself. 


2. An analytic characterization, in terms of the coefficients of an underlying 
orthonormal basis. 


3. A geometric characterization, in terms of an underlying measure. 


4. Last, but not least, a transform-like characterization, in terms of an appro- 
priate transform (for instance, the Bargmann—Fock—Segal transform for the 
Fock space). 


See Remark 11.1.2 for a related discussion. 


As illustrated by the kernel (0.0.3), it is not always easy to verify that a given 
function is positive definite. Another example is given by the function 


(\¢|?% + ||?" — |t — |?”) , (0.0.5) 


Nl] re 


where 0 < H < 1, which is positive definite on R. It is the covariance function 
of the fractional Brownian motion (the case H = 4 corresponds to the Brownian 
motion). The positivity of (0.0.5) is the topic of Exercise 7.2.9. 


Other examples of functions which are not readily seen to be positive definite 
arise from the theory of polyanalytic functions in one variable; see [57, pp. 169— 
170], where one can find in particular the following examples: The functions 


N-1 
N ,({ N N+k —12(N—1— 
Ky(z,w) = G— 2p So (-1' G4 ( N ) = em" ' )z— wl? 
k=0 


(0.0.6) 
and 
N-1 N l 
_ (20 _\k aot = 2k 
Fy(z,w) =e 2 | 1) € i ; qiz- wl (0.0.7) 
are positive for N = 1,2,..., respectively in the open unit disk and in the whole 


€ 
complex plane. Note that Ky(z, w) is equal to (0.0.2). 


An apparently unrelated example is as follows: Now Q is the group S, of 
permutations of {1,2,...,n}. We denote by i the parity of the signature o (see 
Definition 7.2.2). Then for g € [—1, 1] the function 
gilor 22) 


is positive definite in $,,. This example plays an important role in the theory of 
q-Fock spaces. 


Some notations. An index of notations appears at the end of the book. We also 
mention the following: 
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e We set No = {O} UN = {0,1,2,...}. 


e Given a Hilbert space H, we will remove the dependence on 1 in the inner 
product and associated norm when these are understood from the context. 
For instance we often will write (-,-) rather that (-,-)4,. A similar remark holds 
for Banach spaces norms and dualities between topological vector spaces. 


e When considering a Lebesgue space La(R, B,di) (where B denote the un- 
derlying sigma-algebra) we often remove the dependence on the latter, and 
write L2(R, dw). When dy is the Lebesgue measure dx we often write L2(R) 
rather than Lo(R, 8, dz). We write sometimes (-,-)a,, or (-,-)2 when dy is the 
Lebesgue measure for the inner product in L2(R, B, dy). 


e Still related to inner products, we will sometimes put the variable inside the 
inner product, and for instance write 


(f(z), 9(2)) (0.0.8) 
rather than (f,g) or (f(-), g(-)). 


e References to our previous book [10] are given as [CAPB]. 


Prerequisites. The student will need as prerequisites: 


(a) Elementary theory of function of a complex variable (we do not recall in 
detail facts appearing in [CAPB)). 

(b) Elementary measure theory and integration (some facts beyond what is re- 
called in Chapter 15 of [CAPB] are needed and will be mentioned in the 
text). 


Final remarks 


In this book, the exercises related to analytic functions are only in the one vari- 
able setting. Exercises left without solutions are labeled as Question or Problem, 
depending on the assumed difficulty. Sometimes Question also refers to an exercise 
given in [CABP], and whose solution is not repeated here. In a book in preparation 
we consider settings which go beyond one variable, including in particular some 
aspects of quaternionic analysis and function theory on a compact real Riemann 
surface. 


Although most, if not all, of the material is classical and has a long history, we 
tried to always give the specific sources we used, or which inspired us, for a given 
exercise. For instance, quite a number of exercises has been taken from, or inspired 
from the reading of, Narasimhan’s book on compact Riemann surfaces [242] and 
Bergman’s book on the kernel function [70]. We mention in particular exercises 
3.6.5, and 5.3.5 for [242] and exercises 2.2.8, 2.6.7 for [70]. The work [248] is a 
very friendly introduction to Fock spaces, and has been the direct inspiration of a 
number of exercises and questions, such as Question 7.2.3. Some of the material 
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has been taken from a chapter [39] from an unpublished project on the history of 
reproducing kernels. 


We also note that some exercises (for instance the construction of the tensor 
product; see Exercise 1.3.5) are in fact classical results which the student will have 
seen in class. 


In the pages following this prologue we single out a number of exercises 


which we think could be of special interest to the reader. 


Acknowledgment. Quite a number of exercises were taken from, or inspired by, 
collaborations. I wish to thank in particular my student Guy Salomon (see for 
instance Exercises 5.5.2, 5.4.6 and 5.4.8), Professor Mamadou Mboup (see for in- 
stance Question 6.1.30) and Professor Izchak Lewkowicz (see for instance Exercise 
2.1.8). It is a pleasure to thank Prof. John Snygg for a discussion on Fourier ro- 
tation operators in Tartu, Estonia, in August 2014; see Exercise 6.1.33. It is a 
pleasure to thank Doctor Haim Attia and Doctor Yossi Peretz for a very careful 
reading of various versions of this book. 


Special thanks are due to Professor Palle Jorgensen. Throughout our collab- 
oration, I came to learn a wide range of new mathematical topics, some of which 
have been translated into exercises; see for instance Exercises 1.6.2 and 7.5.11. 


Last but not least, it is a pleasure to thank Doctor Thomas Hempfling from 
Springer Basel for his help and encouragement over the years for this book and 
quite a number of other projects. 
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A choice of exercises. The book contains 323 exercises (besides questions or prob- 
lems given without answers). We here give a selection of exercises which could be 
of special interest to the reader. 


i 


10. 


11. 


12. 


Exercise 1.6.14 deals with positive Toeplitz matrices, but has connections 
with stochastic processes, maximum entropy and the theory of functions 
analytic and with a positive real part in the open unit disk. 


Exercise 1.7.8 exhibits a univalence property for a certain family of rational 
functions. The arguments are elementary. 


Exercise 2.1.1 deals with Kaluza’s theorem, which characterizes a class of 
functions f analytic in the open unit disk, with value 1 at the origin, and 
such that the Taylor coefficients of index greater than or equal to 1 of 1/f are 
negative. These functions relate to an important class of reproducing kernels, 
called complete Nevanlinna—Pick kernels. 


Exercise 3.6.8 presents an open mapping which is not topologically equivalent 
to an analytic function. 


Exercise 3.8.27 presents the result on the conformal equivalence of two annuli. 
Only elementary tools are used. 


Exercise 4.2.18 deals with lower semi-continuous functions, a notion not al- 
ways so well known, but which plays an important role in the theory of 
topological vector spaces. 


In Exercises 5.4.6 and 5.4.8 we discuss a maybe not so well-known aspect of 
the space of tempered distributions and of a related space of distributions. 
Behind the lines lies a new class of topological algebras. 


Interesting Fourier transforms can be found in Exercises 6.1.5 and 6.1.9. 


An important family of conditionally negative functions is presented in Ex- 
ercise 7.3.3. 


Exercise 8.5.2 leads to interesting links with the Cuntz relations, and new 
kind of interpolation problems. 


Connections between operator theory and reproducing kernel spaces of a 
specified form are considered in Exercise 9.1.6. 


Finally, Exercises 10.4.4 and 11.2.1 contain interesting examples of reproduc- 
ing kernels in the setting of polyanalytic functions. 


Part I 


Analytic Functions 


Chapter 1 


Algebraic Prerequisites 


We survey some material of essentially algebraic flavor. We mention in particular 
exercises on the theory of rational functions and important results and definitions, 


such as the Hahn—Banach theorem and the tensor algebra. 


1.1 Sets 


We begin with some elementary results on functions of sets. Given a set X, we 


denote by P(X) the set of all subsets of X. For A Cc X the complement of A is 
X\A={xEX, cg A}. 
More generally, for A,B CX, 
A\B={xeEX, re Aandas ¢ B}. 


It is useful to introduce the characteristic function 14 of the set A: 


Definition 1.1.1. Let X be some set. The characteristic function 1,4 of the set 


AC X is defined by: 


La(z) 1, if@eA, 
GB) = 
x 0, if dA. 


Clearly, 
lanp=lalpe and layp=lat+lge—lalep. 
Question 1.1.2. Prove that 


lxy\a =1-1a, 
14\B = 14 — Lanes, 
La\(A\B) = lanes (and 80, A\ (A\ B) — AN B). 
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The characteristic function of a set appears in a number of places in the 
book; see for instance Exercise 7.2.1. 


We recall a definition: 
Definition 1.1.3. Let X and Y be two sets (no topologies are assumed on X or Y), 


and let f be a function from X into Y. Let B € P(Y). The set f~'(B) € P(X) 
defined by 


f-'(B) = {we X, f(x) € B} 
is called the inverse image of B under f. 


Example 1.1.4. In the notation of the previous definition: 
(i) Show that: 


f7' (Vier Bi) = Uierf~*(Bi), (1.1.1) 
i Oia By =e (2), 
fU(Y\ B)=X\ f-*(B), (1.1.2) 


where I is any set of indices and where B and the B; are subsets of Y. 
(ii) Let now (Ai)ier be a family of sets of X, and AC X. Show that: 
f (Vier Ai) = Vier f(As), 
f (Mier Ai) C Mier f (As), 
F(X) \ F(A) C F(X \ A). 
Show by counterexamples that equality will not hold in general in the above 
inclusions. 


Exercise 1.1.5. Let f be a map from X into Y. Show that 


{7 Oyeu, YUCy, (1.5) 
FUGFV)) OV, VWWcX. (1.1.6) 


Show by examples that the inclusions may be strict. 


More precisely, we have the following question, taken from the book [92] of 
Calvo, Doyen, Calvo and Boschet. See [92, Exercice 1.2, p. 8]. 


Question 1.1.6. Let f be a map from X into Y. Show that 
ff ")) =U, VUCY, <= f is onto. (1.1.7) 
fofV))=V, VV CX, <— | f is one-to-one. (1.1.8) 
We note that part of the preceding results are the opening exercises in Ramis’ 


classical book of exercises [255]. They are used in numerous places in the present 
book. For instance, (1.1.2) and (1.1.5) are utilized in the proof of Exercise 4.2.39. 
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We also note that (1.1.1) is used in the solution of Question 3.5.2, and that we 
employ (1.1.3) in the proof of Exercise 4.2.7 to show that a certain map is open. 


A relation in a set X is a subset R of X x X. We will denote by x ~ y the 
fact that the pair (x,y) belongs to R. 


Definition 1.1.7. An equivalence relation is a relation for which the following 
conditions hold for all x,y,z © X: 


(1) «~a@, (reflexivity) 
(2) Ifa~y, then y~a, (symmetry) 
(3) Ifa ~y and y~ z, then a ~ z. (transitivity) 


The equivalence class of x € X is the set of all elements equivalent to zx. 
An equivalence relation ~ divides the set X into disjoint equivalence classes. We 
will denote by X/ ~ the set of equivalence classes, and call it the quotient space. 
The map gq which to x € X associates its equivalence class is called the canonical 
projection from X onto X/ ~. Topological properties of g are very important (for 
instance, being continuous, closed, open) and will be considered in Section 3.7, 
which is devoted to the quotient topology. 


Definition 1.1.8. Let R be an equivalence relation on a set X. A subset U of X is 
called saturated if 


U=q ‘(q(U)) (1,1,9) 
= {xe X; q(x) € q(U)}. 


In other words, if x € U then U also contains the whole equivalence class of x. 


Exercise 1.1.9. In the notation of Definition 1.1.8 assume U_ saturated. Then, 
F =X \U is also saturated. 


Equation (1.1.9) makes sense in fact for any function f on the set X. The 
associated equivalence relation will then be 


1 a a f(x) = f(y), 


and we mention the following question (see [92, Exercice 1.8, pp. 13-14]). We give 
the proof of the second item after the statement of the question. 


Question 1.1.10. Let Y denote the family of saturated sets of the function f. Then: 
(1) Show that ifU € .Y so does f~!(f(U)). 


(2) Show that Y is closed under arbitrary union and intersection. 
(3) Let U € FY andV CX such that UNV = 90. Show that U and f~+(f(V)) 
do not intersect. 


(4) If V CU with U,V €.S. Show that V\U €.%. 


14 Chapter 1. Algebraic Prerequisites 


To prove (2) for the union, we write : 


f7* (fier Ai)) = f7* (Vier f(Ai)) (by (1.1.3) 
=Uierf*(f(As)) (by (1.1.1) 
= Vier Aj, 


if each of the set A; is saturated. 
Similarly, for the intersection and a family of sets (A; 


NierAi C f-1(f(MierAi)) (by (1.1.6 
Cf (Mier f(Ai)) (by (1.1.4 


=Merf*(f(Ai)) (by (1.1.1 
= MerAi- 


The notion of equivalence relation permeates all fields of mathematics. For 
instance: 


Question 1.1.11. Let V be a vector space and M C VY be a vector subspace of V. 
The condition 
c~y — «-yeMm (1.1.10) 


is an equivalence relation. 


Another equivalence relation of importance is the following: Two open sub- 
sets of C will be called conformally equivalent if there is a one-to-one and onto 
analytic map from one subset to the other. Riemann’s mapping theorem answers 
this question for simply connected open sets. See for instance [95, Chapitre VJ]. 
We mention at this point that the topological structure of the vector space of 
functions analytic in a given open set, and a compactness argument, play a key 
role in the proof of this theorem. 


We conclude this elementary section related to sets with a remark pertaining 
to the axiom of choice. 


Remark 1.1.12. An important class of spaces considered in this book consists 
of reproducing kernel Hilbert spaces. These are (see Section 7.5) Hilbert spaces 
of functions (say, defined on a set 2) in which the point evaluations f H f(w) 
are continuous for all w € 9. This raises the question (already addressed to in 
Aronszajn’s 1944 paper [51, Remarque IJ, p. 138 and pp. 146-147], in the paper 
(117], and in Halmos’ book [169, Problem 29, p. 32]; see also [40]) to build a 
Hilbert space of functions which is not a reproducing kernel Hilbert space. This is 
possible using the axiom of choice (see Exercise 7.5.14). On the other hand, under 
the set of axioms ZF to which is added the axiom of dependent choice DC and a 
hypothesis called BP (Baire property), it was shown in [322] that all everywhere 
defined linear operators in a Hilbert space are continuous. 
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1.2 Groups 


L’étude des sous groupes discrets de G est inséparable de 
celle des surfaces de Riemann. 


G. de Rham, Sur les polygones générateurs de groupes 
fuchsiens, [106, p. 61]. 


In the above exergue, G denotes the group of invertible matrices of GL(2, C) 
with determinant equal to 1, that is, the special linear group (or modular group) 
SL(2,C). The associated linear fractional transformations 

az+b a 0b 
tu(z) = ag where (° ‘) € SL(2, C), 

describe the group of automorphisms of the Riemann sphere (see Exercise 3.1.10 
for the latter if need be). Remark that to define t;y one can always suppose that 
det M = 1 (as is done by dividing all the elements of M by a squareroot of det ). 
In this section we review some definitions and present exercises related to groups, 
essentially having in view subgroups of SL(2,C), which leave invariant either the 
open unit disk (or the open upper half-plane), or the complex plane. At this stage 
of the book topology does not appear, and we do not give the definition of a 
discrete group. 

Note 1.2.1. In the discussion we mention various notions (such as quotient space, 
lattice, elliptic function, Riemann surface) some of which will be considered at a 
later stage of the book. These notions are used as motivation, but the exercises 
can be done without referring to them. 

First recall the following definition: Let G be a group (which we denote 
multiplicatively) and let H be a subgroup of G. One defines an equivalence relation 
(see Definition 1.1.7) via: 


Evry —> sy ed. 
The right index of H is the cardinality of the set of equivalence classes. The 


definition of left index is defined similarly with the equivalence relation 


le € H, 


ISey SS Yy 
See for instance [214, p. 12]. 


Exercise 1.2.2. Let r € {2,3,...}. 


a b 


(1) Show that the set M, of elements M = 6 D € SL(2,Z) such that 


M= ({ ) (mod +) 


is a subgroup of SL(2,Z). 
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(2) Show that the set of elements M = " : 
by r is a subgroup of SL(2,Z). 


(3) Show that the natural homomorphism 


) € SL(2, Z) such that c is divisible 


SL(2,Z) + SL(Z/rZ) 


is a group homomorphism and is onto. 
(4) Define a group isomorphism identifying 


SL(2,Z)/M, and SL(Z/rZ). 


See, e.g., [219, p. 256] for the case of Euclidean rings for the claims in the 
previous exercise. The group in item (1) is called the homogeneous principal con- 
gruence subgroup of level n (see for instance [249, IV.1]). Its index is equal to 


i= [] (1-5). (1.2.1) 


p prime 2 
divisor of r 


The index of the group in item (2) is equal to 


i(r)=r [I (1 + *) ' (1.2.2) 


p prime 
divisor of r 


See [249, IV.1]. 

The group of translations along the elements of a lattice is an important 
example of subgroup of SL(2, Z). It appears, albeit in implicit form, in [CAPB] in 
the discussion of elliptic functions and of the theta function. 


Exercise 1.2.3. Let w, and wz be two nonzero complex numbers linearly independent 
over the real numbers (that is, Im =* # 0). 
(1) Show that the maps 


Tm,n(Z) HS Z+MW,+NW2, MNE Z 


form a subgroup G of automorphisms, which leaves invariant the complex 
plane. 
(2) Find the element of SL(2,C) corresponding to Tm.n- 


Elliptic functions are meromorphic functions f invariant under the above 
group: 
f (Lm.n(Z)) = f(z), Vn, me Z. 
Furthermore, the quotient space C/G is a Riemann surface (a torus), uniquely 
determined by the corresponding elliptic functions. It is interesting to check if 
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similar results hold when the group G is replaced by another subgroup of SL(2, C). 
This leads to the theory of automorphic functions. 


The following exercise corresponds to the group SL(2, Z), that is, to the group 
of 2 x 2 matrices with entries in Z and determinant 1. 


b 


Exercise 1.2.4. Let M = (: 
c od 


) €st(2,2). 
(1) Show that the map 
(n,m) + (an+me, bn + md) 


is one-to-one from Z? \ {(0,0)} onto itself. 
(2) Letk >3€N. Show that the series 


1 
9k(z) = S> Geen (1.2.3) 
(n,m) €Z?\ {(0,0)} 
converges in C\R. 
(3) Show that 
ge(tur(z)) = (cz + d)* g,(z). (1.2.4) 
(4) Let ki, ko EN \ {1,2} and let f = 22. Show that 
Gki+ke 
f(tu(2)) = fl), YM € SL(2,2). (1.2.5) 


Functions which are meromorphic in the open upper half-plane and satisfy 
(1.2.5) are called automorphic with respect to the group SL(2, Z) of invertible 2 x 2 
matrices with integer entries and determinant equal to 1. 


More generally, for appropriate subgroups G C SL(2, Z) (called circle groups 
in Siegel’s book [289]) and given r = p/q a rational function with no poles in the 
open upper half-plane C, and bounded there in modulus, the series 


f(z) = So (ez +d) r(tu (2) (1.2.6) 
MEG 


converges in C, for N large enough. Such series are called Theta Fuchsian series, 
see [135, p. 45], or Poincaré Theta series or Poincaré series. When r is a constant, 
these are called Poincaré series of special type (see [289, p. 55]). As earlier, the 


matrix M is written as 
a b 
u=(% 4). 
Exercise 1.2.5. With f given by (1.2.6), show that: 
f (tuto (z)) = (coz + do)” f(z), (1.2.7) 


where Mo = (“ 4 EG. 
0 ao 
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Hint: Considering the partial fraction decomposition of r (see [CAPB, p. 329]), it 
is enough to look at functions r which are either constant or of the form 


1 


ae (1.2.8) 


where a € Cy and m > 1. 


Exercise 1.2.10 below, taken from [95, pp. 185-186], plays an important role 
in the characterization of the automorphisms of the open unit disk (that is, of 
the analytic functions which are one-to-one from D onto itself). Recall that these 
are exactly the Blaschke factors (corresponding to the disk) multiplied by unitary 
constant, that is functions of the form c- ba(z), where |c| = 1 and 


z—a 


ba(z) (1.2.9) 


1 —@ez’ 


with a € D. We first need a notation and a number of definitions. Let X be a set. 
We denote by Aut (X) the group of automorphisms of X (one-to-one mappings 
from X onto itself). 


Definition 1.2.6 (see, e.g., [218, p. 17]). Let G be a group and X be some set. A 
group automorphism, also called group action, is a map 


a: Gry Aut (X) 
satisfying 
a(gh) =a(g)a(h), Vg,h € G, and a(e) = ZI, 
where e denotes the neutral element of G and J the identity automorphism. 
In particular it holds that 
a(g-)=a(g)*, Vg EG. (1.2.10) 


Definition 1.2.7. The group G C Aut (X) is said to act transitively on the set X 
if every two points of X can be joined by an element of G: 


Va,y € X, Ja € Gsuch that y = a(x). (1.2.11) 


The automorphism a in (1.2.11) is of course not unique. But one has the 
following result, taken from the paper [13] by Bolotnikov, Rodman and the author. 
See also Question 8.5.4. 


Question 1.2.8. 
az+b 


(1) Characterize all maps z 4 tq which send D onto itself and are involutive. 
(2) Given any two different points w, and we in the open unit disk, show that 
there is a map in (1) and sending w, to wo. Is this map unique? 


1.3. Vector spaces 19 


Definition 1.2.9. The isotropy group of a point wo € X is by definition the group 
of elements of Aut (X) which leave invariant wo. 


Exercise 1.2.10 (see [95, pp. 185-186]). Let G C Aut (X) be a group acting tran- 
sitively on Aut (X), and assume that there exists wo € X such that the isotropy 
group of wo is inG. Then G = Aut (X). 

Hint: Let g € Aut (X) and let wo = g(to). There is an element h € G such that 
h(wo) = to. 


For another exercise involving groups, together with topology, see Exercise 3.8.7. 


1.3 Vector spaces 


We discuss in this preliminary section a number of topics related to vector spaces 
(over the real or the complex numbers), with no topology involved, and which play 
a key role in the sequel. First we recall that every vector space has a basis, called 
a Hamel basis. It will not be countable when the space is infinite dimensional, 
and its existence relies then on the axiom of choice. It follows from the existence 
of a Hamel basis that every vector subspace, say A, of a vector space V, has an 
algebraic supplement, meaning a vector subspace B such that 


ANB={0} and A+B=Y. 
We will use the notation 
A+B=Y. (1.3.1) 


In the present book, Hamel basis are used in particular to prove the existence 
of everywhere defined unbounded linear operators in a Hilbert space, and the 
existence of a Hilbert space of functions which is not a reproducing kernel Hilbert 
space. See Exercise 7.5.14. 


We begin with the Hahn—Banach theorem. 
Theorem 1.3.1 (Hahn—Banach). Let V be a real vector space and let p be a real- 
valued function which satisfies 
p(ut+tw) <plv)+p(w), Vuwey, 


1.3.2 
p(tv) = tp(v), Vu €VandVt> 0. ( ) 


Furthermore, let yp be a real-valued linear functional on a linear subspace W of V 
such that 
p(w) < p(w), Vwew. 


Then pp has an extension ® to V which is bounded by p: 


@(v) < p(v), Vue. 
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Note that the function p will be a semi-norm when in the second condition t 
is real (and not only nonnegative) and one requires p(tv) = |t|p(v). See Definition 
4.1.1 below. We also remark that the Hahn—Banach theorem can also be proved 
when conditions (1.3.2) are replaced by the condition 


p(tu + (1 —t)w) < tp(v) + (1 — t)p(w), (1.3.3) 


where t € [0,1] and v,w € V. See [256, p. 75). 


There are also geometric versions of the Hahn—Banach theorem, stating when 
two convex sets satisfying various auxiliary hypothesis are separated by a closed 
hyperplane (see Remark 4.1.16 for the latter). See for instance [90, §1.2, pp. 4-7]. 
We will not write them here explicitly, but mention that one uses such a version of 
the Hahn—Banach theorem in the study of the Schur—Agler classes (see [3, Proof 
of Theorem 11.5, p. 169], and (9.1.8) for the definition of these functions). 


An important consequence of the Hahn—Banach theorem is the Basic sep- 
aration theorem. See [120, Theorem 12, p. 412]. In the statement we need the 
following definition (see [120, Definition 6, p. 410}). 


Definition 1.3.2. An internal point to a convex set C is a point c € C' such that 
for every v € Y there exists € > 0 such that all vectors of the form c+ zu € C for 
all |z| <e. 


When Y is a metric space and C' has a non-empty interior, any point of the 


interior C is an internal point. See (3.1.3) for the definition of the interior of a set. 


Theorem 1.3.3. Let Cy and C2 be disjoint convex subsets of the vector space V. 
Assume that C, has an internal point. Then there exists a nonzero linear functional 
which separates Cy, and C2. 


This result is used in particular in Exercise 4.1.21 to prove that, in a Hilbert 
space, a closed and convex set is weakly closed. 


Another important consequence of the Hahn—Banach theorem is that the 
dual of a locally convex topological vector space contains nonzero elements. See 
Question 5.4.2 below. 


Continuous linear forms play a key role in the theory of topological vector 
spaces. At this stage of the book, no topology has been defined, and the following 
question, taken from Dieudonné’s paper on duality in topological vector spaces, 
see [115, Théoréme 1, p. 109] (see also [183, Lemma, p. 186]), deals with general 
linear forms. 


Question 1.3.4 (see [183, Lemma, p. 186], [183, p. 186]). Let A1,...,An be linear 
forms on the complex vector space V. Let \ be a linear form on V such that 
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An_, ker A, C ker A. Then there exist complex numbers c1,...,Cn such that 


A= > Ci Ati 
u=1 


We now turn to tensor products of vector spaces. In the setting of Hilbert 
spaces, and with appropriate completion, they play an important role in the char- 
acterization of the reproducing kernel Hilbert space associated with a product of 
positive definite kernels and in the construction of the various Fock spaces. Here 
we only discuss the algebraic setting. See the introduction of [307, Part III] for a 
discussion on the various completions. 


Theorem 1.3.5. Let Vi and V2 be two vector spaces (over the complex or the real 
numbers). 


(1) There is a vector space V3 and a bilinear map i from V; x V2 into V3 with the 
following property: For every vector space V4 and every bilinear map f from 
the Cartesian product V, x V2 into V4 there exists a uniquely defined linear 
map g from V3 into V4 such that 


f= got. 
(2) The space V3 is unique up to an isomorphism of vector spaces. 
The space V3 is called the tensor product and is denoted V; ® V2. We write 
i(v1, V2) = V1 @ vg, for vy € Vi and v2 € Vo. (1.3.4) 


We refer to [214, Chapter XVI]] and to [247, Chapter VI] for the main properties of 
tensor products. More generally, one defines the tensor product of n vector spaces, 
with multilinear maps replacing bilinear maps. 


Exercise 1.3.6 (see, for instance, [214, Proposition 1.1, p. 604]). Show that the 
tensor product of vector spaces is associative: Given V,, V2 and V3 three vector 
spaces, the map defined by 


(v1 ® v2) @ vg > vz @ (v2 @ v3) (1.3.5) 
is an isomorphism from (V1 ® V2) ® V3 onto V; ® (V2 @ V3), with the inverse map 
V4 & (v9 ® U3) > (v1 ® v2) ® v3. (1.3.6) 


Hint: The proof follows the arguments from [214, Proposition 1.1, p. 604]. Given 
v1 € Vy; (resp. v3 € V3) define bilinear maps 


(v2,U3) + (v1 @ ve) @vz3, and (v1,v2) +4 v1 @ (v2 @ v3) 


from V2 x V3 onto (Vi @ V2) ® V3 and V, x V2 onto V; ® (V2 ® V3) respectively, 
and use the definition of the tensor product. 


In view of the associativity the following definitions and exercises make sense. 
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Definition 1.3.7. Let V be a vector space. The direct sum 
Co (eF2,V?") 
is called the tensor algebra associated with V, and will be denoted by 7(V). 


The term tensor algebra is justified in the following exercise: 


Exercise 1.3.8. Show that the map 
(f, 9) ard fg, fey and g € y®™, n,m €No, 


makes F(V) into an algebra. 


Given two vector spaces Y and W and a linear operator T from V into W 
one defines an operator I(T) from 7(V) into 7(W) by the formula 


I(T) (fi @ +++ @ fn) = (Lfi) ®--- @ (T fn). (1.3.7) 


Remark 1.3.9. When one considers Hilbert spaces, each of the spaces V®”" has a 
Hilbert space structure, and the closure of the tensor algebra is then the full Fock 
space associated with V. When one considers symmetric tensor products, one has 
the symmetric (or bosonic) Fock space associated with V. In the setting of Hilbert 
spaces, '(T’) is called the second quantization of T. 


Remark 1.3.10. The symmetric Fock space and the second quantization are con- 
sidered in Exercise 1.5.12 in the finite-dimensional case. 


Exercise 1.3.11. Show that (1.3.7) indeed defines a linear operator. 


We conclude this section with an important concept, which plays a role in 
various places in the book: 


Definition 1.3.12. Let V be a vector space on the complex number. A Hermitian 
form is a map 
-F,] 2: VxV—>C 


with the following properties: 


(1) It is Hermitian, in the sense that 
[v, w] = [w,v], Vo,w ev. 
(2) It is linear in the first variable: 
[e1¥1 + cove, w] = ci[v1, w] + c2[ve,w], Ver,c2 © C and Vy, vo, w € V. 


In the next question one finds a useful identity, called the polarization identity 
(see [CAPB, (14.3.3), p. 484]). 
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Question 1.3.13. Let V denote a vector space endowed with a Hermitian form [-,-]. 
Let A denote a linear operator from V into V. Prove the polarization identity: 


3 
(Mie) = 7 ot lAG tity), u + ee, (1.3.8) 
k=0 


Remark 1.3.14. Polarization identities for multilinear maps appeared already in 
1934 in a paper [229] of Mazur and Orlicz; see the historical note in the paper 
[305] of Erik Thomas, where a simpler proof of the results of [229] can be found. 


1.4 Fields 


Rational functions in n variables with complex coefficients form a field, which we 
will denote by C(X1,...,X,). When n = 1, and setting X, = X, the field C(X) 
can also be viewed as the field of meromorphic functions on the Riemann sphere. 
Meromorphic functions in C which are biperiodic also form a field. They can be 
viewed as the field of meromorphic functions on a torus (see Exercise 3.8.30 for 
the latter). They are an example of an algebraic function field, and provide the 
motivation for this section We here review the main relevant definitions. It is first 
convenient to review some preliminary notions. 


Definition 1.4.1. The field C; is a finite degree extension of the field C2 if C, is a 
finite-dimensional vector space over C2 (say, of dimension NV). The number N is 
the degree of the extension. 


Exercise 1.4.2 (see, e.g., (214, Proposition 1.1, p. 224]). Let C, be a finite degree 
extension of Cz. Then every element of C) is algebraic over C2, that is, it is the 
solution of a polynomial equation with coefficients in C2. 


Definition 1.4.3. The field C) is a finitely generated extension (or, an extension 
of finite type) of the field C2 if there exist 21,...,z1 © Cy such that Cy = 
C2(21,...,2.). The number M is the type of the extension. 


As an illustration, let C, be the field of biperiodic meromorphic functions 
(with a given lattice of periods). Then there exist two elements f and g of C) such 
that every element h in C; can be written as 


h(z) = ri(f(2)) + g(2)ra(F (2), 
where 7; and rz are rational functions (in fact, one can choose f = g and g = 9’, 


where g¢ is the Weierstrass function defined from the lattice). 


Exercise 1.4.4 (see, e.g., (214, Proposition 1.5, p. 226], [225, Proposition 1.7, p. 55]). 
Show that a finite degree extension is finitely generated, and show that the converse 
need not hold. 


In the case of an algebraic extension one has: 
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Exercise 1.4.5 (see, e.g., (225, Proposition 1.8, p. 55]). Let Cy = Co(z1,...,2a2) be 
a finitely generated extension of Cz and assume that the z; are algebraic over C2. 
Then, C, is a finite degree extension, and Cy = C2[21,..., Zn]. 


In view of the previous result, the term “finite” is not ambiguous in the 
following definition: 


Definition 1.4.6. The field C) is an algebraic function field (over C) if there exist 


21,---,2Nn, which are transcendental and such that C{ is a finite algebraic extension 
of the field of rational functions C(z1,..., zn). 
The elements 21,...,2y are called a basis of transcendence if they are al- 


gebraically independent. The number WN is then called the transcendence degree. 
This number is well defined in view of: 


Theorem 1.4.7 (see, e.g., [225, Théoréme 4.5, p. 64]). Let C, be an algebraic func- 
tion field. Two basis of transcendence have the same number of elements. 


1.5 Matrices 


Exercise 1.5.1. Let A,B € C"*". Show that the largest subspace M invariant 
under A and B and on which A and B coincide is given by 


N= q ker(A“ — BY). (1.5.1) 


u=1 


We note that (1.5.1) can be rewritten as 


N= )__ ker((AIn — A)71 = (An — B)71), 


AE P(A)NP(B) 


where p(A) denotes the resolvent set of A. This formulation has the advantage of 
still making sense for unbounded operators. See [85, 82] for some applications in 
the setting of unbounded self-adjoint operators. 


Recall that a matrix M € C”*” is called semi-simple if C” has a basis made 
of eigenvectors of /. The spectral theorem implies in particular that Hermitian 
matrices are semi-simple. The following result is useful in the theory of linear 
algebraic groups. See [296, Lemma 2.4.2, p. 44]. Here we give it as a preparation 
to Question 1.5.3. 


Question 1.5.2. Let M,,..., My be a family of pairwise commuting nxn Hermitian 
matrices with complex entries. Show that they can be simultaneously diagonalized. 


When N = 1 the next question is just a rewriting of the spectral theorem for 
a Hermitian matrix. The result is a direct consequence of Exercise 1.5.2, and is 
used for instance in the study of Hecke operators. See [249, pp. III-13 and III-14]. 
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Question 1.5.3. Let M,,..., Mn be a family of commuting nx n Hermitian matri- 
ces with complex entries. Show that C” has a basis made of common eigenvectors 
of Mi,...,Mwn. 


More generally, in the non-hermitian case, we have: 


Exercise 1.5.4. Let Mj), Mo,..., be a (not necessarily finite) family of commuting 
n Xn matrices. 


(1) Show that they have a common invariant subspace. 
(2) Show that they have a common eigenvector. 
(3) Show that they can be simultaneously triangularized. 


In the statement of the next theorem, C' is a smooth Jordan curve. See 
Definition 3.4.15 for a Jordan curve. 


Exercise 1.5.5. Let A € C”*” and let C denote a smooth simple closed curve which 
does not intersect the spectrum of A. Show that 
—— (2In — A)~1d (1.5.2) 
=— ZIpn - Zz 5. 
271 C ” 
is a projection operator. 


Hint: Use the Jordan form of A to compute the integral. 


The operator P in (1.5.2) is called the Riesz projection corresponding to the 
spectrum of A inside C. The above result still holds in the case of operators in 
Banach spaces. See Exercise 4.2.13. Then the Jordan form is not available, and 
the proof requires a different approach, as follows. Recall first that a Jordan curve 
divides the plane into three connected parts: the curve itself, its interior and its 
exterior (the latter is unbounded). In view of Exercise 4.2.13 we make the following 
remark: Consider another Jordan curve, say D, such that the interior of D is inside 
the interior of C but such that the closed set determined by C' and D does not 
contain elements in the spectrum of A. Then: 


1 
271 Ip 
Taking into account the formulas 

1 
oan pe D, 

Ti Jo zZ—-—w 

; Ps a (1.533) 
== =Oif w E C, 


one can get another proof that P is a projection by considering the integral 


[ fee — A)~!(wI, — A)~*dzdw 
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without resorting to the Jordan form of A. This is a way to consider the case where 
A acts in a Hilbert space, or, more generally in a Banach space. See for instance 
(155, Proof of Lemma 2.1, pp. 9-10]. 

The Riesz projection is used in particular in the present book in Exercise 
1.7.6 to obtain explicit formulas for the Fourier coefficients of a rational function 
with no poles on the unit circle (such a function belongs to the Wiener algebra, 
as is easily seen from its partial fraction expansion). 


We now consider an important class of matrices, which appear in various 
places in the sequel (see for instance Exercise 4.2.46). First a definition: A matrix 
J€C™”*™ which satisfies 

PS ie (1.5.4) 
is called a signature matrix. 
Definition 1.5.6. Let J ¢ C”*”™ be a signature matrix. The matrix M € C”*" is 


called J-unitary if 
MJIM* = J. (1.5.5) 
Question 1.5.7. Let J ¢ C”™*™ be a signature matrix. Show that the J-unitary 


matrices form a multiplicative group. 


Equation (1.5.5) means that M is unitary with respect to the (in general 
indefinite metric) defined by J. See Section 4.4 for the latter. The following ex- 
ercise, left here as a question, already appears in Godement’s algebra book; see 
(154, Exercice 51, p. 652]. A proof can be found in Dym’s CBMS’ lecture notes 
[122, Theorem 1.2, p. 17]. 


Question 1.5.8. Assume that 


i= & a (1.5.6) 


Show that M € C&+4x(+9) is J-unitary if and only if it can be written as 


M = H(K) G D) (1.5.7) 


where U € CP*P and V € C4*4 are unitary matrices, where K € C?*4 is strictly 
contractive and H(K) denotes the Halmos extension of K: 


H(K) = (Ip -KK*)-¥/? K(I, — K*K)-1? 
~~ K* (I, — KK*)-¥/2 (I, — K*K)-/? 
Question 1.5.9 (see also [122, Theorem 1.3, p. 18]). Let J be the signature matrix 
given by (1.5.6), and let c € CP*4 be such that c* Jc =0. Leta € R. Show that the 


matrix 
M = In4q tiacc’ J (1.5.8) 


is J-unitary and find its representation (1.5.7). 
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Problem 1.5.10. When q = 0 or p = 0, no nonzero vector c satisfies c* Jc = 0. 
On the other hand, one can ask what is the structure of the multiplicative group 
generated by the matrices of the form (1.5.8). 


Matrix equations will play an important role in the sequel; see (7.7.14) and 
(7.7.31). We recall the following result: 


Theorem 1.5.11. Let A, B,C,D © C"*". The matrix equation 
AXB-CXD=E 
has a unique solution for every E € C"*"” if and only if 
ab— cd £0, 


for alla € 0(A), b€ o(B), cE a(C), andd€oa(D). 


We conclude this section with the study of the symmetric Fock space and 
second quantization in the case of finite-dimensional spaces. We recall a notation: 
For A € C”*™ and B € C?*4 we denote (see also the proof of Exercise 7.4.3 and 
[(CAPB, Exercise 14.3.3, p. 485]) by A ® B the Hadamard product (also called 
Schur product, or tensor product) of the matrices A and B, that is: 


a1B ay2B -:: GdimB 
a2,B agx2B -+: damB 

AGB | (1.5.9) 
Ani B Gn2B eas anmB 


Exercise 1.5.12. In the exercise, M,N, P and Q denote elements of N. Let e1, ..., 
en (resp. f1,..-, fm) be the canonical basis of CN (resp. C™”). 


(1) Show that the map 
T(ei, fi) =e, @ f; 
allows to define CN™ as the tensor product CN @C™. 


(2) Let AE CP*N and Be C@*™. Show that the matrit A® B (see (1.5.9)) 
defines the tensor product of A and B, meaning that 


(A@ B)(f @g)=Af ® Bg. 


(3) Show that 
(A @ BF ®@ g)ll = ||AFIl- Boll, (1.5.10) 


where the norms are the Euclidean norms. 


(4) Let M=N=P=@Q. Define T(A) via 


I(A) (Te) pein = (AP 0. 
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where fo € C and fy € CX” for n > 1. Then T(A) defines an operator from 
the tensor algebra 7(C%) into itself, and 


1 


IAI < ay 


(1.5.11) 


when || Al] < 1. 


Remark 1.5.13. The condition ||A|| < 1 is in fact too strong. It is enough to assume 
that ||A|| < 1 to ensure that (A) is a bounded operator. See for instance [193, 
Theorem 4.5]. 


As a consequence of (1.5.10) we have: 


Question 1.5.14. Let A and B be unitary (resp. isometric) (resp. coisometric) 
matrices. Then A® B is unitary (resp. isometric) (resp. coisometric). 


The case of positive matrices was considered in [CABP, Exercise 14.3.3, p. 
485]. See the following section for the definition of, and exercises on, these matrices. 


1.6 Positive matrices and finite-dimensional 
Hilbert spaces 


Positivity plays an important role in this book, and in this section we present 
exercises relative to positive matrices and associated finite-dimensional Hilbert 
spaces (the notion of positive matrix is reviewed in [CAPB, Definition 14.3.1, pp. 
484-485], and the notion of inner product p. 480 there). 


Definition 1.6.1. A positive (or non-negative) matrix M € C"*” is defined by the 
condition 
Mc>0, Vee C”. (1.6.1) 


If the inequality is strict for c 4 0 we say that M is strictly positive. 


We recall, see, e.g., [CAPB, p. 484], that condition (1.6.1) implies in particular 
that M = M*. This is checked using the polarization identity (1.3.8). 


Positive matrices are particular cases of positive operators from a Hilbert 
space into itself (see (4.2.5)), and more generally, from a topological vector space 
into its anti-dual. See Definition 5.5.1 for the latter. 


The following example of a positive matrix will appear another two times in 
the sequel. First, since (1.6.2) is an instance of a positive definite function (see 
Exercise 7.2.4), and next in the study of the Fock space of polyanalytic functions; 
see Exercise 11.2.1. The example itself is amplified in the joint work [33] with Palle 
Jorgensen. 
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Exercise 1.6.2. Let N € N. Show that the (N +1) x (N+ 1) matriz My with 
(m,n) entry equal to 


n 


ur m,n=0,...,N, (1.6.2) 


is strictly positive. 


Hint: Use the Chu—Vandermonde formula 


mAn 
m+n n m 
Cr)- EO) 6a 
to obtain a factorization My = LyLy, where Ly is the lower triangular matrix 
(with nonzero diagonal elements) with (n, @) entry (n > @) equal to 


(in )n= (7), 


that is: 
1 0 0 0 
1 1 0 O 0 
1 2 1 O 0 


In = 


N N N 

0 1 N 
The inverse of Ly can be seen to be the lower triangular matrix with (n, ¢) entry 
(n > €) equal to 


(Came = (1) (8), (1.6.4) 


from which Myx’ can be computed. 


Question 1.6.3 (see [383, Lemma 2.1]). 
(1) Prove that, form <n andj € {m,...,n}, 


(2) Prove (1.6.4). 


Having in view Remark 11.3.3 on the reproducing kernel of the Fock space 
of polyanalytic functions, we now ask: 
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Exercise 1.6.4. Show that the first column of Mx* is given by (11.3.5), that is: 


a cc. ') 


on) 


N+1 
_1)\N 
ot c 4 7 
In the previous exercise, setting N = 2 leads to 


1 11 3 
Mz=|{1 2 3 and first column of the inverse equal to | —3 
1 3 6 1 
Yet another example is given by (see also [CAPB, Exercise 3.1.11, p. 91]): 


Example 1.6.5. Let N € No. The matriz 


i a a 
1 2 1+N 
toi a 
2 3 2+N 
(1.6.5) 
1 1 1 
N+1 N+2 2N+1 


is strictly positive. 


The matrix (1.6.5) is an example of a Hankel matrix, that is of a matrix 
constant on the anti-diagonals. The fact that it is strictly positive is differed to 
Exercise 4.2.34. 


More generally: 


Example 1.6.6. Let v € (—1,00) and let N E No. Show that the Hankel matria 


1 1 nee 1 
[v1 Qe+I +N" 
1 1 er 
Qu+l 3ut1 (Q+N)vtt 
(1.6.6) 
1 1 Sate 1 
(NFl)yet! (N+a2)ett (QN+Iy’tt 


is strictly positive. 


The proof that (1.6.6) is strictly positive will be given in Exercise 8.7.3. The 
reader may want to consider the following question. Note that the case yw € N is 
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easily considered using the fact that the pointwise product of two positive matrices 
is positive. This is Schur’s lemma. See [20, Theorem 2.7, p. 23] for a result for 
strictly positive matrices. 


Question 1.6.7. Let > 0. Let (ajx);,n€1,....N € CNX be a positive (resp. strictly 
positive) matrix. When is the matrix 


(ai ,.)j,KEL,....N 
positive (resp. strictly positive) ? 


The above examples illustrate the fact that it is not always easy to see that 
a Hermitian matrix is positive. As yet another illustration of this fact we give the 
following example, which can be checked using Exercise 7.2.15. 


Example 1.6.8. Let N ¢ N. Show that the (N +1) x (N +1) matrix with (m,n) 


entry equal to mony? n,m=0,...,N, is strictly positive. 


Remark 1.6.9. Part of the results presented here still hold in the infinite-dimen- 
sional case. 


We denote by 
(u,v)cn = v"U 


the standard inner product in C”. Furthermore, the range of a matrix (say A) is 
denoted by ran A. 


Exercise 1.6.10. Let A € C"*” be a positive matrix. Show that the space ran A 
endowed with the form 
(Au, Av) 4 = (Au, v) cn (1.6.7) 


is a finite-dimensional Hilbert space. 


Hint: To show that ran A is nondegenerate it is useful to recall the following fact: 
if (-,-) is a nonnegative (but possibly degenerate) Hermitian form on a (not nec- 
essarily finite-dimensional) vector space V, the Cauchy—Schwarz inequality holds 
in (Y, At s) Js 


\(u,v)|? < (u,u)- (u,v), Vu,ve Vv. 


One can prove Exercise 1.6.11 below very easily using the following fact: A 
positive matrix M € C"*” can be written as 


rr 
— . a * 
M= y Aj UzU; 
j=l 


where r is the rank of M, the a; > 0 and w,...,u, is an orthonormal basis of 
ran M. The proof we suggest in the hint is much more involved, but has some 
advantages. In particular it extends with appropriate modifications to the infinite- 
dimensional case. See Exercise 4.2.41 and Theorem 7.5.22. 
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Exercise 1.6.11. Let M1, Mz € C"*” be two positive matrices. Show that 
ran (My + M2) = (ran M;) + (ran M2). 


More precisely, endow the various ranges with the inner product (and correspond- 
ing norm) defined in Exercise 1.6.10 and show that for every u © C” there exists 
a pair (a,b) € (ran My) x (ran M2) such that 


(M, + Mz)u=a+6, (1.6.8) 
and that, for any such pair, one has 
(Ma + Maule, gary S llal3n, + [BI3a5- (1.6.9) 


Show that there is a unique decomposition (1.6.8) for which equality holds in 
(1.6.9). 


Hint: Show that the linear space R 


R= {((Mi + M2)u, (Miu, M2u)) ,UEe c”} 
Cc (ran (M, + Mo)) x ((ran M1) x (ran M2)) 


is the graph of an isometry, when the cartesian product (ran M1) x (ran M2) is 
endowed with the norm defined by 


If, fa)lliey ate = Wfallie, + Il fallive- (1.6.10) 


Compute the adjoint of this isometry to conclude. 


Exercise 1.6.12. Let M = - : E€ C(rts)x(r+s) be a Hermitian matriz, with 


AéeC™*"., Assume that M > 0. Show that 


ker D C ran B, 


1.6.11 
ran B Cc ran A. ( ) 


Hint: When D is invertible use the Schur complement formula 


A B I, BD~'\ (A-BD"C 0 i. 
€ B= (6 ie )( 0 > Ge ay el) 


where (A, B,C, D) € C™*" x C7*§ x C8*" x C88, 
Definition 1.6.13. The matrix A — BD7~'C is called the Schur complement of A 
in E a It plays an important role in various applications. See for instance 


Exercise 1.7.7. 
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Matrices with constant diagonals are called Toeplitz matrices. We already 
met an example of such a matrix in Example 1.6.8. 


Exercise 1.6.14. Let r_n,...,10,--.,7n be complex numbers such that the matrix 
Ty € CNtDXN+) with (n,m) entry equal to rm—n is positive (note that this 
forces in particular Tj = 1; for 7 =0,1,...,N). 


(1) Assume Ty > 0. Find all ry4i € C such that the matria 


TN+1 
TN 
T 
Ty41 = = Leo: 
1, 
TN+1 TN <': Tr TO 


(2) Still with Ty > 0, assume Ty 41 singular. Show that there is a uniquely 
defined number rn+2 such that the corresponding Toeplitz matrix Ty+2 is 
positive. 


Hints: 
(1) Apply formula (1.6.12) to Ty41. Apply it also to Ty to compute Te. 
(2) Apply Exercise 1.6.12. 


Remark 1.6.15. The problem set in the preceding exercise is called the covari- 
ance extension problem, and has numerous consequences related to prediction of 
stochastic processes, maximum entropy, and the Carathéodory—Fejér interpolation 
problem. See for instance van den Bos’ paper [313]. 


For a solution to the following question see [CAPB, p. 162]. See also Exercise 
2.1.36. Note that the function defined in (1.6.14) is an example of a positive definite 
function (as defined in Section 7.1). 


Question 1.6.16. Let (Tn)nez be a sequence of complex numbers such that all the 
Toeplitz matrices Ty (defined in Exercise 1.6.14) are non-negative. 


(1) Show that the power series 
z)=Tro+ 2). 20a (1.6.13) 


converges in the open unit disk. 
(2) Show that 
oz) +9) DS cnc 
| a a ve oO" rTm_n, 2, weD. (1.6.14) 


( 
Hint: Note that (1.6.14) is equivalent to 


Co 


: ory = : fale _ gripe), 


ueEZ n,m=0 
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Remark 1.6.17. The function (1.6.14) is an example of a positive definite kernel 
(see Definition 7.1.1). 


Question 1.6.18. Let h1,h2,... be a bounded sequence of real numbers such that 
all the Hankel matrices 
hi ty a8 hig 
hg hg ga 
Ay = ee) Nl rae 
hn hnit Peas hon-1 


are nonnegative. 


(1) Compute the sum 


Co 


S hiner 
—m? 
n,m=0 di 
and show that the function 
co 
hn 
n=1 


has a positive imaginary part in the open upper half-plane. 
(2) Consider the case where the sequence (hn)nen ts not assumed bounded (but 
the Hankel matrices are still nonnegative). 


Hint: Compute 


[oe) 


ee) 
et =e sae 
2am “ zm” |? 
n,m=0 u=1 nt+m=u-1 


n,mENo 


and compare with sapdb) This argument shows only that Im h(z) > 0 near 


the origin in C,. To get the conclusion to the whole of C+ one needs an analytic 


extension argument using the positive definite kernel h@)—hw) 


1.7 Rational functions 


In [CAPB] we reviewed briefly the notion of realization of a rational function, 
and we refer to that book (see [CAPB, Exercise 7.5.3, p. 329]) for a proof of the 
following result: 


Theorem 1.7.1. A rational matrix-valued function R analytic at infinity can be 
written as 


R(z) = D+ C(zIn — A)““B, (1.7.1) 


where A,B,C and D are matrices of appropriate sizes. 
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A representation of the form (1.7.1) is called a realization of the function R. 
One can also consider realizations centered at the origin, of the form 


R(z) = D+2C(In — zA)“‘B. (1.7.2) 


We now outline a proof of (1.7.2) based on a different method than the one 
presented in [CAPB] (there for rational functions analytic at infinity). We denote 
by R, the resolvent operator 


f(z) = F(a) ate, 
(Raf)(z) = t-a ’ (1.7.3) 
f(a), 4= 4, 


where f is rational without a pole at a (or, more generally, f is analytic in a 
neighborhood of the point a). 


Question 1.7.2. Show that the operators Ra satisfy the resolvent equation 
Ra-Ry= (a _ b)RaRo, (1.7.4) 
(for functions analytic in neighborhoods of a and b), and that 


(Gi pO ak (1.7.5) 


Z-G 
Question 1.7.3. Let M be a C™*"-valued rational function analytic at the origin. 


(1) Show that the linear span M(M) of the functions RaMc, where a varies in 
the set of points of analyticity of M (which we will denote by Q(M)) and c 
varies in C”, is finite dimensional. 

(2) Show that M admits a realization of the form (1.7.2) with 


(< ;) | M(M) x C® —» M(M) x Cc” 


C D 
defined by 
Af = Rof, 
Be= RoMc, 
1.7.6 
Cf = f(0), ee 
De = M(0)ec. 


Hint: In the proof use is made of the fact that the operators R, satisfy the resolvent 
identity (1.7.4). 


The realization (1.7.6) is the celebrated backward shift realization; see for 
instance Fuhrmann’s books [142, 143]. 


Realizations of the form (1.7.2) play an important role in the theory of Schur 
functions (functions analytic and contractive in the open unit disk). See the book 
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[86] of L. de Branges and J. Rovnyak, where the backward shift realization as- 
sociated with a Schur function, say s, is defined and shown to be co-isometric. 
The space M(s) is then replaced by the reproducing kernel Hilbert space with 
reproducing kernel (see (7.7.17)) 


ks(z,w) = pelt sz/su) 
1— zw 
Realizations of the form (1.7.2) have far-reaching generalizations to various 
situations in several complex variables, see for instance the book [3] of J. Agler 
and J. McCarthy, and in noncommutative function theory. See for instance the 
paper of Paul Muhly and Baruch Solel [239] for the latter. 


Question 1.7.4. 

(1) Compute the Laurent expansion at oo of the function (1.7.1) and the Taylor 
expansion at the origin of the function (1.7.2). 

(2) Specialize Questions 1.6.16 and 1.6.18 when the coefficients r, and hy, are of 
the form 

Tf =CU"C* and h,=CA”'B, 

where A, B, C, U are matrices of appropriate sizes, with U unitary and A, 
B,C with real entries in the case of the numbers hy,.... 


Realizations (1.7.1) and (1.7.2) are called minimal if N is minimal. The num- 
ber NV is then called the McMillan degree (or, for short, the degree) of the function. 
The definition of the degree can be given for any rational function, regardless of 
analyticity at the origin or at infinity; see [64, Chapter IV, p. 77]. We refer also to 
[64] for the following discussion on factorization. The product R(z) = Ri(z) Ro(z) 
of two C”*"-valued rational functions is called minimal if 


deg R = deg Ri + deg Ro. (1.7.7) 


Conversely, given a C”*"-valued rational function R, a factorization R = R,R2 
of R into a product of two C”*"-valued rational functions is called minimal if 
(1.7.7) is in force. A given C"*"-valued rational function may lack any (non- 
trivial) factorizations into a product of two C”*"-valued rational functions. The 
description of all minimal factorizations of a given rational function analytic and 
invertible at infinity is given in [63], [64, Theorem 4.8, p. 90]. 

Examples of realizations centered at the origin and at infinity are given in 
Exercises 7.7.3 and 7.7.17, where two important classes of rational matrix-valued 
functions appear (namely functions which take unitary values with respect to 
a possibly indefinite metric on the real line or the unit circle). These exercises 
illustrate an important fact: It is of interest to relate the properties of the matrix 


(< >) 


with the properties of R(z). 


1.7. Rational functions 37 


In preparation to Exercise 1.7.6 we introduce: 
Definition 1.7.5. The space W of functions of the form 


f(t) = ss ane, 


neZ 


S- lan| < co 


neZ 


with (@n)nez such that 


is called the Wiener algebra. 


We leave to the student to check that it is an algebra (in fact a commutative 
Banach algebra), when endowed with the pointwise product. A key result is the 
Wiener—Lévy theorem, which states that an element of W is invertible in W if 
and only if it does not vanish on the unit circle (in other words, invertibility in 
the algebra is equivalent to pointwise invertibility). It is instructive to look at the 
original proof of Wiener [321], although the result is a simple consequence of the 
theory of commutative Banach algebra; see [265]. 


Exercise 1.7.6. Show that a rational function R with no poles on the unit circle 
and analytic at the origin belongs to the Wiener algebra. 


Hint: Two ways are possible. One is to use the partial fraction expansion and 
compute the Laurent series at the origin. In fact, because of the algebra structure, 
it is enough to show that the functions 


? a ¢ T, 

z-—a 

belong to the Wiener algebra. This approach does not require the function to be 
analytic at the origin. The second way is more involved, but gives more precise 
results. It consists in considering a minimal realization of R and consider the Riesz 
projection corresponding to the part of the spectrum of A in the open unit disk. 
One gets then formulas for the coefficients of the Laurent series in terms of the 
realization. Such formulas are also available when the function has a pole at the 
origin by considering more general type of realizations for the rational function. 


The computations in the following exercises are not very difficult, but they 
are conducive to study various connections between rational (and more generally 
analytic) functions and operator models and perturbation theory. See for instance 
[30, 31] for some applications. See also Problem 1.7.12. 


Exercise 1.7.7. Let R be a C”*"-valued rational function analytic and invertible 
at infinity, with minimal realization (1.7.1). Show that 


det(zIy — A*) 
det (zy — A) 
Tr R7*(z)R'(z) = Tr ((2In — A*)7* — (zIn — AD), (1.7.9) 


det R(z) = (det D)- (1.7.8) 
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where 
AX a A=BD'C (1.7.10) 


One recognizes in (1.7.10) the Schur complement (see Definition 1.6.13). 


Replacing R by R~! in these formulas we obtain 
det (zIn = A) 


det R~'(z) = (det D~') - det(ely — AX)’ (1.7.11) 
Tr (R™*)“*(z)(R™*)’(z) = Tr (R(z) - (—R*(z)R'(z)) RB" (2) 
= Tr (—R'(z)R7*(z)) 
= Tr ((zIy — A) — (zIn — A*)7"*). (17,12) 
In the above computation we made use of the formula 
(R-1(z)) = —R-1(2)R'(z)R-1 (2), (1.7.13) 


valid for a rational matrix-valued function R at the points z where det R(z) 4 0. 
The formula is valid, as its easy proof will show, more generally for analytic matrix- 
valued (or even operator-valued) functions, or for differentiable functions of a real 
variable. 


Even in the complex-valued (as opposed to the matrix-valued) case, ratio- 
nal functions, an apparently easy concept, can be the object of surprising phe- 
nomenona, as illustrated by the following result of F. Reza. 


Exercise 1.7.8 (see [259, Theorem 1, p. 231]). 
(1) Let y be a function of the form 


N 
Cn 
= 1.7.14 
bo (1.7.14) 


where N EN and0 <a, < ag <--: < ay and the numbers c,,...,cn are all 
strictly positive. Show that yp is one-to-one in the open half-plane Re z > —ay. 
(2) Same question for the function 


N 
v(z) = >> — (1.7.15) 
n=1 ie 


where we now assume a, #0. 
Hint: Take two different points z; and z2 in the assumed set such that y(z1) = 
(z2) and compute the real and imaginary parts of 
ler) ~ vlza) 
42 — #1 , 


Then, distinguish the cases (Im z1)(Im z2) > 0 and (Im z1)(Im zg) < 0 
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Functions of the form (1.7.14) have two important properties: 


(a) They have a real positive part in the open right half-plane C,.. 
(b) They are real, that is take real values on the real axis, i.e., 


(2) = vz). 


Rational functions satisfying (a) and (b) are called positive real functions and 
are transfer functions of REC networks, that is of electrical networks composed 
of resistances (R), inductors (£), and condensators (C). This is an important 
instance of a connection between the property of an analytic function (here a 
rational function which is positive real) and a corresponding engineering concept 
(an RLC network). Such parallels go way beyond the rational case and functions 
of one variable. See for instance [9] for some related discussions. 

Reza’s theorem expresses that RC and RL systems admit an univalent (or 
schlicht, that is, one-to-one) behavior in a half-plane which includes C,.. See also 
[187]. 


Question 1.7.9. Find the structure of a general rational positive real function. 
Hint: Use the partial fraction expansion of the function. 


Exercise 1.7.10. 


(1) Give an example of a (non-constant) rational function with a positive real 
part in C,, and which is not one-to-one there. 

(2) The functions (1.7.14) and (1.7.15) are real (that is, map the part of the 
real axis where they are defined into the real axis). Is it true that a rational 
positive real function is always univalent in C,.? 


Hint: Take N > 1 and 


N 
zZ—Wn 
b(z) =|] —— (1.7.16) 
n=1 m 


where the points w1,...,wn € C,. 


More generally, functions analytic in the open unit disk or in a half-plane 
and with a real positive part there, play an important role in analysis. 


The problem of constructing a rational function with given pole and zero 
structures is trivial in the scalar case. In the matrix-valued case it is much more 
involved. As a sample problem, let us mention: 


Problem 1.7.11. Given &1,...,En € C®, m,...,nm € C%, and (not necessarily 
distinct) complex numbers 21,...,2N,W1,---,wWM, find all C?*4-valued rational 
functions R such that 
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Such problems are of special interest when additional structure is imposed 
on the function R, for instance being J-inner (see Definition 7.7.9 for the latter). 
The problems are then closely related to classical interpolation problems; see for 
instance [58]. 


We conclude this section with some remarks. The material and exercises 
given here are of course classical. Still, they are a source of new problems, for 
instance when considering counterparts of the notion of realization in the setting 
of several complex variables. Various forms of realizations are used. We mention 
in particular 

R(a1,.-.,2m) = D+ C(In —1(z)A)~'1(z)B, 


where, for instance, 


(aly zoaIn +: emln) 
r(z) = or 


diag (21In,,22Ing,---,2mIn,,)) where N = D0" 1 nj, 


and where A, B,C are matrices of appropriate sizes. 


The first case is called a Fornasini—Marchesini realization, and the second 
case is called a Givone—Roesser realization. See [137] and [151] respectively. 


These aspects will be considered in the planned sequel to the present book. 
Even in the setting of one complex variable interesting problems occur. For in- 
stance: 


Problem 1.7.12. Given R analytic and invertible at infinity with minimal realiza- 
tion (1.7.1), recall that a minimal realization of R~\ is given by 


BR g= DD" —D-Ceig— A") BD, 
where AX = A— BD7~'C (see (1.7.10)). Study the transformation 
Aw AX=A-BD"'C 
in terms of perturbation theory (see [85] for a related question). 


Remark 1.7.13. Note that (A*)* = A. 


Problem 1.7.14. Given n € N and given a scalar rational function ro(z), study the 
multiplicative group of C”*"-valued functions R(z), with non-identically vanishing 
determinant and such that 

det R(z) = ro(z)”™ 


for some m € Z (which of course depends on R). In particular study the minimal 
factorizations of elements in this group. 


1.7. Rational functions Al 


Question 1.7.15. Fora €C” and wo € C\T define 


Bawy (2) = (1, cn RE ) (1.7.17) 
ata  1—2zWo a*a 
Show that 
In — Ba,wo (2) Ba,wo (w)* = I |wo|? se 
oe FE oe '". 
1-20 (1 — z™o)(1 — Wwo) 


Definition 1.7.16. The function B,.,. is called an elementary Blaschke-Potapov 
factor when wo € D (see also (7.7.18) and (7.7.19)). The form 


= a a * 
Ba, (2) = (1.- ca oie cea (1.7.18) 


ata 1—wol— zw a*a 


which insures that Ba,wo(1) = I, is also used, in particular in the case of infinite 
products. 


Remarks 1.7.17. 


(a) We note that (possibly infinite product) of factors of the form (1.7.17) (or 
(1.7.18) for infinite products) with wo € D are the matrix counterpart of 
Blaschke products. 

(b) The functions Ba,w, and Ba», (and finite products of such) are special in- 
stances, with J = I, of rational functions J-unitary on the unit circle. See 
Exercise 7.7.17. 

(c) We note the interpolation property 


Ba,wo (wo)a = Baw (wo)a = 0, 


which hints at connections with Problem 1.7.11. 

(d) In fact any C”*"-valued rational function which takes unitary values on the 
unit circle is a finite product of terms of the form Baw, (or Ba,wy) with 
wo € C\T. See [28]. This is a special instance of a result of Krein and 
Langer. See [208] and Remark 7.7.6. 

(e) The functions (1.7.17) and (1.7.18) differ by a right or left multiplicative 
matrix, namely it holds that 


aa* zZ— Wo aa* 
ae ea ae 
ata 1—2zWo a*a 


=(n-S3 1—W z—wo <) (,-S ae) 


ata 1—wo1— zw a*a a*a 1—Woa*a 


aa*  1—Wo aa* aa* 1—Wo z—wWo aa* 
=(I,- ++ In — + — ; 
ata 1l—woarta ata l—wol—zwoata 
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1.8 Solutions of the exercises 


Solution of Exercise 1.1.4: 


(i) We have: 
LE fo' (Vier Bi) — f(x) € Vier B; 
<> 2 € Vier f—'(Bi), 
and 
LE fo (Mier Bi) ——- f(x) € Mer B; 
<> £ € Nerf *(B)). 
Furthermore, 
eeX\f(Y\B) <> f@¢Y\B 
<> f(x)eB 
<> «ef '(B), 
and so 
X\ FOC \B) =F), 
and hence 


f-'(Y\ B)=X\ f-'(B). 


(ii) We now have: 


y © f(Uier Ai) —= 
— 


we UierAy : y= f(a) 
2€LTand dre A; : y= f(z) 
tel: ye f(Ai) 

=> y € Vier f(Ai). 


The case of intersection of sets does not go as smoothly. Indeed, 
y€ f(MerAi) => Av eNierAi : y= f(z) 
<=> are X, Viel : «€ Aj and y= f(z) 
= y€Nierf(Ai). 


Ww Ww 


To see that equality will not hold in general, take J = {1,2}, X =R, 
A, = (—00,0], and Ag = (0,00), 


and 


0, if r=0, 
o={" if «£0. (1.8.1) 
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Finally, let y € f(X). We have: 


ye f(X)\ f(A) = Vere A, y F f(z) 
= ye f(X \ A). 
The fact that inequality may hold is illustrated by the example (1.8.1) and A = Aj. 
Then, 
#(X)\ f(A) =0 while f(X\ 4) = {1}. 


A constant function defined on a set of at least two elements will of course provide 
an easier example. 


Solution of Exercise 1.1.5: Let U C Y. Then, 
f(f-'()) ={ f(a) with z € X and f(z) CU} CU. 


A trivial counterexample for the equality case is given by a constant function 
f : X —+ Y, say f(x) = yo for some yo € Y (with Y having at least two 
elements). Then 


fF) = i coe 


Similarly, 
f-'(FV)) = {eX with f(x) € f(V)} 5 V. 


Here too, a counterexample for the equality case is obtained by taking a constant 
function, say f(x) = yo for some yo € Y. Then, for V 49, 


fF-'FV)) =X, 


which is different from V, unless V = X. 


Solution of Exercise 1.1.9: Assume that q~'(q(F)) 2 F. Then there exists 7 € 
Unq‘(q(F)), and so there is y € F such that q(x) = q(y). Hence q~!(q(F)) 
contains the element y € F equivalent to x € U. This is not possible since U is 
saturated so that y¢U, andUNF=9%. 


Solution of Exercise 1.2.2: 
(1) is left to the reader. 


(2) Let 
— (a1 by _ [ a2 bo 
M, = ( ‘) and Mo = & a 
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be two matrices in G,. Then the (2,1) entry of the product Mj; Mp is equal to 
c1a2 + dice, 


and is divisible by r since both c, and c2 are divisible by r. 


(3) (see for instance [219, p. IV.2] and [219, p. 255]) We leave to the reader to 
check that 7 is a group homomorphism, that is: 


T(Mi M2) = T(M))r(Mp), VM, Mo € SL(2, Z). 


To prove that 7 is onto, let Me SL(Z/rZ), and let 6 ? be a representative 


of M. Thus 
ad —be=1+kr (1.8.2) 


for some k € Z. This equation implies in particular that c,d and r are relatively 
prime together. We first show that there is 2 € N such that c and d+ ré are prime 
together. To that purpose we partition the set C of prime divisors of c as C; UC2, 
where 
Ci ={pprime;p|d}, and Cy={pprime;p fd}. 
Then 
cA(d+ré)=1, with ¢€= |] p. (1.8.3) 
pela 
Indeed, let m which divides both c and d+ ré, and let g be a prime divisor 
of m with power y,. Then there exist integers t and s such that 


c=q'%t and d+rl=q"s. 


This is impossible. Indeed: 

If g € Cy: Then q does not divide r, since c,d and r are together prime. But 
rl = q"1s — d is divisible by gq (since q divides d) while ré is not divisible by d by 
construction of @. 

If g € Cg: Then q| and so rf — q”s is divisible by g while d is not. 


We now can finish the proof that 7 is onto. Take ¢ such that cA (d+ré) = 1, 
and u,v € Z such that 


where k is as in (1.8.2). This is possible since there exist integers ug and vo such 
that uo(d + ré) — vpc = 1. Then, 


(at+ru)(d+re) —(b+rv)c = ad — be+ aré + r(u(d4+ re) — vc) 
=1+kr+arl—r(k+aée) 
Alle 
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atru b+rv 
c d+re 
belongs to SL(2, Z). It is a representative of M, and so T is onto. 


(4) The map 7 induces a group homomorphism from SL(2, Z)/M, onto SL(Z/rZ), 
which is onto since kert = M,. 


Thus 


Solution of Exercise 1.2.3: We just mention that T;,,, corresponds to the matrix 


1 mw,+nwe 
0 1 : 


(1) The result is clear from the formula 


Solution of Exercise 1.2.4: 


(on+me bn-+md)=(n m) é ) 


since ad — be = +1. 
(2) This follows from the fact that the family 


1 

(a + TA) a yeasty 
is summable; see, e.g., [CAPB, pp. 132-133]. 
(3) We have 

1 (cz + d)* 

(nt(z) + m)* (naz +b) + m(ez + d))* 
(cz + d)* 

((na + me)z + nb + md)k° 
So 
(cz + d)* 


gx (ta (2) = (na + mo)z + nb + may 


(n,m) €Z?\ { (0,0) } 


= (cz+d)* LD : 


a 
(n,m) €Z?2\ {(0,0)} ((na + mc)z +nb+ md) 


i 


= (cz + d)* Gane 


(n,m) €Z?\ {(0,0)} 


= (cz + d)*gi(z), 


where we have used item (1) to go from the second to the third line. 
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Solution of Exercise 1.2.5: The map M+ M Mp is one-to-one from G onto itself. 
Furthermore we recall that 


tMMo (z) = tur(tmo (z)). 


See for instance [CAPB, (2.3.5), p. 67]. But 


_ { a4ao + bcp abo + bdo — (ai by 
el ie i +dcep cbo + ddp ~\e dy 


and so 


(Tg (2)+ dN = ( tot deals + (eho dda) feos + ao 


coz + do (cyz + d,)% 
So 
f (Luo (2)) = : (cT,(z) + d)% f (Tue (Tm(z))) 
Me€SL(2,Z) 
_ (coz = dy)N : 
7 eran (c1z + di) F(Fs1mo(2)) 
1 
= z& d N —<——__——_ Ff r(z 
(coz + do) wag OO f (Tum, (2)) 
= (coz + do)” f(z). 


Solution of Exercise 1.2.10: We follow [95, p. 185]. Let g € Aut X. Since G acts 
transitively on X there is h € G which sends wo to g(wo), that is, such that 


h(wo) = g(wo). 


Thus h~'g is in the group of isotropy of wo and by hypothesis belongs to G. Thus 
g=ho(htog)eG. 


Solution of Exercise 1.3.6: The bilinear map 
(v2,U3) + (V1 ® v2) @ vs 
factorizes to the (uniquely defined) linear map 
v2 @ v3 +> (v1 @ v2) @ v3 
from V2 @ V3 into (V1 @ V2) ® V3. It follows that 


(v1, V2 @ v3) + (v1 @ v2) @ v3 
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defines a bilinear map from V, x (V2 @ V3) into (V1 ® V2) ® V3, which factorizes to 
the linear map (1.3.6). The map (1.3.5) is defined in a similar way, and we have 


10 j(v1 ® (v2 @ v3)) = i((v1 ® va) @ vz) = v1 ® (v2 ® vs), 


and similarly for j 07. 


Solution of Exercise 1.3.8: This follows from the associativity of the tensor product. 


Solution of Exercise 1.3.11: The map 


Ta(fi,---,fn) = (Thi) @+++ ® (Thn) 


is multilinear from VY” into W®". By Theorem 1.3.5 it factorizes to a linear map 
from Y®" into W®”. 


Solution of Exercise 1.4.2: (see, e.g., [214, p. 224]) Let N be the dimension of Cj 


as a C2 vector space, and take c € C,. The elements 1,c,c?,...,c% are linearly 
dependent over C2 and so there exist do,a1,...,a@N € C2, not all equal to 0, and 
such that 


ap taic+ age? +---+anc™ =0. 


Let No be the smallest index j such that a; 4 0. If No = N we have c = 0, which 
is algebraic. If No < N we have 


an, tano4ic+ +++ +ancN-™ =0, 
and so c is algebraic. 
Solution of Exercise 1.4.4: Let v,,...,un~ © Cy be a basis of Cy as a Cp-vector 
space. In particular, every power vj can be written as a linear combination of 


Ui so: ON: Thus, CLC C[v1, ies UN]. Since 
Co[v1,.--, UN] Cc Co(v1,..-,UN) CC, 


the result follows. 


That the converse is not true is seen by taking the field of rational functions 
in one variable. 


Solution of Exercise 1.4.5: Following for instance [225] we proceed by induction 
and consider first the case N = 1. In the arguments it is well to recall that the 
quotient of a commutative ring by a maximal ideal is a field. 


Case N = 1: The space 


I, ={f © Co[X] ; f(z1) =0} 
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is a maximal ideal, and its quotient field is C2[z:]. This last space is a finite- 
dimensional vector space over C2 since z, is algebraic over C2. This allows us to 
conclude since 


CL = C2(21) = C[z1]. 


Induction: The induction follows easily since 


(Colz1, seey zn—-1])[Zn] = C[z21, a ., ZN]. 


Solution of Exercise 1.5.1: Let NV be the required space, and let M be a subspace 
both invariant under A and B and on which they coincide. Then, 


M Cc ker(A — B). 
Since AM C M we have, for m € M, 
A(Am) = B(Am), 


and so, since Am = Bm, 
A(Am) = B(Bm), 


and so m € ker(A? — B?). Thus the required space is included in 
Ae, ker(AY — BY), 


This space is invariant under A and B, and A = B on it. Thus 


N =, ker(A" — BY). 


Remark 1.8.1. Since U + NU_, ker(A% — B“) is a decreasing sequence of linear 
subspaces in C” there exists an integer m such that 


N =A, ker(A" — BY). 


Solution of Exercise 1.5.4: 


(1) We can assume without loss of generality that at least one matrix, say M1, is 
not a multiple of the identity. Let ’ be an eigenvalue of M,. We have 


{0} & ker(My — In) GC", 


and the space M, = ker(M; — AI,,) is invariant under all the elements of the 
family. 
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(2) The claim is proved if the space M, has dimension 1. Otherwise consider the 
restrictions of MM), M2..., to Mj, and reiterate the argument in (1). After a finite 
number of iterations one gets to the result. 


(3) Write C” = M, + .M, where + denotes a direct sum, and let 


a fOg NG — 
M;= (4 2): ee eee 


be the matrix representation of M; with respect to this decomposition, with B; € 
C("-1)x("—1)_ The assumed commutativity of the matrices M,; implies that the 


matrices B,, Bo,... pairwise commute. We can reiterate the arguments in (2) to 
this family. After a finite number of iterations one obtains a basis with respect to 
which M,, M2,... are simultaneously triangularized. 


Solution of Exercise 1.5.5: Let A = MJ,4M—!, where M € C”*” and where J4 
is the Jordan form of A. Thus, J, is a block diagonal matrix with blocks being 
elementary Jordan cells of the form 


A 1 0 -- 0 

OA 1 Of 

60 A TP @ x 

JA=1]. =n, +N ECH*™, (1.8.4) 
0.0 x a 
0.0 d 
with 
0 1 0 0 
00 1 0 
00 0 1 0 
N= 

0 0: 0 1 


and where \ ¢ C and where n, € N (of course there may be various cells, of 
possibly different sizes, with the same \; furthermore we set N = 0 ifn) = 1). For 
a given cell we have 


(2In, — J(A))* = ((2-A)In, — NY 


since N™ = 0. 
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Since C' is a simple contour, Cauchy’s theorem gives 


1 


Qni 


In,, if A lies inside C, 


(2In, — J(A))"*dz = peo 
Cc 0, if A lies outside C. 


It follows that Py, = 34 fo(zIn — Ja)~'dz is a projection, and so is MP;,M~". 


Solution of Exercise 1.5.12: 


(1) Let wu be a bilinear map from C% x C™ into a finite-dimensional vector space, 
say C®. In view of the bilinearity, the formula 


v(e: ® fj) = ulei, fj) 
defines in a unique way a linear operator from C\™ into C®. 
(2) We denote by ¢1,..., f1,---,91,.--, and hy,..., the canonical basis of CX, 
C™, CP and C® respectively. Let e= 2, aiei € CN and f = 752, By fj EC™. 
We have (with Ae; = yi 1%kigk and Bf; = ~ 1 00,;he) 


N M 


(A@ Be ®@ f)= >_> _ aifj(Aei ® Bf;) 


i=1 j=l 


P Q 
» 2 a Bian ibe,jgr ® he 


P Q M 
= a (Sean) ( D esP Gk ® he 


k=l €=1 
P Q 

= (33 (Ae) hax) 8 pai Bf sa) 
k=1 f=1 

= Ae® Bf 


(3) In view of the previous item, we have 
P N M 
(A® By(e@ f)= ry (>: ons) S be,58; | ge @ he 
k=1 €=1 \i=1 j=l 


and so: 


P Q N M 
I(A@ BYE @ AI? => So 1d) an eoul? «|S be,58)1? = lel? - BSI? 


k=1@=1 i=1 j=l 


(4) The item follows from (3) and its proof will be omitted. 
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Solution of Exercise 1.6.2: Formula (1.6.3) leads to My = Ly Ly, with 


1 0 0 0 0 0 0 

1 1 0 0 0 0 0 

1 2 1 0 0 0 0 

1 3 3 1 0 0 0 

1 4 6 4 1 0 0 
In = 

1 n ) ee - n 1 0 


1 eed ey 


Solution of Exercise 1.6.4: We need to show that 


N 
/(N+1\ (j+k 
eo FT) ee ) = bo, j=0,1,...,N. (1.8.5) 


k=0 


When j = 0 this equation reduces to 


which holds since 


0=(-14+1)%t1 = C0! rf ‘) Se s(n Ge 


k=0 k=0 
When j = 1 we need to show that 
N 
/(N+1 
ee Gea (k +1) =0, (1.8.6) 


which holds since 
; ye(N t+") Ka aya(n a ye (%) 24-1)" =0 
xe) (Fri) @+n=¢ +DYCH (7) =a-n%=0 


For the convenience of the reader we also explicit the case 7 = 2. The identity to 
prove is now (after multiplication by 2): 


N 
>(-1) Gey (k+2)(k +1) =0. 


k=0 
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In view of the case 7 = 1 we need to check: 


or, equivalently 
a = 
N(N+1)90(-1 _1,) =o 
k=1 


which clearly holds. 
To consider the cases 7 = 2,...,.N, we will proceed by induction, and first 


note that the functions of k: 
1b41, (RL INELD,..., (REDE 2) (RE F—D) 
a, 
product of (j — 1) terms 
and 
ok) = (BADER = 1) (B= 949) (1.8.7) 
a 
product of j terms 


form a basis of the vector space of polynomials (in the variable k) of degree less 
or equal to 7. Thus there exist numbers a,;,u = 1,...,7 — 1 such that 


(G+k)---(k+2)(k+1) = (Santer i) 
ia had gue) 
product of 7 terms 


since the polynomial (j +&)---(4+2)(k+1) has no constant term. In view of this 
equality and assuming the induction to hold for u = 1,...,7 — 1, to prove (1.8.5) 
amounts to proving 


N 
So(-1 i) (k+1)---(k-j+2)=0, 


that is, in fact 


k € +1 
k=j-1 


Le) ED) (k= F+2) =0, 
since y in (1.8.7) vanishes for k = 0,1,...,7—2. But this is clear since, for k > j—1 
we have 


(39) wonoaeroyaorenoorason Cf) 
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and 


Solution of Exercise 1.6.10: When A is not invertible a given element f in the 
range of A is written in a non-unique way as f = Au, and we first need to check 
that (1.6.7) is well defined. So let f = Au = Au’ and g = Av = Av’ be two 
elements in ran A, with u,u’,v,v’ € C”. We have 


and so (-,-) 4 is well defined. The fact that it is linear in the first variable follows 
from the definition of the inner product in C”. That it is Hermitian follows from 
the fact that A = A*. Since A > 0 we have in fact 


(Au, Au)a >0, Vue C”. (1.8.8) 


To end the proof, we check that (-,-)4 is nondegenerate. Inequality (1.8.8) im- 
plies that the Cauchy—Schwarz inequality holds in the (possibly degenerate) space 
(ran A, (-,-)4). See the hint after the statement of the exercise. Let u € C” be such 
that (Au, Au) 4 = 0. By the Cauchy—Schwarz inequality 


|(Au, Av) al? < (Au, Au) 4(Av, Av) 4 = 0, 


and so (Au, Av) 4 = 0 for all v € C”. This implies that Au = 0 since (Au, Av) 4 = 
(Au, v)en ‘ 


Solution of Exercise 1.6.11: We follow the hint. Let 
F=(M,+M2)u and G=(Mu, Mou), we C”. 
Then 
Flt, =U (Mi + Ma)u = u* Myu + u* Mgu = |G a- (1.8.9) 
The space R is a linear subspace of the Cartesian product 
(ran (My + M2)) x ((ran Mj) x (ran M2)), 


and contains no elements of the form (0,G) with G ¥ (0,0) in view of (1.8.9). 
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Thus we can define an isometric linear operator T’ by 

TF=G : ran(M,+ M2) — _ (ranM;) x (ran M2). 

Furthermore, for (Myv1, Mgv2) € (ran M1) x (ran M2), let v € C” be such that 
T*(Myv1, Move) = (Mi + Mp)v. (1.8.10) 

For u € C” we have 

u* (Mi + M2)v = (Mi + M2)v, (Mi + M2)u) mM, +Mo 
= (T*(Myu1, Mav2), (Mi + M2)u) my +mMe 
= ((My01, Mave), (Miu, M2u)) 
=u" (Miu + Mov2), 


and so 
T* (Mu, Mo2Vv2) = Myr, + Mov2. (1.8.11) 


This ends the proof since ker T = 0 and so 
ran (M, + M2) =ranT* + kerT = ran", (1.8.12) 
where + denotes an orthogonal and direct sum. 
Let now v € C” such that (1.8.10) holds and write: 
(Miv1, Mo20v2) = (Mv, Mv) + (My v1 — Myv, Mov2 -— Mov). 
In view of (1.8.10) and (1.8.11) we have (Mjv1 — Myv, Mzv2 — Mov) © kerT™. 
Since (Myv, Mgv) € ranT, and using the orthogonal sum 
(ran Mj) x (ran Mz) = ranT + ker T™, 
we have 
(Mie, M202) || 44, ma 
= ||(M, M2) ||44,,Mz + ||(Mau1 — Miu, Move — M20) |li0,,. Mo 
= || + M2)0 |i, 4. + ||(Miv1 — Mv, Move — M2v)|li,,Ma> 


and so 

Miri I3, + [Mavall3e, > i + Ma)WI3p, 4005 (1.8.13) 
with equality if and only if Myv; = Myv and Mgv2 = Mov. 
Remarks 1.8.2. 


(1) R is a linear relation; see Definition 4.2.49. The proof uses the finite-dim- 
ensional version of the following fact: A densely defined contractive linear 
relation between Hilbert spaces extends to the graph of an everywhere defined 
contraction. See Exercise 4.2.50. 

(2) See formula (4.2.15) in Exercise 4.2.41 for a formula for the minimal decom- 
position which gives equality in (1.8.13). 
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Solution of Exercise 1.6.12: Let vg € C® be in the kernel of D. For every u € C” 
and z € C we have 
u* Au + zu* Buo + Zug B*u = 0. 


The choice z = t € R gives 
u*Au+t(u* Bup + up B*u) > 0, VteER, 
and so u*Bup + vj B*u = 0. Similarly the choice z = it leads to 
u* Au + t(i(u* Bup — 6 B*u)) > 0, VtER, 


and so u*Bug — vj B*u = 0. It follows that u*Bvg = 0 for all u € C” and so 
Bug = 0, that is v9 € ker Bo. 


Still with M > 0 we have 


A B 
& ee Ve > 0. 


Formula (1.6.12) leads to 
A-B(D+el,)'B* > 0. 


Exercise 1.6.10 gives then ran B(D + e[,)~'B* C ran A. To conclude we verify 
that ran B(D + eI,)~'B* = ran B. Note first that (since D + eI, > 0) 


u*’B(D +I,)-'B*u=0 Bu =0, 


and hence 
ker B(D + eI,)~'B* = ker B*. (1.8.14) 


But we have the direct and orthogonal sums 


C* =ranB + ker B* = ran B(D + €l,)~!B* + ker B(D + €l5)7!B*, 


and (1.8.14) implies ran B(D + €I,)~'B* = ran B. 


Solution of Exercise 1.6.14: 


(1) Write 
Tn — 
T = * ’ 
N+1 Ga ro 
with 
TN+1 
TN 
bw =|. Swe (1.8.15) 
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Formula (1.6.12) implies that Ty41 > 0 if and only if ro — by 4, Ty bna1 > 0. 
Write now 


Ty - (7 an \_ 1 ng aan ro — anT yay 0 1 0 
ON Ge Vp 0 1 0 Teas iy ae Ay” 


with ay =(r1 --- ry). We have 


“ = ee 1 0 
'o= bath bn+1 = (Fry by) er , 


yz ((o-anTy-ay)* 0 
0 sires 


és 1 —anTy!, N41 
0 1 bn 


FNqi — OF Te an ? ae 
=r - ea =e bi 
ro — anT'y_ an 
It follows that the set of complex numbers rjy41 such that Ty+1 > 0 is the closed 
disk with center anTy_ bn and radius ,/(79 — by Ty_1bw)(ro _ Gig Pig "4 
Furthermore, T+, is invertible if and only if ry4+j is in the interior of this disk. 
(2) We fix ry41 such that Ty41 is positive but singular. We show that there 


is a uniquely defined number ry+2 such that the corresponding Toeplitz matrix 
Tn+2 > 0. By Exercise 1.6.12 we have that a necessary condition is 


TN+2 
TN+1 
€ ranT 41. 


ry 


Equivalently, there should exist (u,v) € C x CX++ such that 


TN+2 

EE el 0 i (1.8.16) 
: _ any, Tn v}- = 
ry 


Since Ty+1 is singular we have by formula (1.6.12) that 


ro = anyiTy Gy41 = bail bn+1, (1.8.17) 
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and (1.8.16) can be rewritten as 


TN+2 


TNL) ofl dx \ [0 0 1 O\ (u 
pS NG 1 O NP Ne agg Ly 


_ 1 anyil ny 0 
~ \0 1 any 4,ut+Tnv 


= ec + Tyv) 
(ay41u+ Tv) , 


and thus (recall (1.8.15)) we have ryz2 = anuiTy bn41- We show that this 
(uniquely defined) value of r)+1 indeed leads to a positive Ty +2. This is done by 
verifying that, with this value of ry+a, 


t oats” Of 0 0 1 eur, O\~ 
Tn+2=|90 8 Inai 0} {0 Ty bn44 0  In41 0 
0 0 Lf \O- Uiaae Shea ly Oras \O 0 1 


We leave this easy computation (done using in particular (1.8.17)) to the reader. 


Solution of Exercise 1.7.6: Let 
R(z) = D+2zC(Iy —zA)'B 


be a minimal realization of R centered at the origin. Then, (A) NT = @, where 
a(A) denotes the spectrum of A, that is the set of eigenvalues of A. Let P be the 
Riesz projection corresponding to o(A) 7D. We have 


2S = Oe — A)~'dz. 
We have for z € T 
R(z) = D+2C(In —zA)'B 
= D+2C(In — zPA—2(In — P)A)'B 
= D+2zCP(Iy — zPA)"'B+2zC(In — P)(In — 2(In — P)A)'B 


=-)52-"C(In — P)A-*"1B+D—- C(In — P)((In — P)A)'B 
n=1 —_——— ee’ 


zeroth Fourier coefficient 


negative Fourier coefficients 


- y 2°CR “PB -4 


n=1 


positive Fourier coefficients 
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and by definition of P, 


S>|CA"*PB| <0o and > |CA-"*(In — P)B| < 00, 
n=1 n=1 
Note that A is not assumed invertible. What is meant by A~"~!(Iy — P) is the 
inverse of the restriction of A to the range of Iy — P. 


In the preceding exercise the computations are done for a complex-valued R, 
but are the same for a matrix-valued function. Then, the absolute values need to 
be replaced by matrix norms. See [157, pp. 35-37], [155, 156]. 


Solution of Exercise 1.7.7: The function R is analytic at infinity, and so the limit 
R(co) = lim,z_,.. R(z) exists entry-wise and is a finite matrix, equal to D. Since 
R(co) is assumed invertible we have 


det R(z) = (det D)(det(I, + D~'C(zIn — A)~*B)) 

= (det D)(det(Iy + BD~'C(zIy — A)~')) 

= (det D)(det((zIy — A+ BD~'C)(zIn — A)~')) 
det(zIn — A*) 
det(zIny — A) ’ 
where we have used the well-known formula 

det(I, + UV) = det(I, + VV), 
where U € C?*4 and V € C2*?. See [CAPB, Proposition 7.7.3, p. 362] if need be. 
This proves (1.7.8). To prove (1.7.9) we follow the arguments of [30, §6]. We have 
R'(z) = —C(zIy — A)~*B, 


= (det D)- 


and so 
R7'(z)R'(z) = (D7! — D7'C(zIn — A*)~' BD") (—C(zIny — A)~?B) 
= —D"'C(zIn — A)?7B + D“'C(zIn — AX) BD" C(zIn — A)?B 
= —D'C(zIn — A)-?7B + D“"'C(zIn — A*)"'(A— A*)(zIn — A)-?B 
= —D'C(zIy — A)? B+ 
+D‘+C(zIy — A*)71(A—2zIy + zIn — A*)(zIy — A)-?B 
= —D7'C(zIn — A*)“\(zIy — A)“'B. 


Tr R(z)'R’(z) = Tr (-D7+C(zIy — A*)~"(zIy — A) 1B 
= Tr (zIy — A)~'(—BD~'C)(zIy — A*)! 
= Tr (gly — A)~'(A* — A)(zIy —A*)“ 
= Tr(zIy — A)~* (A* — zIy + 2In — A) (zIn — A*)7, 
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and thus: 
Tr R(z)7'R'(z) =Tr ((zIw — A*)~* — (2 — A)7*). (1.8.18) 


Solution of Exercise 1.7.8: 


(1) Let 21 = v1 + iy, and zg = 22 + iy be two different points with real part 
strictly bigger than —a,. Then both y(z1) and y(z2) are defined, and we have: 


v(z1) — (22) . en 


Z2— 21 (21 + Gn)(Z2 + an) 


n=1 


S (2 + Gn)(72 + an) 


Peres ci a 
"(\21 + dnl?) (22 + an|?) 


N . 
25g, es ee) 
"(lea + an |?) ([22 + an|?) 


N 
Se (€1 +n) (%2 + An) = yryo _ 
nr 
ma" (la + an |?)([22 + an?) 
N 
ee 
"(lat + dnl?) (22 + ani?) 


n=1 


Assume that y(z1) = y(z2). We obtain (see [259, equations (11) and (12)]) 


= (Re z1 + Gn)(Re z2 + ay) — (Im 21)(Im 22) 
Sg ee a alana) 
ca (21 + an|?) (122 + @n|*) 
- (1.8.19) 
(Re z1 + ay) (Im z2) + (Re z2 + an) (Im 21) 
p> Cn 5 i = 0. 
| (|21 + @n|?)(|22 + an|*) 
Assume now (Im z1)(Im z2) < 0 (and in particular it may be that Imz, = 


Im z2 = 0). The first equality in (1.8.19) is then impossible since, by hypothesis 
(Re z1 + an)(Rez2+an)>0, n=1,...,N. 


Suppose now (Im z;)(Im zz) > 0. So both Im z; and Im zz are strictly positive or 
strictly negative, and it is the second equation in (1.8.19) which cannot hold. So 
vp(21) # v(z2), and ¢ is univalent in the open half-plane Re z > —a). 


(2) With z; and zp as above we now have 


w(z1) — p22) _ . il 


Cp. @n 
21 — 29 ‘ " "(21 + Gn)(z2 +n)’ 


n= 


and the same argument as in (1) holds, since a; 4 0. 
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Remark 1.8.3. The fact that ~ and w take real values on the real line is essential 
in the proof. 
Solution of Exercise 1.7.10: 


(1) The function 6 is contractive in the right half-plane since (see, e.g., [CAPB, 
(1.1.51), p. 21)), 


- pa 2 4(Rez)(Rewn) 
z+, |z+,l? 


Thus the function y(z) = pos has a real positive part in C,. It takes the 
value 1 at the points w,,...,wy and so is not univalent in C, when N > 1. 


(2) Taking the points w, to be real in the product (1.7.16) leads to a real y 
which is not univalent. 


Chapter 2 


Analytic Functions 


In this second chapter we gather a number of exercises on complex variables. Most 
of them are used in the sequel, applied to the study of spaces of analytic functions. 


2.1 Some warm-up exercises 


We here present a number of exercises, some elementary, some a bit less. We 
begin with a result due to Kaluza, see [198], and appearing in Hardy’s book on 
divergent series; see [171, Theorem 22, p. 68]. In the general index of Hardy’s book, 
the result is referred as Kaluza’s theorem. It is used there to study summation 
methods called Nérlund means (Hardy mentions that Voronoi introduced them 
earlier and quotes a 1902 paper, republished in 1932 in [318]). Norlund means are 
summation methods defined as follows (see Chapter 4 in [171]): Given a sequence 
(Pn)neNo Of positive numbers with po > 0 and given a possibly divergent series 
Or 9 an Of complex numbers, one sets s, = )>y 9 ax and 


ee ae (2.1.1) 
u=0 Fu 


If limp +oo Sn exists, it is called the N6rlund sum of the series eae an. The 
reader will have recognized the Cesaro mean of the sequences of partial sums 
(So, $1,---) when p, = 1. The result in the exercise is used to compare the series 
summable with respect to two sequences po, ?1,... and go,q1,.--, under a supple- 
mentary hypothesis, namely that both (pr)neny and (dn)neny Satisfy (2.1.6). See 
(171, Theorem 23, p. 69]. 


It is all the more interesting that the result presented in the exercise is used 
to prove that certain positive definite kernels (such as the reproducing kernel of 
the Dirichlet space) are complete Nevanlinna—Pick kernels. See Remark 7.6.17 for 
more information on these kernels. 
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Exercise 2.1.1 (Kaluza’s theorem; see [198], [171, Theorem 22, p. 68], [3, p. 90]). 
Let f be analytic in the open unit disk, with power series expansion at the origin 


f@jy=1+ yo tne”: Let 


1 ae 


n=1 
be the power series expansion of 1/f at the origin. 
(1) Prove that 
fog = filgifi + 92), (2.1.3) 
and that, for n > 2, 


fea Gila4t a Gn—1f1 ar Gn) = Frlgidn Spite se Inf + Gn+1)- (2.1.4) 


(2) We now assume that all the coefficients f, are different from 0 and set (with 
jo=4) 


Cn = Uetinam op 90M csi WD: 
Fn 
Show that 
Gn4+1 = Cingi + C2,ng2++::+enngn, nm=1,2,... (2.1.5) 


(3) We now assume that f, >0 forn =1,2,... and that, moreover, 


Indi fin 
> , n=1,2,... 2.1.6 
tr - nei ( ) 


Show that 
gn <0 = on<90, n=2,3,... 
(4) Show that 


S>(-gn) < 00. 
n=0 


(5) What happens in the cases f, =1 and fn = ? 


aT! 
Remark 2.1.2. Condition (2.1.6) appears in Kaluza’s 1928 paper [198]. Lamperti 
gave in 1958 in [211] a necessary and sufficient condition for the coefficients g,, to be 
nonnegative. We will call the corresponding sequence (fn)nen a Kaluza sequence, 
or (following [62]), a sequence with the Kaluza sign property. These questions relate 
to the theory of renewal sequences and of infinitely divisible renewal processes, and 
we refer to Kendall’s paper [201] for a discussion. We mention now right after this 
remark two results which are direct consequences of Lamperti’s criteria (see [211, 
Theorem 2 and Theorem 3]), and which the reader may try to prove directly. 
More general results, and some historical discussions, can be found in the paper 
[62] of Baricz, Vesti, and Vuorinen (see in particular [62, Theorem 2.11, p. 11]), 
which also contains examples of Kaluza’s sequences in the setting of Gaussian 
hypergeometric series. 
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Question 2.1.3 (see [211, Theorem 2 and Theorem 3]). In the notation of Exercise 
2.1.1 assume that the two sequences ( ) and ( 2)) n=0,1,2,... (with A? - 
FO = 1) have the Kaluza sign property. Show that each of the sequences 


hn = (1) ¢(2) and Boye Owe Ot: 


u=0 
has also this property. 


Question 2.1.4. 


(1) Show that the power series expansion of tan at the origin is (see [128, 11.26 
(1), p. 132], [271, (2.17-22), p. 88]) 


oo gor _ on) a 
tan z = S>(-1) ay bane” I (2.1.7) 
n=1 


where the bon are the Bernoulli numbers (see [CAPB, p. 323]),' defined from 


(2) Show that the sequence ((-1)" Ba bon J ‘ is a Kaluza sequence. 
: n€No 


The next exercise is an easy consequence of Green’s theorem, and has appli- 
cations in the theory of the Bergman space of polyanalytic functions. See Section 
10.4 (and in particular Remark 10.4.7) for the latter. The exercise itself is based on 
(57, p. 169] and [207]. In the statement of the exercise, recall that for a complex- 
valued function h(z) = u(x, y) + iv(x,y) with continuous partial derivatives one 


defines 
Oh __1/0h | ,oh q Oh _1 (0h _ on) 
Oz az Oy) *™ Oe az ay 


Furthermore, it holds that 
Ohg _ Oh 29 
Gz OF a 
if g is another such function. See [CABP, pp. 152-153] for some exercises involving 
these operators. 


(2.1.8) 


Exercise 2.1.5. 
(1) Let f,g be of class C! in a neighborhood of the closed unit disk. Show that 


(with G(z) = g(z)) 


[[1@Zodd=% [ ream - ff Loma 2.19 


™Note the unfortunate misprint in the formula above Exercise 7.2.18 in [CAPB]; the formula 


should be }>7°_, = = oa, Note that (2-17-22) in [271] also contains a misprint. 
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"put (2)dedy =—5; f flea gteyte ~ ff (eae), (2.1.10) 


(2) Let for j,k No, 


k+j+1 1 orts 
ces) = Va Tee gy oak APD (2.1.11) 


Show that 


| Cy jr (2) Ck jn (z)dady = Sky ko Oj1,,50- (2.1.12) 
D 


Hint: The first item is a trivial consequence of Green’s formula 


[ Plewaz + Q(2,y)dy = I (Pion) 2 (eu) dady, (2.1.13) 


where [ is a smooth Jordan curve with interior R and where P and Q are smooth 
in a neighborhood of RUT. 


We note that (2.1.9) and (2.1.10) still hold in a multiply connected domain 
(say Q), with smooth boundary (say I). To prove the corresponding formulas 
it suffices to use this version of Green’s theorem for such domains. The choice 
f(z) =1 and g(z) = z in (2.1.9) leads then to a formula for the area of the given 


domain: ; 
| dxdy = — | Zdz 
Q 2a Jr 


As a particular and trivial case one has: 
Exercise 2.1.6. Let R € (1,00) and let Ar denote the annulus 
Arp ={zEC;3l1l<|z| < R}. (2.1.14) 
ee the analog of (2.1.9) for the annulus show that the area of Ar is equal to 
a(R? — 1). 


We now present an easy application of Cauchy’s formula. This exercise is used 
for instance in [102] in the topological analysis proof that a function differentiable 
in an open set admits a development in power series at every point. The exercise 
is also used in the proof of Question 3.2.11 where a result of M. Zorn on power 
series in two variables is presented. 


Exercise 2.1.7. Let f be analytic in |z| < R with power series 


Co 
n=0 
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Let r € (0,R) and let K > maxjc\=,|f(¢)|. Show that, for every number z of 
modulus less than or equal to r and everym€No, 


lfm2™| < K. (2.1.15) 


Hint: Consider first the case of polynomials, and then approximate f by finite 
sums fnz”. See the proof of Lemma 4 in [102]. 


We now turn to a simple exercise pertaining to functions analytic and with a 
positive real part in the open unit disk. These functions play an important role in 
various fields in mathematics and signal processing. We denote the class of such 
functions by C. 


Exercise 2.1.8. Let f and g belong toC. Show that h = 2 also belongs to C. 
g 


Remark 2.1.9. Part of the problem is to show that 1+ fg does not vanish for 
ZE 


The following exercise is used in the proof of Abel’s theorem on elliptic func- 
tions (see for instance [141, Theorem V.6.1, p. 301]). 


Exercise 2.1.10. Let f be a meromorphic periodic function with period T € C\ {0}. 
Let zo € C be such that f is analytic in a neighborhood of the interval [z0, 20 +T), 
and does not vanish on this interval. Show that 


ZS f') 


Aa dz € Z. 
ant [20,z0+T] f(z) 


Hint: Recall the definition of the winding number of a closed curve around a point. 
See [CAPB, p. 195]. 

Still related to periodic functions, we propose the following classical exercise 
(see for instance [271, p. 235] for the first item): 


Exercise 2.1.11. 


(1) Let f be an entire periodic function. Show that oo is an essential singularity 
of f. 

(2) Let f be a periodic function, analytic in the plane, with isolated singularities. 
Show that co is not an isolated singularity. 

(3) What type of singular point is co for the function tan. 


Remarks 2.1.12. In (1) the point oo is in particular an isolated singularity. In some 
books one can read that infinity is an essential singularity in the second case. 


In the case of entire functions, the following exercise is [CAPB, Exercise 7.6.1, 
p. 332 and solution p. 363]. 
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Exercise 2.1.13. Let f be a function analytic in the open upper half-plane C+, and 
assume that f(z+1) = f(z). Show that there is a function g analytic in the pointed 
open unit disk such that 


g(e"***) = f(z), zEeC.. (2.1.16) 


Hint: Define for ¢ € D \ (—1,0] a function g by 


WO) =f ($5) (2:1,17) 


201 


The following exercise is related to the Fock space, where (2.1.18) can be 
rewritten as 


(Re M,) u = 2Au. 


See Exercise 11.1.8. It is closely related to Hermite functions and Hermite poly- 
nomials. See in particular Exercise 2.1.16 below. 


Exercise 2.1.14. Show that for every \ € C, the solutions of the differential equa- 
tion 


zu(z) + u'(z) = Au(z), (2.1.18) 
are entire functions and find them. 


22 . 
Hint: Write u(z) = e~ 7 u(z) and solve the corresponding equation for the func- 
tion v. 


Remark 2.1.15. The very same change of unknown in the equation 
—ull(z) + (2? + L)u(z) = Au(z) 


leads to the differential equation (2.1.22) satisfied by the Hermite polynomials for 
appropriate values of X. 


Exercise 2.1.16. Let 
2 _ 42 (n) 
Hp(z) = (-1)"e” (c .) i: (2.1.19) 


(1) Show that the functions (2.1.19) are polynomials. 
(2) Show that 


n 


oo Hn 
enue > are z,ueC. (2.1.20) 
n=0 


Hint: To prove (2.1.20) just consider the Taylor expansion at the point z of an 
appropriate function. 
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Remark 2.1.17. The polynomials (2.1.19) are called Hermite polynomials. They 
appear later in the book. See Definition 6.1.12 and Exercise 6.1.11. The expansion 
(2.1.20) appears (for instance) in Hille’s paper [177, (1), p. 431], where the following 
formulas may also be found (see [177, (6), (7), (8), p. 431]): 


0,n>1, (2.1.21) 
Ah (z) — 22H,,(z) + 2nH,(z) =0, n> 0, (2.1.22) 
0,n>2 (2.1.23) 


The next question is almost a tautology but is very useful in the study of 
functions in a Hardy space. In the statement, B(0, R) denotes the open disk cen- 
tered at the origin and with radius R. 


Question 2.1.18. 


(1) Let f be analytic in the open unit disk D and vanishing at the point a € D. 
Show that f can be written in the form f(z) = Sh(z), where h is analytic 
in D. 

(2) Let f be analytic in the open unit disk and non-identically vanishing there, 
and let R € (0,1). Show that f has at most a finite number of zeros 21,...,2N 
in B(0O,R). Show that the function 


has removable singularities at the points z1,...,zn. What is its module on 


|z| = R? 


In the matrix-valued case the first item in the previous question takes the 
following form (see for instance [253]). In the statement, a matrix-valued function 
is said to be analytic if all its entries are analytic. The reader will check readily 
the equivalence with other definitions which are independent of the coordinates 
(such as existence of a power series expansion with matrix-valued coefficients). 


Exercise 2.1.19. Let F be a C"*™ -valued function analytic in D, and assume that 
a*F (wo) = 0 for some a € C” and wo € D. Let Baw. (z) be defined by (1.7.17). 
Show that the function 


Ba wo (z)*F (2) 
has a removable singularity at the point wo. 


For a proof of the following question we refer to [CABP, Exercise 5.6.9, 
p. 213]. 
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Question 2.1.20. Let R > 0 and let f be analytic in |z| < R. Show that the function 


1 2 : 
M2(r) = = | |f(re")|/?dt, r € (0, R), (2.124) 
T Jo 
is continuous and increasing. 


Hint: Let f(z) = 0729 anz” be the power series expansion of f at the origin. 
One quick way to prove that (2.1.24) is an increasing function of r is to apply 
Parseval’s equality to the Fourier series 


oo 
g(e"*) = f(re*) = y; anrve™, 
n=0 


This last question is important in particular in the proof of Exercise 8.2.2 on 
equivalent definitions of the Hardy space H2(D). 


The following result, also important in the theory of Hardy spaces, is a special 
case of a result on sub-harmonic functions (see [264, Théoréme 17.2, p. 318]). 
Following Julia’s book [196, p. 104] we here propose another proof, using Exercise 
2.1.20. The result is due to Hardy, and is the key to the theory of Hardy spaces 
of the unit circle. 


Exercise 2.1.21. Let p > 0 and f be analytic in the open unit disk. Show that the 


function 


Qn 1/p 
Myttr)= (fire Pat). re (ou), 
0 
is continuous and increasing. 
Hint: Assume first that f does not vanish and reduce to the case p = 2 using the 


analytic logarithm of f. 


Infinite products play an important role in the theory of analytic functions. 
They help in building functions with preassigned zeros. The following result can 
be found in, e.g., [269, (2.2), p. 296 and (2.10), p. 298]. 


Exercise 2.1.22. Given a sequence of complex numbers going to infinity in modulus, 
show that there exists an entire function vanishing at these points, and only at these 
points. 


Hint: Let 2), z2,... be the given sequence. Use the Weierstrass factor 
. ee 
E,(z) = (1 - eV 2 P ), (2.1.25) 
with appropriate p (depending on 7m), and recall that it holds that 
IL - pz) <4, Jel <1, (2.1.26) 
(see [CABP, p. 110]). 


2.1. Some warm-up exercises 69 


In particular, we have the following important remark: 


Remark 2.1.23. Given a sequence a1, a2,... of strictly positive numbers such that 
yr an < 00, the function 


fe)= ][G +4227) (21.97) 
n=1 
is entire, with zeros rat n=1,2,.... The function 
1 
f(t) 


is positive definite on the real line, meaning that the kernel k(t,s) = FG is 
positive definite there. See Definition 7.1.4 (with 1/f in place of f) and Remark 
7.2.16 for the latter. 


Item (2) of the following exercise is also taken from the book of Saks and 
Zygmund, see [269, Lemma 1.1, p. 171]. It is a nice illustration and easy conse- 
quence of integration on a path. Recall that a curve is defined by a continuous and 
piece-wise differentiable map y (a parametrization of the curve) from a compact 
interval [a,b] of the real line, and with values in C. By piecewise differentiable we 
mean that ¥ is ruled (i.e., regulated): It may fail to have a derivative at a finite 
number of points, but then the two components of y are assumed to have finite 
left and right derivatives. These points do not intervene in the computations of 
the various integrals. Ruled functions are also called regulated functions. We refer 
to, e.g., [111, VII.6, VIII.7] for more information on these functions and related 
integration results. 


The image C = ¥({(a, 6]), which should not be confused with the parametriza- 
tion, is in particular compact (and closed); see Remark 3.4.3 below if need be. Let 
g : [a,b] —> C be continuous. The integral 


b 
[ aevas= fain’ oat 
Cc a 
is independent of the chosen parametrization. For more on line integrals, see for 
instance [CAPB, p. 193]. 
Exercise 2.1.24. 


(1) Let C be a curve and let f be a continuous function with domain containing 
the image of C. Show that the function 


_ ff fls)ds 


c zs 


F(z) (2.1.28) 


is analytic in C \ C. Is it analytic at infinity? 
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(2) Let K be a compact set and not intersecting C. Show that for every « > 0 
there is a rational function R with poles only on C and such that 


Hints: The first question is classic: Use for instance Morera’s theorem or prove 
that there is a power series expansion in a neighborhood of every point of C \ C. 
For the second point, use the fact (as in [269, p. 172]) that the function 


fa) 


(t,z) PAD) 


is uniformly continuous on [a,b] x K, and approximate the integral by an appro- 
priate Riemann sum. 


Remark 2.1.25. Functions of the form 


F(z) = OLY 


7 z—t 


where J is an interval of the real line (see for instance the function (2.1.28) and 
Question 2.7.2) are clearly analytic in C \ 7, but in general nothing can be said 
on the behaviour on J (but if, for instance, f vanishes in some open subset of J). 
Similar remarks hold if one considers measures and functions of the form 


where du is a measure of bounded variation on J. The situation is quite different 
when one considers double integrals and functions of the form 


F(z = ff Gag) hace (2.1.29) 


where (2 is (for instance) a compact subset of the plane (with non-empty interior). 


The function (2.1.29) is of course analytic in C \Q but it may be defined in Q. 
Then it will not be analytic there. See Question 2.2.8 and formula (2.2.5) for an 
example. 


u2 
Exercise 2.1.26. Given the value de e 2du=vV2n, prove that 


42 ‘ £2 
I(t) def. / e ze dy =vV2nre 2. (2.1.30) 
R 
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Hint: For t = 0, there are at least two ways to compute this integral. The first 
one is to write J? as a double integral and use Fubini’s theorem; see [CAPB, 
p. 199]. The second one consists in using Cauchy’s theorem, with the function 
f(z) = e~¥ onan appropriate contour (see [140, p. 193]). The computation of 
I(t) is done in [CAPB, (15.9.5), p. 506] using Cauchy’s theorem and the value 
I(0). Here we suggest the following approach. Compute J’(t) in terms of I(t), and 
solve the corresponding differential equation to find I(t). Here too one needs to 
know the value of [(0). 


In the following exercise, the map (2.1.33) is called the Bargmann (or Barg- 
mann-Segal, or Segal-Bargmann) transform. Formula (2.1.32) appears in [60, 
(2.2), p. 198] in the setting of CY. We refer to A. Zayed’s paper [325] for a survey on 
this transform and applications to signal processing. We also refer to [246, Chapter 
4|. The proof of the one-to-oneness in the last item uses the Fourier transform and 
is deferred to Remark 6.1.34. 


Exercise 2.1.27. 


(1) Show that formula (2.1.30) can be analytically extended for all z € C. 
(2) Let, for z €C, 


? 


hz(u) = pel “BE Hw )4+V8U} ee, (2.1.31) 
14 


Show that 
e?4 = | hu(ujhz(ujdu, z,w EC. (2.1.32) 
R 


(3) Let f € Le(R,B,dx) (the Lebesgue space of square summable measurable 
functions on R). Show that the function 


F(z) = [ sorta (2.1.33) 


is entire, and that 
F=0 = f=0. 
Remarks 2.1.28. 


(1) Formula (2.1.32) expresses the function e*” as an inner product, and hence 
as a positive definite function on C. See Exercise 7.1.7. The same conclusion 
is obtained in a quicker way using the power expansion of the exponential: 


(2) The Bargmann transform plays an important role in the theory of the Fock 
space. See Chapter 11 for the latter. 
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(3) In Section 6.1, see Exercise 6.1.11, we solve the equation 


a = f éo(w)hstu)au (2.1.34) 
R 


by using the inverse Fourier transform. 
Exercise 2.1.29. Let f € Lo(R;,,B,dx) (the Lebesgue space of square summable 
measurable functions on [0,00)). 
(1) Show that the formula 
F(z) = / e'™? F(u)du (2.1.35) 
0 


defines a function analytic in the open upper half-plane C+. 

(2) Can F be the restriction to C4 of a rational function? 

(3) Show by an example that F need not have an analytic extension over the real 
line. 


The set of functions of the form (2.1.35) with an appropriate norm is the 
Hardy space Hz (C+) of the open upper half-plane. See Section 8.6 and in particular 
Exercise 8.6.5 there. 

Laguerre functions and polynomials appear in the study of the space H2(C+). 
The following integral is used in their study (see Question 8.6.4). 


Question 2.1.30 ([217, (90), p. 474]). Show that 


ee inti! 
‘i uve veut => (att n= O,1,... (2.1.36) 
[0,00) 


Hint: Use integration by parts and induction. 
Exercise 2.1.31. Let v > —1. Prove that the formula 
co 
F(z) =} ve“ dt (2.1.37) 
0 


defines a function analytic in the right open half-plane and compute its derivative. 


Hint: Differentiating formally under the integral sign one obtains 
F{z)= -{ ee meas (2.1.38) 
0 


Use the dominated convergence theorem to justify the interchange of order of 
integration and derivation. 


The following question is one of the steps in the verification of the functional 
equation satisfied by Riemann’s ¢ function, with the choice 


f(t) = Wit) — 5, 


where ¥ is the theta function. See for instance [249, pp. xi-xii]. 
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Question 2.1.32. Let f be a measurable complex-valued function defined on [1, 00) 
and such that |f(t)| = O(e~“) for some c > 0. 


(1) Show that the function 


F(z) = [ (1 44-3°*) Fat (2.1.39) 


is entire. 
(2) Show that 
F(z) =F(1/2-—2z), z€C. 


In preparation for the next exercise, recall that for a € C, 


gt = et. 


where In z is the principal determination of the logarithm: 
Inz=Inp+76, 


where z = pe’? € C\ (—oo, 0] (that is, p > 0 and @ € (—7,7)). With this definition 
of In one sets for a € C, 
(1+ 2)% = etnt2) (2.1.40) 


when z € C,. (See also the hint after the exercise.) 
Exercise 2.1.33 (see [230, Proposition 3.5, p. 279]). Let v > —1 and let 


7 1l+v 
fO(2) = ates (4) , n=0,1,... (21.41) 


where I denotes the Gamma function (see (2.1.44) below for the latter). Show that 
the series 


S> f(z) fa? (w) (2.1.42) 
n=0 


converges for all z,w € C, and compute its sum. 
Hint: In the proof it is well to recall the following: With 


co 


In(fl—z)=-S >=, |2| <1, 
mr 


n=1 


and a € C, the power series 


(1-2) *=S¢ aot ern Dn, ele d, (2.1.43) 


n=0 
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converges in the open unit disk, where the left-hand side is defined using (2.1.40), 
that is 
(1 _ z)* _ eoin(l—-2z)_ 


It is also well to recall that the Gamma function 
T(z) = | Pte "dt, Rez >0, (2.1.44) 
0 
satisfies 
T(z +1) = 2T(z). 
In particular it holds that 
Tilt+nt+v)=(n+4+v)---(4+v)P1+v), (2.1.45) 


where vy > —1 andn=1,2,... 


Remark 2.1.34. The sum (2.1.42) (that is, the function (7.1.11)) is the reproducing 
kernel of the fractional Hardy space of the open right half-plane. 


Remark 2.1.35. The choice a = —4 in (2.1.43) leads to yet another example of 
sequence with the Kaluza sign property since 
1 1 
=1- 1—-(1-2)2 
aS (= (1-2)4) 


has positive Taylor coefficients 
See [211, p. 91]. 
The following exercise is related to the kernel (1.6.14) and Exercise 1.6.16. 


Exercise 2.1.36. Let f be analytic in a neighborhood of the origin, with power series 
expansion 


f(z) = fot 2fiz+2forrte--, |al<l. 
Assume that fo € R and define f_1, f_2,... by 


i= fe ne Z. 


Assume moreover that 


lfal<K, Vn eZ, (2.1.46) 
for some K > 0. Show that 
f2)+f@)_ One 
Tc es il "DO" fr—-m, 2,weD. 214 
2(1 — 20) 0 f AiO ( 7) 


n,m=0 
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Remark 2.1.37. Assume that all the Toeplitz matrices T,) defined in Exercise 
1.6.14 have at most « strictly negative eigenvalues, and exactly « strictly nega- 
tive eigenvalues for some N. Then, the kernel (2.1.47) has « negative squares (is 
positive definite if = 0; see Definitions 7.1.3 and 7.1.1) and the function f is 
a generalized Carathéodory function (a Carathéodory function if « = 0). When 
& > 0 the condition (2.1.46) need not hold for a kernel of the form (2.1.47) to have 
a finite number of negative squares. Then the function f may have poles inside 
and (2.1.47) will converge in a neighborhood of the origin; see the paper [189] of 
Iohvidov and Krein for more information. 


2.2 Some important theorems to recall 


We begin this section by recalling three important theorems. A proof of the first 
one is given later in Exercise 3.6.6 using a topological approach. 


Theorem 2.2.1. (the open mapping theorem): The image of an open set under a 
non-constant analytic function is open. 


Theorem 2.2.2. Assume that f is analytic and one-to-one from the open set Q 
into C. Then f—' is analytic from f(Q) (which is open by the previous theorem) 
onto Q. 


We now recall the following result, called the argument principle, and which 
is a direct application of the residue theorem. 


Theorem 2.2.3. Let C’ be a closed smooth simple curve, and let f be a function 
analytic in a neighborhood of the interior of C, at the possible exception of a finite 
number of isolated singularities, which are poles. Assume moreover that f does not 


vanish on C. Then, 
/ 
PM 29 P 


Imi o f(z) 
where Z denotes the number of zeros of f inside C and P the number of poles of 
f inside C (both, included multiplicities). 


(2.2.1) 


An immediate consequence of the argument principle is Rouché’s theorem. 


Question 2.2.4. Let C’ be a closed smooth simple curve with interior R, and let f 
and g denote functions analytic in a neighborhood of the closure R of R. Assume 
that 


lo(z)l<[f(2)l, Vzec. 
Then, f and f +g have the same number of zeros in R. 


Hint: Compute 
——_-- z) z) 


(z) (z) 
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Exercise 2.2.5. Let wi,...,wn be N (not necessarily) distinct points in the open 
upper half-plane C+, and let 


nd z—W 
bz) =|] . = (2.2.2) 


Let ¢ € D. Show that the equation 
b(z)=¢ (2.2.3) 
has N solutions (counting multiplicities) inside C1. 


For a version of the preceding exercise with the open upper half-plane re- 
placed by the open unit disk, see the first item in Exercise 2.3.7. 


Remark 2.2.6. Trivially for ¢ = 0, and using the fundamental theorem of algebra 
for ¢ 4 0, we see that (2.2.3) has always N solutions. The point of the exercise is 
to show that they are all in C, when ¢ € D. 


Another important consequence of Theorem 2.2.3 is the following result, due 
to Hurwitz. See for instance [56, p. 126], [174, Theorem 4.4, p. 180] for various 
versions of the theorem. The result itself is used in one of the steps in the proof 
of Riemann’s mapping theorem; see [95]. 


Exercise 2.2.7. Let (fn)nen be a sequence of functions analytic in the open unit 
disk and not vanishing there, and converging uniformly on compact sets to the 
function f. Then, either f =0 or f does not vanish in the open unit disk. 


Formula (2.2.4) below is (2.1.9) with g instead of 7. See also for instance [70, 
(37b), p. 57] and see [242, Proposition 3, p. 22] for the second item. 
Question 2.2.8. 


(1) Let C denote a Jordan curve, with interior R, and let f and g be continuous 
and with continuous partial derivatives, in a neighborhood of the closure B = 
R of R. Show that 


x [ fevede= ff re Boracay + ff Foard, (2.2.4) 


(2) Let G be C® in a neighborhood of R. Show that there exists a function F 
also of class C® in a neighborhood of R which satisfy 


OF 
Hint: Define 
1 
F(z) = = | Ce) ei hele. ea (2.2.5) 
2721 JR w 


and apply (2.2.4). 
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The result in item (2) of the previous exercise is very useful in the theory of 
Riemann surfaces. See for instance [242, p. 22] where it is used to prove that the 
first cohomology group H'(Q, ©) (where O denotes the sheaf of functions analytic 
in Q) is trivial (Mittag-Leffler’s theorem). 


Question 2.2.9. Let Q be an open subset of C and let (O;)ier denote an open 
covering of Q. Assume that we are given analytic functions cj on O; 1 O; such 
that 
Cig (2) + Ca (Z) = Giz (2), z2€O,NO;NOK, 
when the intersection is non-empty. Finally suppose that there exist functions g; € 
C™(O;) such that 
cig (z) = gilz) -—95(z), 2 EO:NO;, 


when the intersection is non-empty. Show that the functions g; may be chosen 
analytic. 


2.3 Cauchy’s formula and Laurent expansion 
This section contains various results where the Laurent expansion and the calculus 
of residues play an important role. 


Exercise 2.3.1. Let z and z be complex numbers such that |zo| < |z|. Compute 


dé 
h C-a¢-ar (2.3.1) 


first for r such that |zo| <r < |z|, and then for r such that |z| <r. 


We recall that Cauchy’s formula for an annulus, or equivalently the Laurent 
expansion for an annulus, states the following (see for instance [269, p. 197]): 


Proposition 2.3.2. Let f be analytic in the annulus ry < |z — 20| < r2, and let 
Ry, and Ry be such that r, < Ry < Rg < rg. Then, for every z such that Ry < 
|z — zo| < Ra, 


1 £(Q) 1 HG) 
= — 2 het — — ——-d¢. 
f(z) 271 Jit ay l=Re & — a Pia) — ¢-2 ¢ 


positive powers in the Laurent expansion principal part in the Laurent expansion 


(2.3.2) 


Exercise 2.3.3. Let R > 0 and let g be analytic in |z| > R and admitting a limit 
at infinity. Show that the Laurent expansion of g centered at the origin is of the 
form 


ioe) Bn 
g2)=b+ >>, | >, 
n=1 


where L = limz-+00 g(Z). 
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The space of functions analytic in the open unit disk and endowed with 
convergence on compact subsets is a Fréchet space; see Section 5.6. The following 
result characterizes in fact its topological dual. See Exercise 5.8.1 for more details 
on the latter. 


Exercise 2.3.4. Let f be analytic in D and let g be analytic in |\z| > R for some 
R <1, and admitting a limit at infinity. Let 


Co - Co Dn 
f(izZ)= Dd, on2 and g(z)= 2. os 


be the corresponding Taylor and Laurent expansions centered at the origin. 
(1) Show that the series 
Co 
So anbn (2.3.3) 
n=0 


converges absolutely. 
(2) Express (2.3.3) in terms of an integral involving f and g. 


Let F be a rational function, with poles at the points 11,...,vy € C. Con- 
sidering the Laurent expansion at each of these poles implies that there exist 
polynomials p,,...,pn such that 


F(z) oT (=) (2.3.4) 


n=1 


is entire, and hence equal to a polynomial, say p(z). The representation of F’ as 


F(z) 045% (=) 


n=1 


is called the partial fraction decomposition of F’. See for instance [CAPB, p. 329] 
for more details. As an example, if 


N 
Z—-Wn 
n=1 a 


where the points w, are in C \ R, and assumed pairwise different, we have 


N 
an 
F(z)=1 
(z) +e 
where 

= Wn — W; 
A, = lim (2 — Wn) F(z) = Ga -wn) [] = — 
ZW in Wi 
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Such F' (possibly multiplied by a unitary constant) are called finite Blaschke prod- 
ucts of the open upper half-plane C+ when all the w; belong to Cy. 


More generally, if F’' not necessarily rational, but still has a finite number of 
isolated singularities in C, a theorem of Weierstrass states that F' can be written as 


F(z) = H(z) + » oe (—.) ; (2.3.6) 


. : zZ-W 
w singularity of F 


where H and the H,, are entire functions. See [CABP, Exercise 7.1.9, p. 320], 
the case of polynomial functions H and H,, corresponding to the rational case. 
Such an expansion need not hold when there is an infinite number of singularities. 
By a result of Mittag-Leffler, (2.3.6) has to be adapted by subtracting to each 
of the terms a polynomial; see (2.3.7) below. In the next exercise, we outline a 
result of Cauchy which proves, in certain cases, Mittag-Leffler’s result. We base 
our discussion on the book [269, pp. 306-309] of Saks and Zygmund. We send the 
reader in particular to that book for a proof of item (4) in the exercise. First we 
recall a notation: Cr will denote the closed path 


v(t) = Re?™*, ¢€ [0,1], 


that is, with some abuse of notation, the circle centered at the origin and of radius 
R. Recall that sometimes we will write, still with some abuse of notation, {|¢| = R} 
rather than Cp, and similarly {|¢ — v] = R} to denote the closed path 

y(t) =v+Re™, te [0,1]. 


Exercise 2.3.5. 


(1) Let g be an entire function vanishing at the origin, and let u and v denote 
complex numbers, u#v. Show that 


U— UV 


(2) Let F be analytic in Cr,, at the possible exception of a (finite) number of 
isolated singularities. Express 


Hen | END) x 


271 Cro 


where R < R, and where F is analytic in a neighborhood of R < |z| < Ri, 
in terms of the principal parts of F' at these singularities. 
(3) Let k EN. Show that 


1 F(s) as 1 z* F(s) 


27% Jo, 8-2 Oni Cr S*(s—2) 


ds 


is a polynomial. 
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(4) Find a condition on F which insures an expression of the form 


F(z) = H(z) + » (1. ( : ) - P.(2)) (2.3.7) 


Z-W 
w singularity of F 
where H and the H,, are entire functions and the P., are polynomials. 


We now give as an exercise an important formula relative to the index. Recall 
that if Cis a closed piece-wise smooth curve and if z) does not belong to the image 
of C, the index (or winding number) of C' around the point 2 is defined by: 


il dz 


It is an integer. For a discussion on the index, see [CAPB, pp. 195-196]. If moreover 
f does not vanish on C' we note that the number 


1 fe, 
mi Jo Fla" 


can be seen as the index of the curve f(C) around zo = 0. 


(2.3.9) 


Recall that for R > 1 we have denoted by Ar the annulus (2.1.14): 
Arp ={zEC;3l<|z|< R}. 


The following exercise is taken from [91, Theorem 10.12 (i), p. 348]. It is used 
in arguments on the nonconformal equivalence of the annuli Ar, and Ar, when 
R, # Ro. See Exercises 3.8.25 and 3.8.27 for the latter. 


Exercise 2.3.6. Let R > 1, let Cy and C2 denote two closed smooth curves in Apr, 
and let f be analytic in Ar. Then: 


(1) It holds that 
Inde, (0) f(z)dz = Inde, (0) flz)dz. (2.3.10) 
C2 C1 
(2) If f does not vanish in Ap it holds that: 


Inde, (0)Ind fc.) (0) = Inde, (0)Ind fc) (0). (2.3.11) 


Hint: Use the Laurent expansion of f. The second formula is a special case of the 
first with f’/f instead of f. 


The function b defined by (2.3.12) in the following exercise is called a finite 
Blaschke product of the open unit disk. 
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Exercise 2.3.7. Let z1,...,zn be N (not necessarily) distinct points in the open 
unit disk D, and let 
N 
Z— 2m, 
- . 2.3.12 
«= (2.3.12) 
Let € € D. 
(1) Show that the equation 
biz) =¢ (2.3.13) 


has N solutions (counting multiplicities) inside 
(2) Compute the residue of the function 


f(z)b'(2) 
b(z)—¢ 
at a point s € D which is a simple zero of the equation (2.3.13). 
(3) Let f denote a function analytic in the open unit disk. Show that the function 


(BAe) =~ Ss” f(s) (2.3.14) 
seD 
b(s)=z 


is analytic in D. 
(4) Compute T, when b(z) = 2%. 


In the case b(z) = 2, the map f +> 7, f is the decimation operator (also 
called down-sampling operator) from signal processing, which associates to the 
. foe) n . 
power series f(z) = )>)_» fnz” the power series 


Dofl2) = (TA)VE*) =O fane™. 
n=0 


See also [CABP, Exercise 6.2.9, p. 280]. 


Remark 2.3.8 (see Section 8.4 and Question 8.4.3). We note that the map f +> Dif 
is the adjoint of the operator Cy, of composition by b in the Hardy space H2(D). 
Indeed, it holds that 


(Co(f), 9)2(0) = (f; Do(9)) He), (2.3.15) 


which is equal to 


(Co(f); 9) #12(D) =(f, Do(g)) #2 (D) = p> fnGnN: 
n=0 


fortiz) = 2" ,.and with g(2) =") a gae”. 
It is also useful to note that (still for a finite Blaschke product b) 


Th 0 Ch =I. (2.3.16) 
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2.4 Star-shaped and simply connected sets 


We now briefly discuss the notion of star-shaped and simply connected sets. We 
here consider the case of subsets of the complex plane. In the proof of Riemann’s 
theorem, open sets of C (or more precisely from the Riemann sphere) with a key 
property come into play: sets for which every function analytic there admits an 
analytic squareroot (see for instance [176, p. 40]). This property is one among the 
many characterization of an important class of open sets, namely (open) simply 
connected sets. This notion is of fundamental importance in complex analysis, but 
often difficult to handle in a first course. Open star-shaped sets (see Definition 
2.4.1 just below) form a subclass of open simply connected sets, much easier to 
introduce and handle. But being star-shaped is not a notion invariant under con- 
formal mapping. On the other hand, simply-connected (open) sets form a class 
(and in fact, the class, as one sees from Riemann’s theorem) invariant under con- 
formal mapping, and in which the main properties of analytic functions (such 
as the existence of a primitive) hold. We now review some aspects of these two 
notions. 


Definition 2.4.1. A set E C C is called star-shaped if there is a point zg € F such 
that for every z € FE the closed interval [zo, z] is included in E: 


[z0, 2] = {20 + t(z — 2), t € [0,1]} CE. (2.4.17) 


Convex sets are an example of star-shaped sets. It suffices to take for zo any 
point of the given set. 


Exercise 2.4.2. Give an example of a star-shaped set which is not convex. 


Open star-shaped sets are an important class of open sets in which complex 
analysis works well. For instance one has: 


Exercise 2.4.3. Show that every function analytic in an open star-shaped set admits 
a primitive there. 


Hint: This is a classical and elementary result. If f is the function at hand, it 
suffices to take (up to an additive constant) 


F(z) =| fae 


As mentioned above, open star-shaped sets lack an important property: They 
are not invariant under conformal invariance. 


It follows from Exercise 2.4.3 that a power series with an infinite radius 
of convergence admits a primitive. If now 2 is an open connected subset of C, 
different from C, and if Q has the property that any function analytic in Q admits 
a primitive there, then 2 is conformally equivalent to the open unit disk. This is 
Riemann’s mapping theorem. 
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Definition 2.4.4. An open connected set in which every non-vanishing analytic 
function admits an analytic logarithm is called simply connected. 


Exercise 2.4.5. Give (without using Riemann’s theorem!) an example of two open 
sets, one star-shaped and the other not, which are conformally equivalent. 


The existence of a primitive for every function analytic in a given open 
set is one of the many facets of simple-connectedness. Other facets of simple- 
connectedness include existence of an analytic logarithm for every analytic func- 
tion non-vanishing in the given set, and of a harmonic conjugate for every function 
harmonic in the given set. Thus (open) simply connected sets are characterized by 
a number of equivalent properties, each stressing out one facet of complex variable 
theory, namely: 


1. A geometric definition, as an open subset of the Riemann sphere whose com- 
plement is connected. 

2. Function theory definitions (existence of analytic logarithm, squareroot, and 
primitive). 

3. Harmonic analysis definition: Every function harmonic in the given set has 
a harmonic conjugate. 

4. Homotopy and homology characterizations. 

5. Last, but not least, via Riemann’s theorem. 


See [141, p. 250]. Some of these aspects are considered in Exercise 2.4.9. 


Exercise 2.4.6. Let Q be a domain with the property that every function analytic 
and not vanishing in Q admits an analytic logarithm there. Show that if Qy is 
conformally equivalent to Q it satisfies the same property. 


Question 2.4.7. Assume that the function f is analytic in the open set Q, and that 
it has a continuous logarithm g there. Show that g is analytic in Q. 


In view of the next exercise, recall that two open subsets of C are home- 
omorphic if there is a continuous bijection between them, whose inverse is also 
continuous. 


Exercise 2.4.8. Assume that the open set Q is such that any non-vanishing contin- 
uous function has a continuous logarithm. Prove that the same holds for any set 
homeomorphic to Q. 


Exercise 2.4.9. Let Q C C be open and connected, and introduce the statements: 


(1) Every function analytic in Q admits a primitive there. 

(2) Every function analytic and non-vanishing in Q admits an analytic logarithm 
there. 

(3) Every real-valued function harmonic in Q admits a harmonic conjugate 
there. 
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Show that: 


In fact, the statements in the preceding exercise are equivalent, and are three 
among the characterizations of open simply connected sets discussed above. To 
prove that (2) implies (1) one needs to go a longer way, and introduce supplemen- 
tary equivalent conditions. One can for instance use Riemann’s mapping theorem 
to show that (2) implies (and in fact is equivalent) to the fact that Q is conformally 
equivalent to D (when 2 4 C). 


2.5 Various 


Picard’s small and big theorems (see for instance [175, Chapter XVI, pp. 329-339], 
[4, §3, p. 306], [286, Theorem 1.6, p. 66]) allow us to give precise statements on 
the behavior of an analytic function near an essential singularity. We recall: 


Theorem 2.5.1 (Picard’s big theorem). Let f be analytic in B(z0, R) \ {zo}. Let 
zo be an essential singularity of the function f. Then, for every r < R, the image 
of B(zo,r) \ {zo} under f is equal to C, from which at most one value has been 
removed. 


We will not consider this theorem here, but rather prove a much simpler 
result, namely the Casorati-Weierstrass theorem (see, e.g., [91, Theorem 11.6, p. 
361], [95, p. 89], [269, (6.1), p. 144]), which is enough for our purposes. 


Exercise 2.5.2 (Casorati-Weierstrass theorem). Let f be analytic in B(zo, R)\{zo}. 
Then, 20 is an essential singularity of the function f if and only if for everyr < R, 
the image of B(zo,r) \ {zo} under f is dense in C. 


We note (see for instance [286, Theorem 2.11, p. 490]) that this theorem is 


used to prove Weierstrass’ characterization of meromorphic functions which admit 
an addition law. 


The following result is taken from [4, p. 252]. It states that a conformal map 
cannot have (isolated) essential singularities. The result is a direct consequence of 
Picard’s big theorem. The elementary proof presented in the present book follows 
(95, p. 182] and uses the simpler Casorati—Weierstrass theorem. 


Exercise 2.5.3. Let f be analytic and one-to-one from D \ {0} into C. Then, 0 is 
either a pole or a removable singularity. 


In a similar vein (and here we use [136, Theorem 3, p. 2]): 


Exercise 2.5.4. Let z1,...,zn be given in C and let f be analytic and one-to-one 
from C \ {21,...,2n} into C. Show that f is a linear fractional transformation. 
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Hint: Use the previous exercise (or the Casorati—Weierstrass theorem) to show 
that the points z1,...,2y are poles or removable singularities. 


We recall that a neighborhood of infinity is a set of the form 
Q={zEC; |z| > R} 


for some R > 0. We also recall that a function f analytic in a neighborhood of 
infinity has an essential singularity at infinity if, by definition, the function f(1/z) 
has an essential singularity at the origin. 


Exercise 2.5.5 (see [95, p. 182]). Let f be a one-to-one map from the complex plane 
into itself (but, at this stage, not necessarily onto C. This last fact will be in fact 
a consequence of the one-to-oneness). 

(1) Show that co is not an essential singularity of f. 

(2) Show that f is a polynomial. 

(3) Show that f is a degree-one polynomial, and hence is onto. 


2.6 Harmonic and subharmonic functions 


We begin with some classical definitions, which can be found in most calculus 
books. See for instance [49, pp. 385-387]. Let z(t) = (a(t), y(t)) be a smooth curve 
in R?, where t runs through some open interval J and where 2, y are real-valued 
and have continuous derivatives in J. The tangent vector is defined by 


Db) = ees (' ') (2.6.1) 


N(t) =$ ————— (y'(t), -2'(0)). (2.6.2) 


Furthermore one defines the normal derivative (also called directional derivative 
in the direction N; see [244, p. 8], [49, p. 386]) of the real-valued smooth function 


u(x, y) to be 
Fett) elu — Fle)". (2.6.3 


and, denoting by s(t) = |z(t)| the arc-length, 


rH (1) ae FH (2(t))a!(t) + Ou (yy (t). (2.6.4) 


The following result is a direct consequence of the Cauchy—Riemann equa- 
tions: 
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Question 2.6.1 (see [47, p. 358]). Assume that the function F(z) = u(x, y)+iv(a, y) 
is analytic in the open set Q. Show that 


Ou _ Ov 
On Os’ 
Ov Ou 
dn Os" 


Equation (2.6.3) plays an important role in a reproducing kernel type formula 
for harmonic functions. See for instance [70, (6), p. 45], [244, p. 25]. 


Exercise 2.6.2. Let R be a multiply connected domain, with smooth boundary OR, 
and let u and v be smooth functions defined in a neighborhood of R, and assume 
u harmonic there. Show that 


Oudv  Oudvu Ou 
= y= a 2.6. 
I. (set xm) (2, y)dady [oes o 28) 


where the last integral is a path integral. 


Hint: Use Green’s formula (see (2.1.13)) with 


Play) =v(ey)ge(ey) and Qlx,y) = ole.) 52(e.). 


For the following exercise, see [266, Ex. 16, p. 292]. 


2 

Exercise 2.6.3. The function Im (+) is harmonic in D, has vanishing radial 
limits on T\ {1}, but is not 0. 

Exercise 2.6.4. Let Q be an open connected subset of C, and let zo € Q. Let u be a 
harmonic function in Q with the following properties: wu has a harmonic conjugate 


(denoted by v) inQ, and the function u(x, y)+ln |z—zo| has a continuous extension 
to zo. Show that the function 


Fig) = ee z=ax+iy #2, 


’ z= 20, 


(2.6.6) 


is analytic in Q. Show that the point z = zo is a simple pole of F. 


Question 2.6.5. Let T be a Jordan curve, with interior Q, and assume that there 
exists a function F analytic in a neighborhood of Q, and with the following prop- 
erties: 

(a) It holds that F(z) =1 for z € 0Q. 

(b) The equation F(z) =0 has N solutions, counting multiplicity. 


Then, show that: 


(1) The equation F(z) =w has N solutions for every w € D. 
(2) When N =1, F is a conformal map from Q onto D. 
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Hint: Use the argument principle. See Theorem 2.2.3. 


The function F' in item (2) in the above exercise provides a (very partial) 
proof of Riemann’s mapping theorem. In particular, the assumption on the ana- 
lyticity across the boundary is superfluous. To obtain such a function F' in general 
can be done in terms of the Green function of the set 2. See for instance [310, 
Theorem 1.17], [174, Exercise 4, p. 97]. See also [70, p. 63] for a similar formula in 
the case of multiply-connected domains. 


The following is [145, Exercise 6, p. 416]. 


Question 2.6.6. Let R € (0,1). Compute Green’s function for the annulus 
{R <|z|< R71} with pole at the point oa 


Question 2.6.7. Show that a function u(x,y) defined in the open unit disk is har- 
monic and positive there if and only if it can be written as 


it 
u(x, y) = Re [, “i = ani(t), z=a+iyeD, (2.6.7) 


where ys is a positive Borel measure on [0,27]. 


Hint: The (unique up to an additive constant) function f analytic in D and with 
real part u is given by the formula 


f(z) -| aaa + ia, (2.6.8) 


where a € R and yp is a positive Borel measure on [0,27]. For a proof, see the 
discussion in [CAPB, p. 207]. 


Remark 2.6.8. Formula (2.6.8) is called Herglotz representation formula, and the 
function f is a Carathéodory function. See Remark 2.1.37 for a related discussion. 


For u harmonic in the annulus R; < |z — zo| < Re, and for r € (Ri, R2) and 
p € [1, 00), set: 
1/p 


in) = (a \u(zo + reat) ; (2.6.9) 


Furthermore, set 


Joo(r) = max |u(zo + re%)|. (2.6.10) 
tE [0,27] 


Question 2.6.9. Show that, for r € (Ri, Re): 


i In Ro/r 


~ InR2/Ri Joliet) 


——_!—"_ Jo(Ra). (2.6.11) 
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Inequality (2.6.11) holds in fact for any p € [1, oo], 


Ip(r) < In R2/r 


Inr/R, 
—— Jy(R 2.6.12 
ia In R2/Ri ( 2), ( ) 


Jy(R —_— 
pl ) + RR Pp 


see [286]. The case p = oo is called Hadamard three circles theorem. For the case 
p = 2 see [68, Exercise 11, p. 347]. For the cases J. and J; we send the student 
to [176, p. 80]. 


Recall that a continuous real-valued function u(z) defined in an open set 2 
of the complex plane is called subharmonic if for every wo € 2 there exists ro > 0 
such that B(wo,ro) C Q and 


1 20 , 
u(wo) < = | u(wo + re” )dt, Vr € (0,70). 
Qn 0 


Item (1) in the following exercise is part of any course on subharmonic functions. 
For item (2) and applications, see [310, p. 1]. 
Question 2.6.10. 


(1) Prove the maximum principle for subharmonic functions. 

(2) Let f be analytic in the open set Q, and p,q > 0. Show that z > |z|?|f(z)|¢ 
is subharmonic. 

(3) Let fi,...,fn be analytic in Q. What can you say about the function z 4 


N 
Yin=i |fn(z)/? ? 
As a corollary one has: 


Question 2.6.11. Let fi,..., fn be analytic in the open connected set Q. Show that 
the function 


N 
M(z) =4| > lfo(2)P (2.6.13) 
n=1 
has no local maximum unless all the functions fi,..., fn are constant. 


Hint: One can take the square and consider eae |fn(z)|?. This function has no 


local maximum unless it is constant. Apply then the formula 
Algl? = 4|9'(2)/? 


(where g is analytic in some open set; see [CAPB, (9.3.3), p. 401]) to get 


when (2.6.13) is constant. 


2.7. Meromorphic functions in C 89 


The same method works for the functions 
N 
Sol fn(z)?, peR\ {0}. 
n=1 


One then makes use of the formula 
Algl? = p?|g(z)P-7|g'(z)/?. 


See for instance [128, Exercice 8.41, p. 103], and also [128, pp. 152-154] for related 
exercises on the maximum modulus principle. 


2.7 Meromorphic functions in C 


Let 2 be a connected open subset of the complex plane. The function f is said to 
be meromorphic in (Q if it has at most poles in Q. Equivalently, f is meromorphic 
in Q if it is a quotient of two functions analytic in 2. The idea to prove this 
equivalence is to gather the poles of the function in a converging infinite product. 
See [91]. For instance, the function e!/* is not meromorphic in C since it has z = 0 
as essential singularity. 


Exercise 2.7.1. The function 


eR 


is not meromorphic in C. 
Question 2.7.2. The function 


1 dt 
0 t—z 


f(z) = 


is not meromorphic in C. It is analytic in C \ [0,1]. 


Exercise 2.7.3. 

(1) Let f be analytic in a pointed neighborhood V of the point zo, and assume 
that zo is an essential singularity of f. Show that zo is an essential singular- 
ity of ef. 

(2) What happens if zo is not isolated? 

Hint: Use the Casorati-Weierstrass theorem. 


Remark 2.7.4. When f has a pole, the above exercise is [CABP, Exercise 7.2.14, 
p. 322]. There, the proof goes by contradiction as follows: Write 
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where N € N and h isa function analytic in a neighborhood of zo and not vanishing 
at zo. Proceeding by contradiction, write now 


h(z) 


e(-z0)% = g(z)(z — yaa (2.7.1) 


where g(z) is a function analytic in a neighborhood of z9 and not vanishing at Zo, 
and M € Z. Differentiating both sides of (2.7.1) one obtains a contradiction. It 
follows in particular that if f is an elliptic function, e/ is not an elliptic function. 


We recall (see Exercise 2.1.11) that a periodic meromorphic function does not 
have oo as an isolated singularity. As we have already mentioned, meromorphic 
functions on the Riemann sphere are exactly rational functions. When entire, these 
are polynomials. In the case of genus one, one has: 


Question 2.7.5. 


(1) Show that an entire biperiodic function is constant. 

(2) Let f be an elliptic function with poles only on the lattice. Show that f is 
a polynomial in 9, where g denotes the associated Weierstrass function (see 
for instance [141, Proposition V.3.1, p. 275]). 


2.8 Solutions of the exercises 


Solution of Exercise 2.1.1: We follow Hardy’s book [171, pp. 68-69] on divergent 
series. 


(1) Since f(0) = 1 the function 1/f is analytic in a neighborhood of the origin 
and admits a Taylor expansion of the form (2.1.2) there. We have 


gt fi =9, 
gz+onfit fe =9, 


Gn + gn-1fi a + gifn-1 + fr = 0, 


Multiplying the first equation by fg and the second one by f; we obtain (2.1.3). 
More generally, for n > 1, 


Nfn-1t++++9n-1fi + 9n=—fn, and gifnt-:++9nfit+ Gn41 = —fn4i, 


(with the understanding that the first equality is g. = —f; for n = 1). Multiplying 
the first of these equalities by f,41 and the second one by f,, we obtain (2.1.4). 
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(2) From (2.1.4) we have (since the numbers f;, are assumed not being equal to 0) 


Th 1 
Jn+1 = 7. (gifn—1 ae + Gn—1fi + Gin) a (gifn a + 9nfi) 


= 91 oo = fn) =F g2 ae _ Ina) Spe se 


+ 9k (Sb — p14) +49 (4 -h) 


n 
= S GkCn,k- 
k=1 


(3) When the f, > 0 and (2.1.6) holds we have 


Cn k = ae | tn= BEA 
—_ dn4i = fn—k+1 
= face ( tn fn=k ) a 


for n = 1,2,... and k = 1,...,n — 1. Equation (2.1.5) allows then to prove by 
induction that g, < 0 for n = 2,3,... when g; < 0. 


(4) Let x € [0,1). Since the f, > 0 we can write 


= 1 
1+ Gn&” = ———=sas — 
2" he 
Still because f, > 0 we have that 


1 
lim —————_ 
etl 1+ 07 fre” 


exists (and 1S possibly eq ual to 0). It follows that 
1m oat g x ( ) 


exists and is nonnegative. Thus 
co 
lim S (—gn)a” 
ztl 
n=1 
exists. By elementary results on power series, or by using the monotone conver- 
gence theorem, we have 
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Since the limit (2.8.1) is nonnegative, it follows that 


Co 


Senet 


n=1 


(5) The case fp = 1 leads to f(z) = 7 


the function 
—mG-2) 0<|z| <1, 
1, z=0. 


= tr corresponds to 


ii3)= 


Solution of Exercise 2.1.5: 


(1) Using (2.1.8) we see that formula (2.1.9) is equivalent to the formula 


IS z)dady = =f H(z)dz 


with H(z) = f(z)g(z). The latter is just a rewriting of Green’s formula for 
complex-valued functions. Indeed, setting H(z) = u(x, y) + iv(a,y) we have (see 
for instance [CAPB, (4.2.10), p. 152]): 


fears f(t) (8B) a 
x LE (2) nye Wet 5) 


a 5 fe v(a, y)dx + u(a, y)dy + = 5 5 f les udde + v(e, addy 


= 5 [ (ule.a) +iv(eu)ae + 5 [ (uleru) + tole.) dy 
1 
2 Sa 


A (z)dz. 


The proof of (2.1.10) is done in the same way. 

(2) To prove (2.1.12), two remarks are of importance. First, it holds that 
oe 
Oz 


for a > b, as follows from the formula 


(ee = 5° (*) fay" = ~ (Fy een. 


n=0 


(Iz? -—1)? =0 (2:8:2) 


The second remark is that 
om +me2 


Ozmzn 


(|Z? —1)™ 0 (2.8.3) 


get 


for my +mz <m. 
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In the proof of (2.1.12) one distinguishes between various cases. We will 
consider only part of them, and leave the others to the reader. 


Case 1: 31 = jg = 0. Then, for k € No, 


k+1 1 [/k+1, 
€r,o(Z) = a klek = —— 2, 


and the result is an easy computation. We also note that these functions form an 
orthonormal basis of the Bergman space 62(D) (see Remark 10.5.1 for the latter). 


Before considering other cases, we remark the following. Setting in (2.1.9) 


0 
agi (2) = €ky,j1 (z) and g(2) = Cko, jo (z), 


and taking into account (2.8.3), we obtain: 


I aor 


ee a 
= =e ff Fle? — ts SS (lel — ytd 
zh gst Ozk20z TI? : 


where 
ky t+jit1 /kot+jo+1 
w(ky + ji)! 1(ke + ja)! 


Iterating this argument, and a similar one with (2.1.10) will lead to the required 
conclusion More precisely: 


Case 2: kg < j1. Then (2.1.9) iterated 7; times leads to 


| Ck 1 (2) Cho, j2 (2%) dady 
D 
Osi tj2t+ke 


. ak . —_ 
—1yhe ff ree lees all Domagntn (2? — et! dady 
SS 


is equal to 0 since j1 + jo > jo + ke 


= 0. 


Case 3: ky > j1. Then (2.1.10) iterated kz times leads to 


ee 
D 


+ki +k "Aja as 
= (yee ff Pa ets 2 (a2 —1ytetiedee 
Ozkitke QzI Oz? J 


is equal to 0 since kj + ko > ki +91 
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Solution of Exercise 2.1.6: Applying (2.1.9) for Ar with f(z) = 1 and g(z) = z, 
we get 


1 1 
i] dxdy = — zdz — — Zdz 
AR 2% |z|=R 2% |z|=1 


1 20 ; : 1 20 we 
== Re" Re dt — >| ete dt 
2 Jo 2 Jo 
= n(R? — 1). 


Solution of Exercise 2.1.7: We first assume that f is a polynomial, that is 


N 
=) fe 
n=0 


Then, 
2» fe ze et 
and for m = 0,...,N we have: 
27 20 cae 
fz 
- ee -y4 nz” Sune 
= a 


(the latter being a direct computation, and not an application of Cauchy’s for- 
mula), and so (and using the maximum modulus principle) 
me” | < max ze’)| = max = max <K. 
Jfnz™| < max. |f(ze)| = max |f(6)| = max |F(0) 
Consider now the case of f analytic in the open disk B(0, R). We follow the proof of 
Lemma 4 in [102]. The Taylor expansion converges uniformly on compact subsets 
of B(0, R), and so given r € (0, R) and € > 0 there exists N € N such that 


max Ae |S 2.8.4 
max|f(2) -S he | (2.8.4) 
for M > N. Thus 
M 
Lye" Set+max|f(6 )|, for jz| <r. 
n=0 


Fix now m € No and consider M > max {m, N}. We obtain from the first part of 
the proof and (2.8.4) that 


Lfnz™| <¢+ max |f(6)] 


The result follows since € is arbitrary. 
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Solution of Exercise 2.1.8: If f € C is identically vanishing, the result is trivial. If 
f #0, then 1/f €C since 


1 Ref 
Re- = —, 
fo IfP 
and so 1 
stg €C. 
f 
Thus 
i € 
T fi Ec. 
f g 
To conclude note that F i 
lt+fg 1.) 
f 


Solution of Exercise 2.1.10: The integral can be rewritten as 


with 


T pif’ Tt 1 fiay(t 
T ff filzot ) nt V(t) 


Qni Jo f(zot+Tt)  2ni Jy y(t) 


y(t) = f(zo+Tt), te [0,1]. 


To conclude, note that 7 is a parametrization of a closed smooth path since f (zo) = 
f(zo+T), and the integral is the index of the origin with respect to this path, and 


so is an integer. 


Solution of Exercise 2.1.11: 


(1) The function f is not a polynomial, and so its Taylor series at the origin, 


(3) is a direct consequence of (2). 


WN 


which has radius of convergence equal to oo since f is entire, has an infinite 
number of nonzero coefficients. So the Laurent series of f(1/z) converges 
in C \ {0} and has an infinite number of nonzero coefficients, and oo is an 
essential singularity of f. 

Let T and zo be respectively a period and an isolated singularity of the 
function f. The points z, = z9 +nT,n = 1,2,... are isolated singularities of 
f and so the points 1/2, (except for a possible unique value of n for which 
Zn, = 0) are isolated singularities of f(1/z). Since limp... 1/zn = 0, we see 
that z = 0 is not an isolated singularity of f(1/z), and so oo is not an isolated 
singularity of f. 


Solution of Exercise 2.1.13: Let ¢ = re’®, where r € (0,1) and 6 € (—7,7), that 
is, ¢ € D \ (—1,0]. Then, 


1 
pea -its FP ea={: Rez <3 hnes, 
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We can thus define a function g analytic in D \ (—1,0] via the formula (2.1.17): 
In¢ 
KO) =f (F*) 


To extend g to a function analytic in the pointed open unit disk it is enough to 
show that g is continuous across the boundary (and then uses for instance Morera’s 
theorem). But the continuity follows from the condition 


fz+1) = fle). 


Finally, g satisfies (2.1.16) in Q by construction, and by analytic extension to the 
whole open upper half-plane. 


22 
Solution of Exercise 2.1.14: With u(z) = e~ 7 u(z) we have 


zu(z) — u'(z) — Au(z) = ze v(z) - ze (2) + e Fy!(z) — Ae F v(z) 


22 


=e ® (v'(z) — Av(z)). 
Thus equation (2.1.18) is equivalent to 
u' (z) = Av(z). 


We have v(z) = ce** where c = v(0) = u(0) € C, and so the solutions are 


u(z) = u(0)e-*, 


and in particular are entire functions. 


Solution of Exercise 2.1.16: The first item is an easy argument. For n = 0 we have 
Ho(z) = 1 and the claim is clear. Assume now that 


Hy(z) = (-1)"e*" (e")™ 
is a polynomial for n € N. Differentiating both sides of this equality we have 
Hy,(z) = 22H, (z) + (-1)"e* (e-**) ee 
= 22Ha(2) — (-1)"*4e" (e-*) li 
which can be rewritten as 
Ansi(é) = 22H, (2) — H(2). (2.8.5) 


This last equality allows to conclude the induction argument. 
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Let f(z) = e~* . To prove the second item we write 


ve _f@ z 
fle-w) = (wy 2 
n=0 
= u” i _ 22 (n) 
. X n! oe) ( ) ; 
n=0 
Since 5 ; 
e flz = u) = e 2-4) _ 2zu-u 
we have 


B-1(2)F(2) = (1, Bs <) F(z) 


a*a Z—Wo a*a 


7 (* 7 <) F(z)+(1- amet) 
Sv 


analytic in D 


—wo- 
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The point z = wo is a removable pole (for each entry of the function a* F(z)), and 


this conclude the proof. 


Solution of Exercise 2.1.21: Assume first that f does not vanish in D, and let g be 
analytic in D and such that f(z) = e?9) there. Let h = e?9. Then, for r € (0, 1): 


dt 


20 ; 20 xs 
[ letretyrat= fo Jerre 
0) 0 


Mp(f,r) = (Ma(h,r))? , 


and so 


and the result (including the continuity) follows from Exercise 2.1.20. 


More generally, if f does not vanish in |z| < R with R € (0,1) we still can 
write f(z) = e9) where g is now analytic in |z| < R, and the result still holds for 


r € (0, R). 


98 Chapter 2. Analytic Functions 


Assume now that f has zeros in the open unit disk. Let R € (0,1). By the 
uniqueness theorem for analytic functions there is only a finite number of zeros of 
f, say 21,..-,2n, in the closed disk B(0, R). We can assume that none of them is of 
modulus R (otherwise, replace R by R + ¢ for € small enough). Let r1,7r2 € (0, R) 
be such that r; < re and such that all the zeros of f are inside the open ring 
defined by the circles |z| = 71 and |z| = rg. Let b(z) denote the Blaschke product 


with the points +, ,..., as zeros, with the corresponding multiplicities, and 
T3 rs 3 
N 2 _ in 
=, r2 r2 
bra (z) (z/r2) ~~ II Zin 
n=1 T3 
The points z1,...,2y are removable singularities of the function 
f(z) 
br, (z)’ 


and we denote by g the corresponding function analytic in |z| < R. We have: 
20 ; 20 
J lfetyrats fo |g(rue'tyrat 
0 0 
(since |b,,(z)| < 1 on |z| =11) 
20 
< f la(ract)Prat 
0 


(since g has no zeros in |z| < R and so we can apply (1)) 


27 
=| | f (rge**) |Pdt 
0 


This ends the proof when none of the zeros are on the circle |z| = r1 or 
|z| = rg. To conclude, note that M,(f,7) is a continuous function of r and that R 
is arbitrary in (0, 1). 


(since b,, has modulus 1 on |z| = r2). 


Solution of Exercise 2.1.22: We recall the proof appearing in [269, p. 298]. Without 
loss of generality we can assume that all the points are different from 0. Since 
limy-sco Zn = 00 we have: 


VR>0, dn(R)EN: n>n(R) = |z,| > 2K. 


Thus, for |z| < R, and taking into account (2.1.26) and p=n—1, 


1 
[1 — Ey_-1(z/2n)| 3n? 
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and hence the infinite product 


CO 


[| 2n-1(z/2n) 


n=1 


converges uniformly in |z| < R. Since R is arbitrary, the product converges for 
all complex numbers z, and the convergence is uniform on compact subsets of the 
complex plane. 


Remark 2.8.1. As a corollary of the previous argument we have the following result, 

which is the starting point in the arguments of Saks and Zygmund (see [269, (2.8), 

pp. 297-298]): Given any sequence (Z,)nen of nonzero complex numbers going to 

infinity in modulus, there exists a sequence (pp)nen of integers such that the series 
co 

5 

n=1 én 


converges in C, the convergence being uniform on compact sets. 


Solution of Exercise 2.1.24: 


(1) Let F' be as in (2.1.28), and let z € C \ C. Since C' is compact the distance 
d = d(z,C) from z to C is strictly positive, and we have B(z,d) C C \ C. Let 
w € B(z,d). We have 


nas [ As)ds 


w- 


~ f flame 
c (w-z+2-8) 
ja 

oc @= 9) — =) 


with H(s)d 
S)as 
Pum | Goat 


The interchange between the integral and the infinite sum has been done using 
the dominated convergence theorem, taking into account that 
zZ-w 
d(w) tf max desi <1 


sec |z— | 
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for w € B(z,d) and 


where M = maxsec |f(s)|. 


To prove that F is analytic at infinity, one can prove that lim,.. F(z) 
exists, or equivalently, that F'(1/z) has a removable singularity at the origin. Both 
approaches are left to the reader. 


(2) We follow [269, p. 172]. Set 
~ IO) 
Ce) TW) 


As mentioned in the hint, G is uniformly continuous on [a, b] x kK. Therefore given 
€ > 0 there exist 7, > 0 and 72 > 0 such that 


, tela dbl, zeK. 


|G(t1, 21) _ G(ta, 22) < ¢ 


as soon as |ty — tg| < m and |z1 — zg| < 72. We can in particular take z1 = z2 = z, 
and get 
\ty — te| <1 => |G(t1, 2) — G(te,z)| <e. 


Let now a = to < ty) < tg < +--+ < tn = b be a subdivision of [a,b] of mesh less 
than 7, and let 


R(2) = = AO) o(tns1) ~ Kt) 


The function R is rational and has its poles at the points 7(to),...,7y(tn—1), and 
therefore on C. Set M = maxteja,p) |y'(t)| (recall that 7 is ruled). For z €¢ K we 
have: 


(2) a) =|So [” @,2) — ta.) at 
k—0 Y be 
=< «M(b—a). 


Replacing in the arguments ¢M/(b — a) by € we obtain the stated result. 


Solution of Exercise 2.1.26: The dominated convergence theorem allows us to prove 


ot I(t +hn) — I(t 
“2 F 
lim sitesi Siete) = ~i f weed 
noo hn R 


for any sequence of numbers (hp)nen tending to 0. Thus (recall that in a metric 
space, limits can be computed on sequences) 


oe ts; 
(= -i ue Te du. 
R 
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Integrating by part the expression for I’(t) we get 


I(t) =i { Coca _ [ (ithe au 
R 


It follows that I(t) = 1(0)e-* = Jone, since f, e~ F du = Jon. 


Solution of Exercise 2.1.27: 


22 
(1) The entire function /27e~ = gives the required entire extension. 
(2) We have 


where we have used the change of variable u = -% to go from the first to the 
second line and formula (2.1.30) with t = —i(z +) to go from the second to the 
third line. 


(3) The fact that F’ is entire is proved using Morera’s theorem, or as follows: 


er a= f fue Hy a a =r vz EC, 


where 


uz 2u n 
i Stu Jewr Can, a ee 
na n! 
and where the interchange of summation and integration is done using the domi- 
nated convergence theorem. 


For the injectivity, see Remark 6.1.34. 


Solution of Exercise 2.1.29: 


(1) One can use Morera’s theorem (one then needs to show first that F’ is con- 
tinuous) or rely on the same argument as in the proof of Exercise 2.1.31 
below. 
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(2) Take for instance f(u) = e~™ to obtain 


F(z)= / ee~"du = — , £ECy. (2.8.6) 
0 


i(z +1) 


3) Take for instance f(u) = 1ljo.1;(w). The corresponding function 
[0,1] 


e711 
rie) =| erere 
z=0, 


> 


is not rational (otherwise e’* would be rational, but it has an essential sin- 
gularity at infinity). 


Solution of Exercise 2.1.31: Let h 40 € C. We have 


—th _ 1 t 
— == -| e "ds, 
h 0 


eth = 


t 
| < [ a Menlegs < pelhenlt (2.8.7) 
) 


and so 


h 
Let z € C, and let h £ 0 be such that 


R 
|Reh| < a (2.8.8) 
Then, in view of (2.8.7), 
ye ert _ e#t _ tent =e —1 
h h 


< pytte—(Re z—|Reh|)t 


(Re z)t 
2 . 


< tetle- 


Let now (hn)nen be a sequence of numbers subject to (2.8.8) and tending to 0, 
and let 


—(zthn)t _ p,—2t 
1 —— + wen 
n 


(Re z)t 
oar = 


g(t) = t’tte- 


From the above discussion we have |gn(t)| < g(t). Furthermore, g is summable 
and 
lim gn(t)=—t’tle"*, t>0. 


nm—-+0o 
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The dominated convergence theorem allows then to interchange integration and 
limit in a 


lim Gn (t)dt 


n+ Oo 0 


and obtain the formula (2.1.38) for F’(z). 


Solution of Exercise 2.1.33: We follow the computation in [230, p. 280]. Since 


1l-z 
l+z 


- 4Re z 


=——>0, z€C,, 
+22 ey 


the convergence of the series for z,w in the open right half-plane is clear. Further- 
more, still for z,w € C,, and taking into account (2.1.45), we have: 


YAM) 
= (qesrrsae) 2 ee) (ree) 


To (aapearee) (Geos) 


where we have used the power series expansion (2.1.43). We want to show that 
this expression is equal to 


T(1+v) 


G@+m’ z,weC,. 


For z,w € (0,00) the result is clear. To extend it to z,w € C, we use analytic 
continuation as follows: Fix first u € (0,00). Then for x > 0 it holds that 


sare - (Geo) 0- (EG) 


Both sides are restricted to z = x of functions analytic in z in C, and therefore 


mae = (Gee) (- (GE) GR)) ee 
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Fixing now z € C,. we extend analytically this expression from w = uw to all w 
in C,. to obtain the required equality, with w instead of W. Since C, is invariant 
under complex conjugation the result follows. 


Solution of Exercise 2.1.36: For z,w € D we have 


xe » ul" a) < ye " (> sii) 
n=0 m=0 

< a Z 

= G—lap0—[wp) ~ °° 


By a classical result on a summable family (see, e.g., [CAPB, Theorem 12.3.1, p. 
454]) we can therefore compute the right-hand side of (2.1.47) with any ordering 
of the indices. Considering successively the cases n = m,n =m+1,n=m+2,..., 
andm=n+1,m=n+2,... we obtain: 


z,weD. 


[oe} 


z 
y ee eee 


1-2zw 1-20 


n,m=0 
f.0 | fw 
7 1-— zw a 1-— zw 
_ f(z) +f) 
~ 1-20) * 


Solution of Exercise 2.2.5: For r > 0 we denote by C;. the closed contour 
C, = [-r,r] U {re ; t € [0,7]}. 
Let R > 0 be such that 
Z| >R — |o(z)|> ICL. 
Then, applying Rouché’s theorem (Question 2.2.4) to 
f(z) =0(z) and g(z)=—¢ 


we see that the equation (2.2.3) has exactly N solutions inside Cp for every R 
such that 


ideas 


Solution of Exercise 2.2.7: The function f is analytic in the open unit disk (since 
the sequence (f;,)nen converges uniformly on compact subsets of D to f). So either 
f vanishes identically, or its zeros (if any) are isolated. Assume that f vanishes at 
zq and that f #0. Then, there is r > 0 such that B(zo,7r) C D and 


0<|z-zl<r => f(z) £0. 
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Furthermore the sequence (f/,)nen converges uniformly on compact subsets to f’. 


Thus (#) . converges uniformly to L on compact subsets of D where f does 
"7 n€E 


not vanish. Taking as compact subset of D the circle |z| = 4 we have: 
1 : 1 ‘ 
x al fala) 9, 1 fl) 
noo 2mt |z|=r/2 fn(z) ani |z|=r/2 f(z) 


By the argument principle 


1 fn(2) 
— 2 —dz=0, VWneN, 
2nt |z|=r/2 fn (2) 


while 
1 f(z) 
amt |z|=r/2 f(z) 
is equal to the order of the zero zp) and so is strictly positive. We thus have a 
contradiction and f does not vanish in D, unless f = 0 there. 


Solution of Exercise 2.3.1: We first assume |zo| < r < |z|. For m < 0, Cauchy’s 
theorem implies that the integral is equal to 0. For m > 0, Cauchy’s formula 
applied to the function f(¢) = 1/(¢ — z) gives 


aaa = 2)” (—2)™ 
__2ri(m-1)! (2.8.9) 
(z— z)™ g Migie es 


Consider now the case |z| < r. For m < 0, Cauchy’s formula applied now to the 
function f(¢) = (¢ — zo)~™ gives 
d¢ : 
= 2rri(z -— 29)", ~2m=0,-1,-2,... 
I tC 2G = 20)" 

Let now ‘ 

A(¢) = ——————_.. 

) = Cat ay 

When m > 0, the exactity relation (see [CAPB, Exercise 7.3.6, p. 326]) states that 


Res (h, z) + Res (h, zo) = 0. 


By the residue theorem, the integral (2.3.1) is then equal to 0. 


Solution of Exercise 2.3.3: Let R, and R2 be such that R < R, < Ro. Then, for 
any given z such that R, < |z| < Ra we have from formula (2.3.2) with zo = 0: 


Zz a 9) | 225 IG) 4 
a() ari = C-2 : ni | ee 
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Furthermore, with L = lim,_,. g(z), we have: 


g(¢) 


lim a 
Rg—00 |C|=Re ¢- z& 
Hence, 
—L L 
lim / HD a= tim HO) Fae stim dc 
R2z—00 |C|=Re ¢- z Rg—0o |C|=Re ¢- z Ryg—00 |C|=Re ¢- z 
= 2reb. 


Thus formula (2.3.2) (with zo = 0) reduces to 


(\=t- aah ID) ae, 


2m Jici=r, 6 — 2 


principal part in the Laurent expansion 


from which the result follows. 


Solution of Exercise 2.3.4: We first note that the Laurent expansion is of the 
asserted type with bo = limz-,.0. g(z). See the previous exercise. 


(1) Let R; € (R,1). The formula for the coefficients of the singular part of the 
Laurent expansion gives 


bn = | C7" g(C)de, n=1,2,..., 
Cl=Ri 


277 
and in particular, with Kp, = maxj¢\=p, |9(4)|, 
lbn| < Kr, R?, n=1,2,... 
Let R2 € (Ri, 1). The formula for the coefficients of a Taylor series gives 


1 f(Q) 


un, = = 
oni I¢l=Re cnt 


dé, n=0,2,..., 


and in particular, with Kp, = maxicj=p, | f(¢)|, 


K 
lel n=0,2,... 


Since oe < 1 we have that 


Co 


D 


n=0 


co R n 
anDn| < Kr, Kr, pa (3) < OO. 


n=0 
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(2) Set 
g(z)= >> =. (2.8.10) 


The power series defining g converges in |z| > R, and the dominated convergence 
theorem allows us to prove that, for any Ri € (R, 1): 


1 fed, (1 f — y-teras 
lees sd — y 7 (S i a 


n=0 


co 
= ) Anbyn.- 
n=0 


Solution of Exercise 2.3.5: 


(1) Let g(z) = 337, gnz” denote the power series expansion of g centered at the 


origin. Then 
1 foe) In 
‘ (. _ ;) . (g—v)P’ ° * - 


n=1 


Then, with r small enough (i.e., such that u ¢ B(v,r)), 


I 


d ” ri [... (¢ = v)r(¢ on u) 
= i 
= Dukes (eo) 


n=1 


-- Yon was (eo) 


by the exactity relation (see [CAPB, Exercise 7.3.6, p. 326]), 


1 F(s) 1 
as =f fI,, ) 
201 ae (2) + pa (+) 


w singularity of F 


where the H., are entire functions vanishing at the origin. 
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(3) We have 
k kal 
al SOhis- | eee 7) ae 
271 Jo, 8-2 2mt Jo, 8*(s — 2) Tt Jon \t 
1 
Pa) 


Sel 


ds 


i 


a=1 
since 
k; k- il 
1-4 1 aight Ze 
s a1 (gk-1 4 gh22 4. poh) = Least . 
&—Z Ss Ss 


As mentioned before the statement of the exercise, the proof of (4) is omitted. 


Solution of Exercise 2.3.6: 
(1) We consider the Laurent expansion of f in Ar (see [CAPB, p. 317]): 


co co b 
n 
= a. —_— 
do anz™ + DS 
n=0 n=1 
For z,w € Ap we have: 


n=0 n=2 


Let now (y(t), € € [0,1]) and (y2(t),t € [0,1]) be parametrizations of C; and Co. 
We have (recall that + and 7 are ruled, and that there may be a finite number of 
points at which the components of 7; and 72 have different but finite derivatives 
from the left and from the right; these points do not affect the integrals computed 
below): 


I 12 K (11 (t), 72(s)) 11 (t)179(s)dtds 


“Es wa : Aone oh (t)74(s)dtds 
UL.) Le) } 
r™f{(LSLS-L2A(LS)} 


ll 
Qa 
3 
—“——s 
a 
> 3 
g 
3 
Q 
€ 
Sa 
fo 
SS. 
| & 
ee 
| 
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since the second sum begins at n = 2, and since, thanks to Cauchy’s theorem, the 
various integrals 


| w™dw and z™dz 
C2 C1 


vanish for m € Z different from —1. 
On the other hand, from the definition of K we have: 


| aye (HE 1218) 1 (8) eds 


and hence the result. Since the Laurent expansion converges absolutely and uni- 
formly on compact subsets of Ag the various interchange of integrals and infinite 
sums in the above equations are legitimate, thanks to Weierstrass’ theorem (see 
[CAPB, p. 456] for the latter). 


(2) As mentioned in the hint, the second formula is a special case of the first one 
with f’/f instead of f. 


Solution of Exercise 2.3.7: 


(1) This is a direct application of Rouché’s theorem (Theorem 2.2.4), as in Exercise 
2.2.5, with 
f(z) =0(z) and g(z)=—¢ 
and with contour the circle centered at the origin and of radius R € (0,1) such 
that 
R> max |wy|. (2.8.11) 
n=1),...5N 


For more on this question, see Remark 2.8.2 after the solution of the exercise. 


(2) When s € D is a simple zero of the equation b(z) = ¢, applying the well-known 
formula 


Res (=, 20) = a (2.8.12) 


where n and m are analytic in a neighborhood of the point zo, the latter being a 
simple zero of m (see, e.g., [CAPB, (7.3.2), p. 325]), gives 


f(z) \ _ feb (2) 
Res (Sees) > 
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(3) We first note that there are only finitely many points, independent of z € D, 
for which equation (2.3.13) possibly has nonsimple roots (namely these points are 
among the roots of the equation b’(u) = 0). We denote by E the set of these roots. 

Let now RF as in (2.8.11). Let z € D such that the equation b(u) = z has N 
different roots, say ui(z),...,un(z). By the preceding item we have 


1 LWP) 5, — ie ee un(2)) 


J 


2 


f(un(z)), 2 € B(O,R)\ E. 


n=1 


The function 
1 f(ujb'(u) 
— ————du 
ant Jicjar b(u) — z 


does not depend on r > R and defines a function analytic in D. It follows that the 
left side of (2.3.14) has an analytic extension to D. 

(4) Let f(z) = OP. fnz” be the Taylor expansion of the function f at the origin. 
We have: 


co 
= ‘> fanz”, 
k=0 
since 
1 ns z*, ifn=kKN, 
= yu" = 
N = 0, otherwise. 


See [CAPB, Exercise 6.2.9, p. 280]. 


Remark 2.8.2. The first item can also be solved in the following ways, which are 
longer, but of independent interest. First one can use the fundamental theorem of 
algebra. Fix z € D and let 


N N 
o(¢) = [[ @-2) -—2 ][G-c). (2.8.13) 


Since 1 — 21 4(Cen) # 0, we see that p is a polynomial of degree N in the 
variable ¢. By the fundamental theorem of algebra. the polynomial equation 


N N 


[[G-2.)-z[[G-c) =0 (2.8.14) 


n=1 n=1 
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has N solutions, counting multiplicities. When z, 4 0, the number Z,~! is not 
a solution of p(¢) = 0, and therefore equation (2.8.14) is equivalent to b(¢) = 0, 
and this last equation has N solutions, counting multiplicities. All the roots lie 
in D since |b(¢)| < 1 if and only if |¢| < 1. Failing to notice that, one could 
use (as in the presented proof) Rouché’s theorem to get to the same conclusion, 
or, equivalently, the argument principle (see Theorem 2.2.3 above). Indeed, using 
Weierstrass theorem to justify the interchange of sum and integration, we can 


write 
tf @O-7, 1 f %O, 
fs : Noe 


2071 


~1f ¥O(S(zY 
~ ni Shejar BC) > (x) a 


For 7 = 1,2,... each of the integrals Jicj=s werd is equal to O since 


while for 7 = 0, the argument principle gives 


1 HO wet f "Ox 


— : = = 
2mi J\cja O(¢)9t* 2ni Jicj=1 0(¢) 


Solution of Exercise 2.4.2: It suffices to take Q = C \ (—co,0]. The points z, = 
—1+i€Q but the interval [—1 —i,—1+ i] meets the negative axis at the point 
—1, and thus is not included in 2. Hence 2 is not convex. It is star-shaped with 
respect to any point x9 # 0 on the positive real axis 


Solution of Exercise 2.4.3: This is a well-known fact from a first course in complex 
variables, and we recall briefly the argument. Let Q Cc C be open and star-shaped, 
and let zo € 2 be such that (2.4.17) holds. Define 


F(z)= [.. f(s)ds = (z- «) [ f(zo t+ t(z — 2))dt, 2EQ. 


112 Chapter 2. Analytic Functions 


Let ¢ > 0 be such that B(z,¢) C 2. We have for w € B(z,«) \ {z}: 


ie ee) {e\= Sizo,uj £(9)48 ~ Speore) Fls)ds — f(z) 
f(s)ds 
= ead o — f(2), 


where we have used the Cauchy—Goursat theorem (recall that [z, w] C 9), 


7 | (f(z + t(w — 2)) — f(2))de, 


and this last expression tends to 0 as w tends to z, as follows from the continuity 
of f. 


Solution of Exercise 2.4.5: Recall that we denote by C+ the open upper half-plane. 
The set 


4+=C,nND 


is convex, and in particular star-shaped. Its image under the map —1/z is equal 
to C, \ D, which is not star-shaped. 


In relation with the previous exercise, we note that the application 


(2) z—ai(z24+1) 1-i(z+4 
Z£)= — Mo = —_—_—_ 
. z+i(z2+1) 1+i(z+4 


maps conformally D+ = DNC + onto D. See [CABP, Exercise 10.3.6, p. 425]. Since 
the map z +> —t sends conformally C, \D onto D, = DNC, and since z + as 
is conformal from D onto C,, we see that the map f(z) = z+ ~ maps conformally 


C, \D onto C,, and C, \D is not star-shaped. 


Solution of Exercise 2.4.6: Let y denote a conformal map from (2 onto Q;, and let 
F be analytic in 2). The function F'o y is analytic and does not vanish in 2. So 
there exists a function g analytic in Q and such that 


F(y(z)) =e, 29. 


Thus = 
F(z) = es?) ze, 


1 


and this finishes the proof since go y~ is analytic in 4. 


Solution of Exercise 2.4.8: Let Q) be homeomorphic to 2, and let y be a homeo- 
morphism from 2 onto ,. Let g be a non-vanishing continuous function on 2). 
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Then, f = gov is a non-vanishing function on 2. By hypothesis, there exists a 
function h continuous on Q and such that 


e@® = g(y(z)), VzE Q. 
Replacing z by y~!(w) (with w € 91) we get 


eb(e*(w)) — gw), Ywean, 


1 


which ends the proof since ho y~* is continuous on 1)1. 


Solution of Exercise 2.4.9: Assume that (1) is in force, and let f be analytic and 
not vanishing in Q. Let z € Q. Since f(zo) 4 0, there exists Ko € C such 
that f(zo) = e%°. Furthermore, the function g = £L is analytic in Q. Let G 
be its primitive which takes the value Ko at the point zo. Then, the function 
z-> f(z)e~?@) has value 1 at zp and has identically vanishing derivative in 2. 


Thus, it holds that 
f(z) =e, zeEQ, 


and so (2) is in force. 


Still assuming that (1) holds, let wu be harmonic in 2 and define 


ale) = Feu) 1 F(e.y). 


The function g is analytic in since u is harmonic (use for instance that the 
Cauchy—Riemann equations hold and that the real and imaginary parts of g are 
differentiable, since u is harmonic). Let G = U+iV be a primitive of g in 2. Then, 


OU OU 
G'(z) = De ey) ~~ 15g (my) 


so that 


OU Ou OU Ou 
Du or) —_— Bq (tr ¥) and By mY) — By m9): 


Thus U(a,y) = u(x, y) + K for some constant K € R, and V(a,y) is a harmonic 
conjugate to u (it is unique up to a real constant). 


Assume now that (3) is in force, and let f = u+ iv be analytic and not 
vanishing in Q. Then, the function a@ = 4 In(u? + v”) is harmonic (see for instance 
[(CAPB, pp. 396 and 404] for a proof). Let b denote a harmonic conjugate of a in 
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Q. Using the Cauchy—Riemann equations one sees that 


Ou Ov Ouy, 4 Ov 
Oa Oa _ Bgl + de _ , ay" By V 


Ox = Oy uz +? u2 + v2 
7 Sty — Sey — i Stu — iStv 
u2 + v2 
_ (Ou _ Qu) u-w (2.8.15) 
Ox = Oy) u2? +0? 
Ou _ ju 
= Ox Oy 
u+iv 
f' 
f 


Fix zo € Q. There is a constant K € C such that the function 
A(z) = f(z)e~ ew) Olay) +4) 


is equal to 1 at zo. Furthermore, 


(2) = (1) - F@) (Ften) iF (e,y))  erteowremenen 
= 0, 

in view of (2.8.15). So h(z) = 1 and a+ib+K is an analytic logarithm of f 

inQ. 


Solution of Exercise 2.5.2: We assume that f is defined in a pointed neighborhood 
B(zo, R) \ {zo} of zo, and that for some r € (0, R) the image of B(zo,1r) \ {zo} is 
not dense in C. There exist then wo € C and po > 0 such that 


f((B(20,7) \ {20}) N B(wo, po) = 9. 


The function Frame is bounded in B(zo,r) \ {zo}. By Riemann’s removable sin- 


gularity theorem 


def. ,. 1 
eS \ 
z20 F(Z) — Wo 


exists, and the function 


L: z= 20, 


a, z a 20) 
g(z) = = 


is analytic in B(zo,r). It follows that 
lim f(z) 


Z ZO 


exists (and is co when ¢ = 0). Therefore zp is not an essential singularity. 
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Conversely, if zo is not an essential singularity, then lim,_,,, f(z) exists (if zo 
is removable), or is co (if zo is a pole). In either case, the image of B(zo,1r) \ {zo} 
is not dense in C for r small enough. 


Solution of Exercise 2.5.3: We follow an argument in [95, p. 182] and use the 
Casorati—Weierstrass theorem. Let zo € D \ {0}, and let r > 0 be such that 
0 ¢ B(zo,r). The image of B(z,r) is open (recall Theorem 2.2.1) and so there 
exists € > 0 such that 


B(f(z0),€) C f(B(z0,r)) C f(D \ {0}). 


On the other hand, let p be such that (B(0, p) \ {0}) N B(zo,r) = 0. Since f is 
conformal, 


f (BO, p) \ {0}) 9 f(B(Z0,r)) =9 
and in particular 
f(B(0, p) \ {0}) N B(F (20), €) = 0. 


Thus, f(B(0, ) \ {0}) is not dense in C. The Casorati—Weierstrass theorem (see 
Exercise 2.5.2) implies then that zo is not an essential singularity, that is zo is 
either a pole or a removable singularity. 


Solution of Exercise 2.5.4: By the previous exercise, the points 21,...,zy are re- 
movable singularities or poles. Furthermore, the point oo is also either a removable 
singularity or a pole. Otherwise, the function f(1/z) would have an essential sin- 
gularity at the origin, and so will not be one-to-one, contradicting the fact that f 
is one-to-one. The function f has only poles as possible singularities, including at 
the point oo, and so is a rational function. Let thus 


where p and q are polynomials, not both constant, and with no common zeros. 
We want to show that p and q have at most degree 1. Assume that this is not the 
case, and let c € C \ {0} be such that the degree of the polynomial cq(z) — p(z) 
is strictly bigger than 1. By the fundamental theorem of algebra, the equation 
cq(z) = p(z) has then more than one solution. These solutions are not poles of f 
since p and q have no common zeros. Thus the equation 


flz)=e 


has more than one solution and f will not be one-to-one. 


Solution of Exercise 2.5.5: 

(1) The point z = 0 is an isolated singularity of the function g(z) = f(1/z). From 
the hypothesis on f the function g is one-to-one. Exercise 2.5.3 asserts that 0 is 
not an essential singularity of g, and hence oo is not an essential singularity of f. 
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(2) In view of (1) the origin is either a removable singularity or a pole (say of order 


N) of the function f(1/z). Let 


bn 
f(1/z) = Yo" +4 aR 
n 


be the Laurent expansion of f(1/z) at the origin. Then 


=bizt+---+by2% ea 0. 
f(z) = biz +--+ bz +o af 


Since f is entire we have aj = ag = --- = O, and hence f is polynomial. 


Since 


f is one-to-one, it is a polynomial of degree 1 and we have N = 1 (and hence 


b, £0). 
Solution of Exercise 2.6.2: With P and Q as in the hint we have 


0Q Ov Ou O7u 
dx Ovduz Ou 
OP dOvdu Oru 
Oy yay) OP 
Since Au = 0 we have: 
OQ. OP Ovdu_ dvdu 
de Oy ~ Bade ~ By By’ 


and Green’s theorem gives 


I (22 + BE) ernteay =~ f (renee atenin 


=~ [ole (Feenae — F(eu)dy). 


This ends the proof in view of the definition (2.6.3) of ou 


Solution of Exercise 2.6.3: The function is harmonic in D (and in fact in C \ {1}) 


since it is the real part of a function analytic there. 
Let now t € (0,27) (and thus e” 4 1). Then 


ee eit e7it/2 ae eit/2 cos(t/2) 


1—e% — e~tt/2 _ eit/2 i sin(t/2)’ 


(ey = — cot?(t/2), 


eit 


and so 


which belongs to R. 
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Solution of Exercise 2.6.4: We assume zp = 0. For z 4 0 we have 
F(2)|"1 = emo 
= e—(u(@.y)-+n |2]) +n [2] 
= |zle~ u@y) Hn ll) 
>0, as z->0, 
since lim,-49 (u(a, y) + In|z|) exists. Thus, F’ is continuous at the origin. Since it 


is analytic in Q \ {0}, Riemann’s removable singularity theorem insures that F is 
analytic in all Q. 


Solution of Exercise 2.7.1: The function f(z)= Sat is analytic in C\ {0, i, x, wd ah 


Therefore 0 is not an isolated singularity of f, and f is not meromorphic in C. 


Solution of Exercise 2.7.3: 


(1) We will use the inequality, valid for every choice of a,b € C: 
je? — e2| < elP-4l|b — al. (2.8.16) 
For completeness we recall the proof. Let 
y(t) =at+t(b—a), t€ [0,1] 


denote a parametrization of the closed interval [a,b]. We have 
1 
ee = i eT! (t)dt 
0 


1 
= (4) i ella) ge, 
0 


and hence the result by taking absolute values. 


Let now a € C, and first assume that a 4 0. There exists 8 € C such that 
a = e?. By the Casorati-Weierstrass theorem there exists a sequence of points 
Wo,W1,... © V such that 


Jim |f(wn) — 6] = 0. 
Using (2.8.16) we have: 
Jef) — a] < M-|f(wn) — Bl, 


where M is a constant such that 


elf(wn)-Al < M, Vn ENo. 
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Let now a = 0. By the Casorati—Weierstrass theorem, there exists a sequence of 
points wo,w1,...€ V such that 


lim Re f(wn) = —00, 
n—->co 
and so 
lim |ef@=) — 0] =0. 
noo 
Thus, the image of V under e/ is dense in C, and so zo is an essential singularity 
of ef. 
(2) Essential singularities are isolated by definition. The example f(z) = In z and 
V =C\ (—ov, 0] shows that one can obtain a removable singularity after applying 
the exponential function to a function with non-isolated singularities. 


Part II 


Topology and Functional 
Analysis 


Chapter 3 


Topological Spaces 


Les premiers faits topologiques rencontrés en théorie des 
fonctions analytiques ont apparu avec Il’introduction des 
surfaces de Riemann. 


S. Stotlow, Lecons sur les principes topologiques de la 
théorie des fonctions analytiques, [299, Préface, p. v]. 


Topological and metric spaces permeate complex analysis in numerous places. 
For instance, the space #(Q) of functions analytic in some open domain () is a 
Fréchet space (and moreover, a Montel space). Hilbert and Banach spaces of ana- 
lytic functions also play an important role. These examples are in fact instances of 
topological vector spaces. As another example, Riemann surfaces are in particular 
analytic manifolds, and as such are special cases of topological spaces, and in fact 
of metric spaces. It is therefore important to have a good command of elementary 
topological notions to understand forthcoming exercises. In this chapter we re- 
view various topological facts needed in the sequel, and discuss various families of 
metric spaces. Among the topics considered we mention in particular the quotient 
topology and the notions of manifold and surface. Most of the exercises will be 
used later in the text, but not all of them have a direct complex analysis flavor. 
Still, one already meets future key players, such as the Riemann sphere (see Ex- 
ercise 3.8.8), lattices (see Exercise 3.8.30), and a characterization of the boundary 
of a simply connected set (see Exercise 8.1.2). We conclude this introduction with 
the following question: Can one characterize analytic functions purely in topolog- 
ical terms? Surprisingly, the answer is yes, as was proved by S. Stoilow [299]. We 
discuss his results in some of the exercises. 


© Springer International Publishing Switzerland 2015 121 
D. Alpay, An Advanced Complex Analysis Problem Book, 
DOI 10.1007/978-3-319-16059-7_ 3 


122 Chapter 3. Topological Spaces 


3.1 Topological spaces 


We assume familiarity with topological spaces, but briefly review some definitions 
and basic results in this section. For more information and complements we send 
the reader to [78, 99]. 


Definition 3.1.1. Let X be a non-empty set and O be a subset of P(X). The family 
O is called a topology if: 


1. For every family (O;);er of elements in O, the union Uje7O; belongs to O. 

2. For every finite family O;,,...,Oi, of elements in O, the intersection 
NL Oi, belongs to O. 

3. The sets X and @ belong to O. 


The elements of a topology © are called the open sets of X (in the given 
topology), and the pair (X,Q) (or just X, if O is understood from the context) 
is called a topological space. A set F' is called closed (in the given topology) if its 
complement in X is an open set. Open and closed sets will be given characteri- 
zations in Exercises 3.1.8 and 3.1.13 below. A third characterization in terms of 
semi-continuous functions is given in Exercise 3.4.9. 


Recall that the set of real numbers (the real line) is denoted by R. Further- 
more, [—00, +00] (also denoted by R; the overline refers to a closure, see (3.1.3)) 
denotes the extended real line, that is the real line to which have been added 
two points denoted by too (and which do not belong to R). We now present two 
topologies on R and recall the standard topology of R. 


Exercise 3.1.2. Let X = R and denote by O C P(R) the family which consists of 
the empty set and of all the non-empty subsets O of R with the following property: 


Va" O, dre > 0 such that (e@—%.,.8+-7,) CO. 


(1) Show that O is a topology. 

(2) Show that every non-empty open subset of R in this topology can be written 
as a countable union of disjoint open intervals, that is, of sets of the form 
(a,b), with a < b, or (—co, a), or (a,c). 


The next question and its follow up, Question 3.1.9, are [Exercise 13.1.7, p. 
465, CAPB], to which we refer the reader for a proof. 


Question 3.1.3 (see [265, p. 7|). Define a set O to be open in [—co, +00] if it is 
the empty set or if it is a (not necessarily disjoint) union of sets of the following 
forms: 

(i) O open in R. 

(ii) {—co} U (—o0, a) where a ER. 

(iii) {+00} U (b, oo). 
Show that this defines a topology. 
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Exercise 3.1.4. Consider in R the family T, which consists of the empty set, to- 
gether with all sets of the form R\ U, where U has a finite number of elements or 
U=%. 

(1) Show that this defines a topology. 

(2) Show that two non-empty open sets always intersect. 


The topology in the preceding exercise is called the Zariski topology. It plays 
an important role in algebraic geometry. 


Let X be a non-empty set. The sets {0, X} and P(X) are clearly topologies, 
and any topology O satisfies 


{90,X} COCP(X). 


The topology {@, X} is called the coarse topology, and P(X) is called the discrete 
topology. Let 0, and O2 be two topologies on X. Then Qj is coarser (or weaker) 
(resp. finer, stronger) than O2 if O; C Oz (resp. O2 C O1) . See for instance 
Exercise 4.2.3 for an important example. 


Exercise 3.1.5. Given a set X and BC P(X), show that there is a unique topology 
O(¥) on X with the following properties: B Cc O(¥), and every topology which 
contains B already contains O( A). 


If Ac X, the induced topology O, consists of the sets of the form AMO 
with O running through O. 


Exercise 3.1.6. Check that O, is indeed a topology, and give a necessary and 
sufficient condition for the inclusion O, C O to hold. 


The induced topology appears in a number of places in this book. See for 
instance Exercise 4.1.10. 


Remark 3.1.7. We refer to Exercise 3.8.9 for an interesting result, whose proof 
uses the induced topology, the quotient topology and properties of continuous 
functions. 


Recall that V C X is called a neighborhood of the point if there is an open 
set included in V which contains z. 


Exercise 3.1.8. Let (X,O) be a topological space. Show that A C X is open if and 
only if it is a neighborhood of each of its points. 


We will denote by ./(x) the family of neighborhoods of x. A family 4 C 
MN (a) is a basis of neighborhoods of «x if for every N € (a) there exists BE B 
such that B C N. The space is Hausdorff if every two distinct points have disjoint 
neighborhoods. For instance, R is Hausdorff when endowed with the topology 
of Exercise 3.1.2, while it is not Hausdorff when endowed with the topology of 
Exercise 3.1.4. As mentioned above Question 3.1.3 we refer to [Exercise 13.1.7, p. 
465, CAPB] for a proof of the following question. 
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Question 3.1.9. Let [—o0, 00] be defined as in Question 3.1.3. Is [—o0, co] Hausdorff 
with the topology defined in that question? 


In the following exercise one meets the first of various characterizations of 
one of the key players in complex analysis, namely the extended complex plane, or 
Riemann sphere C. In the statement, and more generally in the book, we denote 
by B(zo,r) (where zo € C and r > 0) the open ball 


B(zo,r) ={z€EC; |z-—zo] <r}. (3.1.1) 
The symbol oo appearing in the exercise is called the point at infinity, and 
Bio, R)={z EC; |z|>R}Uf{oo}, R>O, (3.1.2) 
denotes a basis of neighborhoods of infinity. 


Exercise 3.1.10. 
(1) Define in C = R? a set O to be open if it is empty or if for every z € O there 
exists €, > 0 such that B(z,e2) C O. Show that this defines a topology, say 


T, on the complex plane, which is Hausdorff. 
(2) Denote by co a point not in C and on G=Cu {oo} define BC P(C) to be 


ZB ={Bl(z,), Blow, R);6,R>O}. 


Show that the topology generated by & (see Exercise 3.1.5 for the latter) is Haus- 
dorff. 


We will see in Exercise 3.2.7 that C is moreover compact (see Definition 3.2.1 
below for the later). 


We mention that there exists a hierarchy of separation axioms, denoted 
To,-.--,25, of which Hausdorff is called Tz. See for instance [297]. We will recall 
the axiom 74, which is used in particular in Exercise 3.3.3. 


Definition 3.1.11. A topological space is said to satisfy the separation axiom Ty if 
the following condition is in force: Given any two disjoint closed sets F, and F» 
there exist disjoint open sets O; and O2 such that Fy C O; and F2 C Op. 


For future reference (see Theorem 3.9.14 below) we mention (see for instance 
[284, p. 32]): 


Definition 3.1.12. The topological space is called regular if every point has a basis 
of neighborhoods consisting of closed sets. 


In view of Exercise 3.1.18, recall that an open covering of a subset Y of X is 
a family of open sets (O;)ier such that Y C Ujes Oj. 


Exercise 3.1.13 (see [172, Proof of Lemma 3.1, p. 15]). Let X be a topological space. 
Then F C X is closed if and only if there is an open covering (Oj)ier of X such 
that O; 1 F is closed in O; for every i € I. 
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We denote by E£ and E respectively the interior and the closure of the set 
E, that is the greatest open set inside E (respectively, the smallest closed set 
containing F): 


E= (J U, and F= () F (3.1.3) 
U open F closed 
UCE FOE 


These are well defined, since the union (resp. the intersection) of an arbitrary 
family of open (resp. closed) sets is open (resp. closed). We also recall 


~~ ae 
E\A=E\A. (3.1.4) 
It is readily seen that 

ANB=ANB, 

AUB=AUB, 

fe} fe} a 

AUBCAUB, 

ANBCANB. 


These are of course still true for finite collections of sets. The first two equal- 
ities will not hold in general for infinite collections of sets. See Exercise 3.1.14. 
In particular, one may have an infinite collection of sets, each one with an empty 
interior, and whose union has a non-empty interior. In connection with this last 
remark, we note that Baire’s theorem (see Theorems 3.2.14 and 3.9.12) gives im- 
portant conditions for equality to hold for countable collections of sets in the two 
last inclusions. 


Exercise 3.1.14. Let (A;)ier be a family of subsets of the topological set (X,O). 
Show that 


Uier Ai C User Ai (3.1.5) 


and equality holds in (3.1.5) when I is a finite set. Show by an example that the 
inclusion in (3.1.5) may be strict. 


The closure of a set is in general larger than the limits of sequences of points 
in that set, as illustrated by the following exercise, taken from [166, p. 4]. In the 
definition, it is useful to remark that any finite intersection of sets of the form 
(3.1.6) with fixed vp contains a set of the same form. 


Exercise 3.1.15. Consider the space V of real-valued functions bounded on [0,1], 
endowed with the topology generated by the sets 


N(v0,21,---,UN;€) 
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parametrized by vu € V, NEN, 21,.-.,2n € [0,1] and e€ > 0 and defined by: 
N(vo0,%1,---,%n,€) = {v © V; |u(ax) — vo(ae)| <€, kK =1,...,N}. (8.1.6) 


Consider the set E of functions equal to 1, at the possible exception of a finite 
number of points where they vanish. Show that the function identically equal to 0 
is in the closure of E, but is not the limit of a sequence of elements of E. 


Let X be a topological space. The boundary of FE Cc X, denoted by OF is 
the closed set : 
OE =ENX\E=EN(X\ E). (3.1.7) 


Exercise 3.1.16. Assume that Q is open. Show that OANQ =O. 
Exercise 3.1.17. Let X be a topological space and E Cc X. Then: 


ENOE =9, (3.1.8) 


and 5 
E =E VOE. (3.1.9) 


For another exercise on the boundary, see Exercise 8.1.2 below. 


We now turn to the notion of completeness. The present paragraph alludes 
to various notions defined only in the sequel, but we think the present discussion is 
nevertheless useful for the student. For a typical undergraduate student the notion 
of completeness is related to metric spaces, and is defined in terms of Cauchy 
sequences. See Definition 3.9.10 below. There is a need to define completeness in a 
more general setting, in particular for the definition of a Fréchet space, that is, of a 
locally convex topological vector space (see Definition 5.1.13) which is metrizable 
and complete. Metrizable means that the topology can be given in terms of a 
metric (see Section 3.9). But a topological vector space can be metrizable with 
respect to two different metrics, and be complete (in the metric space sense) with 
respect to one of the metrics and not complete with respect to the second. So 
completeness should be defined in an intrinsic way. This is the reason why we 
introduce in this book completeness in spaces which a priori are not endowed with 
a metric. First two definitions (see for instance [307, p. 6], [119, p. 3]). For the 
second one, recall that a directed set is a set, say 7, endowed with a partial order 
such that 
and 


_ cOa 
Va,be J, dce ZF such that x 
c 


Definition 3.1.18 (see, e.g., [307, pp. 6-7, and p. 10]). Let X be a space. A family 
A of elements of P(X) is called a filter if it does not contain the empty set, is 
closed under finite intersection and if, for any given set in A, all sets which contain 
it are also in A. It is called a basis of filter if it consists of non-empty sets such 
that the intersection of two sets in A contains an element of A. 
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Assume now that X is endowed with a topology. The filter is said to converge 
to the point « € X is every neighborhood of x belongs to the filter. 


Exercise 3.1.19. Let V be an infinite-dimensional vector space (say, over the com- 
plex numbers). Show that the family of vector subspaces of V of finite codimension 
is a basis of filter. 


Definition 3.1.20. A net in a set X is a family of elements of X indexed by a 
directed set. 


The following basis of filters on continuous functions on [0,1] is used to 
make C0, 1] into a topological vector space which is not locally convex. See [183, 
Example 2, p. 86] and Exercise 5.1.14. 


Question 3.1.21. Let C[0,1] denote the vector space of continuous functions on 
(0, 1]. Let fo € C[0, 1]. Show that the sets 


Ven(fo) ={f € C[0, 1] such that 
| f(t) — fo(t)| < € outside some open set of [0,1] of length less or equal to n} 
is a basis of filter for the point fo. 
Hint: As remarked in [183], 


Vex ym (fo) M Veo sno (fo) 2 Ven( fo) 


with €=«€, Neg andy =m A nN. 


3.2 Compact sets 


We now consider compact sets and their various properties. 


Definition 3.2.1. A Hausdorff space X is compact if every cover of X with open 
subsets X = Uje7O; admits a finite subcover X = ON Dx (the Heine—Borel— 
Lebesgue property; see [284, p. 81]). 


It is useful to recall the following classical fact (see for instance [100, Propo- 
sition 11-6, p. 35]): 


Proposition 3.2.2. Every infinite subset of a compact set has one accumulation 
point. 


The product of two compact sets with the product topology is compact. More 
generally, Tychonoff’s theorem asserts: 


Theorem 3.2.3. Any product of compact sets endowed with the product topology is 
compact. 


We recall (see, e.g., [307, Corollary 1, p. 53 and Proposition 6.1, p. 50)): 
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Theorem 3.2.4. A compact set is closed and a closed subspace of a compact space 
is compact. 


Compact spaces appear in a number of important occasions in complex anal- 
ysis. For instance, in the space H(Q) of functions analytic in a connected set Q 
with the topology defined by uniform convergence on compact sets, sets which are 
bounded (in the sense of boundedness in a topological vector space; see Definition 
5.1.17) and closed are compact, and hence sequentially compact since H(Q) is 
metrizable. See [284, p. 86] and Exercise 3.9.21. 


The following question deals with the Cantor set. See [50, p. 78]. The solution 
can be found in [CAPB, p. 477], and is omitted here. 


1 2 
Ca 
0 (5.5). 


—n— . €k —n—-1 €k 
Un = Ue € n [3 , —,2-3 = 
(€1,---,€n)€{0,2} ( 5 d 3k a — 3 


Question 3.2.5. Let 


and forn > 1, 


3 
Se 


Let 
C= (0, 1] \ UneNo Un. 


Show that C is compact, not countable, but that the total length of the U, is equal 
to 1. 


Another example of compact metric space is presented in Exercise 3.9.19 
below. 


The intersection of an arbitrary family of compact sets is compact, when it 
is non-empty. This follows directly from the fact that a compact set is closed and 
that a closed set in a compact set is compact. On the other hand, a decreasing 
family of closed sets can be empty (for instance F;, = [n, oo) in R endowed with 
its usual topology). The following exercise lies at the intersection of these facts, 
and is also a direct consequence of the definition of compactness. 


Exercise 3.2.6. Show that a decreasing family of compact sets has a non-empty 
intersection. 


In a metric space (see Definition 3.9.1 below), compactness is equivalent to 
sequential compactness; this is the Bolzano—Weierstrass property; see [284, p. 86] 
and Exercise 3.9.21 below. For general topological vector spaces the two notions 
need not be related. If the range space is Hausdorff, the continuous image of a 
compact space is also compact. The projective space P”, the Riemann sphere and 
the torus (see Exercises 3.2.7, 3.8.8 and 3.8.30 below) are first examples of compact 


3.2. Compact sets 129 


spaces, and in fact are compact Riemann surfaces of genus 0 and 1 respectively. 
When n = 1, the projective space is also denoted by S (and then its name is the 
Riemann sphere) or by C (the extended complex plane). 


Exercise 3.2.7. Let C be as in Exercise 3.1.10, and let B denote the family of sets 
of the form B(z0,1r), when zo runs through C andr runs through (0, +00), together 
with the sets of the form B(oo, R) (see (3.1.2) for the latter), when R runs through 
(0, +00). Let O(¥) denote the corresponding topology, as in Exercise 3.1.5. Show 
that C is compact in this topology. 


The above exercise presented C as the one point compactification of the 
complex plane. We note that C is in fact a manifold, and more precisely, the 
simplest example of a compact Riemann surface. As a compact manifold, it is a 
metrizable space, and the corresponding metric is presented in Exercise 3.9.27. 


Exercise 3.2.8. Let X be a compact topological space and let F, and Fy, be two 
disjoint closed subspaces of X. Show that there exist disjoint open sets O; and Oz 
such that Fy C O, and Fy C Op. 


The following result is taken from Forster’s book on Riemann surfaces [138, 
§4. 20, p. 28], where it is used to note that a proper map is closed; see Exercise 
3.6.5. 


Exercise 3.2.9. Let X be a locally compact topological space. Then, A C X is closed 
if and only if its intersection with every compact subset of X is compact (when 
non-empty). 


We now discuss Baire spaces and Baire’s theorem. We first recall that a subset 
E of the topological space X is called nowhere dense if 


B=, (324) 


and meager (or of first category) if it is a countable union of nowhere dense sets. 
It is second category if it is not of first category. The set of functions analytic in 
the open unit disk and which fail to have a radial limit at all points is a second 
category set. This is a result due to Kierst and Szpilrajn, and mentioned in [269, 
Exercise 6, p. 179 and Exercise 4, p. 178]. This is the content of Question 5.6.5. Of 
course, one needs to know which topology to put on the space H(D) of functions 
analytic in D to make the previous statement precise. The topology of H(D) is 
discussed in Section 5.6. 


We mention two questions where the notion of sets of first and second cat- 
egory intervene. In Question 5.2.7 one shows that in a countably normed space 
which is not a normed space (for instance, the space of functions analytic in an 
open subset of C in its natural topology), a bounded set is nowhere dense. In 
Question 3.2.11 (which presents a result of M. Zorn [328], answering a question of 
Bochner) one uses the fact that a complete metric space is a set of second category 
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to prove a result on convergence of power series in two complex variables. First a 
definition: 


Definition 3.2.10. A function f(z, w) defined in an open subset 2 of C x C is said 
to be analytic if it admits a power expansion in a neighborhood of every point of 
Q: If (zo, wo) € O there exist h > 0 and k > 0 such that in B(z,h) x B(wo, k) we 
have s 
f(z,w) = S- fn,m(z — 20)" (w — wo)”. 
n,m=0 


Question 3.2.11. Let forn =0,1,2,... 


be a homogeneous polynomial of degree n, and assume that, for every choice of 
(u,v), the power series in z 


3 P,(u,v)2” 
n=0 


has always a strictly positive radius of convergence (which a priori depends on 
(u,v)). Show that the power series 


Co 


x As.uev (3.2.2) 


s,t=0 
converges absolutely in a neighborhood of the origin. 


Hint: Show that the set of pairs (u,v) such that the power series (3.2.2) converges 
absolutely is of second category. 


Definition 3.2.12. A Baire space is a topological Hausdorff space in which every 
countable union of nowhere dense closed sets has an empty interior. 


Exercise 3.2.13. Show that an equivalent statement to the definition of a Batre 
space is: if (On)nen ts a family of open sets such that O, = E for n = 1,2,.... 
Then OnenOn = E. 


We now turn to Baire’s theorem (see, e.g., [284, p. 324]). In the statement, 
recall that a Hausdorff space is called locally compact if every point has a basis 
of compact neighborhoods. 


Theorem 3.2.14. A locally compact space is a Baire space. 


Remark 3.2.15. Another family of Baire spaces is presented in Section 3.9 devoted 
to metric spaces. We mention that, in the setting of locally convex topological 
vector spaces, Baire’s theorem is used to prove the open mapping theorem, and 
hence also (as its corollaries) the inverse mapping theorem and the closed graph 
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theorems. We also mention that the uniform boundedness theorem (that is, the 
Banach-Steinhaus theorem), can be set for barreled spaces or for Baire spaces. 
In the case of linear continuous applications defined on a topological vector space 
which is a Baire space, the range space is a general topological vector space. In 
the case of applications defined on a barreled space the range space is assumed 
locally convex; see for instance the discussion in [285, p. 335]. 


To conclude this section, we mention the one point compactification theorem 
(see Exercise 3.2.7 for the case of the plane). See for instance [1, Exercice 17, p. 51] 
for this classical and important result. 


Question 3.2.16. Let X be a locally compact space, and let co denote an element 
not in X. On X U{oo} we define an open set to be a set O of one of the following 
forms: 

(1) O= XU {oo}. 

(2) OC X is an open set in the topology of X. 

(3) O = (X \ K) U {co}, where K is compact. 
Show that these sets (together with X itself and the empty set) define indeed a 
topology and that X U {co} is compact in this topology. 


Question 3.2.17. Show that the space RN is not locally compact. 


3.3 Connected sets 


Path-connected sets use the notion of continuous functions and are considered at 
a later stage. See Exercise 3.4.12. A topological space X is connected if it does 
not admit a non-trivial partition into open subsets: If X = O, U O2 where O; 
and O2 are open and do not intersect, then, O; = X or Og = X. Recall that 
the continuous image of a connected set is connected. Recall also that the union 
of a family (C;);e 7 of connected sets such that the intersection Nj<e7C; 4 @ is 
still connected. It is also useful to rewrite the connectedness condition with an 
inclusion rather than an equality: 


Exercise 3.3.1. The non-empty set E C X is connected if and only if for any 
inclusion: 


ECO,U Oo, (3.3.1) 
where O, and Oz are open sets of X such that 
ENO,NO2 = 9, (3.3.2) 


then E is included in either O, or Oo. 


Example 3.3.2. Let X be a topological space and let A, B be subsets of X. Assume 
that AC BC A and A connected. Show that B is connected. 
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Exercise 3.3.3. Let X be a topological space, which is Hausdorff and meets the 
separation axiom Ty (see Definition 3.1.11), let (Cr)nen be a decreasing sequence 
of (non-empty) connected sets, and let C = NnenCn. 


(1) Show by an example that C may be empty. Assume that C #0. Show by an 
example that C' need not be connected. 

(2) Assume that the space X is compact and the C;, closed (and hence compact). 
Show that C #0 and is connected. 


3.4 Continuous maps 


Topology is important in particular to define continuous maps. Given two topo- 
logical spaces X and Y the function f : X —> Y is continuous at the point 
x € X if the inverse image of every neighborhood of f(x) is a neighborhood of 
x. One can, and usually does, consider a basis of neighborhoods of f(x) to check 
continuity. A map between two topological spaces is called continuous if the in- 
verse image of every open set is an open set. The reader should prove easily that 
a map between two topological spaces is continuous if and only if it is continuous 
at every point. Another characterization of continuity, using the notion of closure 
of a set, is presented in Exercise 3.4.4 below. 


Exercise 3.4.1. Let X be a space and let (Y,7) be a topological space. Let f be a 
map from X into Y. 


(1) Show that the family Ty of sets of the form f~!(O) where O runs through T 
defines a topology on X. 

(2) Show that the topology Ty is the smallest topology on X for which f is con- 
tinuous. 


Exercise 3.4.2. Let X and Y be two topological spaces, and let X = Uje7U; be an 
open covering of X. Then, a function f from X into Y is continuous if and only if 
the restriction of f to each U; is continuous (in the induced topology; see Exercise 
3.1.6 for the latter). 


Remark 3.4.3. We recall that the continuous image of a compact space is compact. 
More precisely, let X be a compact space, Y be a Hausdorff space and let f be 
continuous from X into Y. Then, f(X) is compact in Y. This is used in part (2) 
of the following exercise. For part (1) of this exercise, see, e.g., [100, Théoréme 
7.5, p. 19]. For part (2) (given for metric spaces), see [288, Exercise 18, p. 198], 
and see [1, Exercice 17, p. 33], [77, Proposition 9, p. TG 1.35] for (3). 


Example 3.4.4. 


(1) Let (X, Tx) and (Y, Ty) be two topological spaces and let f be a function from 
X into Y. Prove that f is continuous if and only if 


VAC X, f(A) Cc f(A). (3.4.3) 
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(2) Assume that X is compact and Y Hausdorff, and let f be a continuous map 
from X into Y. Show that: 


f(A) = F(A), VAC. (3.4.4) 
(3) Let f be a continuous from X into Y. Show that 
fA =f(A), VACX (3.4.5) 


holds if and only f sends closed sets into closed sets. 


Remarks 3.4.5. 


(1) It trivially follows from (3) that the inverse of a closed bijection (see Section 
3.6 for the definition of a closed map) is continuous. See for instance [1, 
Exercice 17 (b), p. 33], which is repeated as Exercise 3.6.2 below. 

(2) The first condition in the exercise is in terms of arbitrary sets of the original 
space. In terms of arbitrary sets of the range space, one has the equivalent 
condition (see [120, Lemma 16, p. 13]) 


VECY, f°) cf"). 


Exercise 3.4.6. In the setting of Exercise 3.1.10, show that the function 


oo, z=0, 
ip(z)=445, 2#00, 
0, z=o 


is continuous. 


We now consider a sequence (fn)nen of real-valued continuous functions de- 
fined on a topological space X. Even if the function sup,,¢y fn (x) is finite for every 
x € X, it need not be continuous, but it is lower semi-continuous. We now recall 
the definition of this notion. 


Definition 3.4.7. Let f be a function from the topological space X with values in 

(—o0, oo]. 

1) f is called lower semi-continuous at the point x € X if for every a € (—co, co) 
such that a < f(a) there exists a neighborhood V of x such that f(V) C 
(a, oo]. 

2) It is called lower semi-continuous on X if for every a € R the set f~!(a, oo] 
is open. 

3) f is called upper semi-continuous at the point « € X if for every a € (—oo, ov) 
such that a > f(x) there exists a neighborhood V of x such that f(V) C 
[—0o, a). 

4) It is called upper semi-continuous on X if for every a € R the set f~!{—oo, a) 
is open. 
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Recall that we defined the characteristic function of a set in Definition 1.1.1. 


Question 3.4.8 (see [100, p. 133]). The function lg\g is lower semi-continuous at 
every rational point and upper semi-continuous at every irrational point. 


We will present only the proof of (1) in the next exercise. 


Exercise 3.4.9. 


1) The function is lower semi-continuous on X if and only if it is lower semi- 
continuous at every point of X. 

2) The subset A C X is open if and only if the characteristic function 1,4 is 
lower semi-continuous. 

3) The subset A C X is closed if and only if the characteristic function 1, is 
upper semi-continuous. 

4) The supremum of any family of continuous functions is lower semi-contin- 
uous. 


Another exercise on lower semi-continuity is given in Section 4.2; see Exercise 
4.2.18 there. 


The notion of lower semi-continuity will be used in particular in Exercise 
5.3.6, where one proves that a lower semi-continuous semi-norm in a Fréchet space 
is continuous. This last exercise in turn plays an important role in proving that 
an everywhere defined operator in a Hilbert space has an adjoint if and only if it 
is continuous. See Exercise 4.2.19. In fact, locally convex topological vector spaces 
for which lower semi-continuous semi-norms are continuous form an important 
class of spaces, called barreled spaces. See [307]. See for instance Question 5.2.13. 

The following exercise is inspired from a technical step in the proof of the 
implicit function theorem for analytic functions of two variables; see [242, p. 3] for 
the latter. 


Exercise 3.4.10. Let X be a topological space, and let f be a complex-valued con- 
tinuous function which does not vanish on a given compact set K. Show that f 
does not vanish in a neighborhood of K. 


Connected sets behave well under continuous functions. More precisely: 


Theorem 3.4.11. The image of a connected set under a continuous map is con- 
nected. 


To define path-connected spaces, recall first that a (continuous) path in a 
topological space X is a continuous map from [0,1] (or more generally, from a 
compact interval of R) into X. 


Definition 3.4.12. The space is called path-connected if every two points in X can 
be linked by a path. 


Exercise 3.4.13. Show that a path-connected set is connected. What about the con- 
verse? 
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Recall that a bijection between two topological spaces which is continuous 
and whose inverse is continuous is called a homeomorphism. The quest for all 
topological spaces homeomorphic to a given one seems to have no reasonable 
solution, but in special cases, such as surfaces. The following criteria is used, for 
instance, to prove that the map 


where o denotes the Weierstrass function associated with the lattice A, allows 
to define a homeomorphism between a torus and the associated cubic. See [204, 
p. 124]. 


Question 3.4.14. A continuous bijection from a compact set onto a Hausdorff space 
is a homeomorphism. 


An important notion is now introduced (see for instance [91, p. 24]), already 
used in previous exercises (see for instance Exercise 1.5.5). 


Definition 3.4.15. A Jordan curve is a subset of R? homeomorphic to the unit 
circle T. 


The following exercise gives a characterization of the boundary in certain 
important cases. 


Exercise 3.4.16. Let Q be an open subset of the complex plane, and let f be a 
one-to-one and onto continuous map from the open unit disk D onto Q. Assume 
that f—' is also continuous. 


(1) Show that 
OQ = reo f(r < |z| < 1). (3.4.6) 


(2) Assume that Q is bounded. Show that 02 4 @ and that it is connected. 


The material of the following exercise is taken from [310, Proof of Theorem 
1.2]. In the proof, use is made of the fact that an open connected subset of C is 
path-connected. This is the reason why the exercise is put in this section and not 
in the previous one. 


Exercise 3.4.17. Let Q be an open connected subset of C, and let E be a non-empty 
closed set, and assume that 

OS ENNAEGDA. (3.4.7) 
Show that OENQ# 9. 


Remark 3.4.18. When (3.4.7) does not hold, then the intersection OF 1 Q can 
be empty, as is illustrated by the examples 0 = D and EF = D and FE = C \ 
respectively. 


For other examples of path-connected sets, see Exercises 3.8.8 and 3.8.33 
below. 
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We conclude this section with an example appearing in topological analy- 
sis. Recall that integration theory plays a key role in the classical approach to 
the theory of functions of a complex variable, in particular in the proof of the 
Cauchy—Goursat theorem. In such an approach, this theorem is followed by the 
power series expansion theorem, and one can derive then numerous corollaries such 
as the maximum modulus principle. A different approach exists, called topologi- 
cal analysis, which does not resort to integration, but uses topological tools. See 
Whyburn’s book [320] and the papers [252, 102] of Connell and Porcelli. In that 
approach, one proves first that a function f differentiable in an open set 2 C C is 
open. Then one proves the maximum modulus principle for |f|, and then the fact 
that f has derivatives of all order there, and then one obtains the power series 
expansion. 


Exercise 3.4.19 (see [252, Lemma 1, p. 177]). Let Q C C be a bounded open set, and 
let f be open in Q and continuous on the closure of Q. Let C denote a connected 


component of C \ f(Q\Q) and assume that f(Q) AC #0. Show that CC f(Q). 


3.5 Products 


The next exercise deals with the cartesian product and its dual (in the sense of 
categories; we will not discuss categories here), namely the disjoint union. The 
results are standard, and we used as a source [228, pp. 17-18]. 


Exercise 3.5.1. Let (Xi)icr be a family of topological spaces. 


1) The cartesian product [lier X;, is the set of sequences x = (a;)ier where x; € 
X;. Describe the smallest topology on [],-; Xi for which the maps p;(x) = x4 
are all continuous. 

2) Show that a map f from a topological space Y into the cartesian product 
endowed with the above topology is continuous if and only if all the maps 
pio f are continuous. 

3) Whether the X; intersect or not, the spaces {i} x X; do not. The disjoint 


union of the X; is 
iel iel 
Let igo € I. We set for x € Xj, 


Gig (x) = (40,2) € [| «. 


tel 


ier 


Describe the biggest (finest) topology on the disjoint union for which all the 
maps q, are continuous. 

(4) Let f be a map from the disjoint union (endowed with the above topology) 
into a topological space Y, and let f; = foq. Show that f is continuous if 
and only if all the maps f; are continuous. 
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The topology in item (1) of Exercise 3.5.1 is called the product topology. It 
is generated by sets of the form 


v=|[U; (3.5.1) 


te] 


where for all but a finite number of indices U; = X; and U; is an open subset of 
X; for the other indices. Note that the intersection of two such sets is of the same 
form. We refer for instance to [1, Proposition 35, p. 22] for the following result. 
The proof makes use of (1.1.1). The result itself is used, for instance, in the proof 
of Exercise 4.1.10. 


Question 3.5.2. Let f be a map from the topological space X into the product of 
topological spaces [],-, Xi, the latter endowed with the product topology. Show that 
f is continuous if and only if the inverse image of every set of the form (3.5.1) 
(where for all but a finite number of indices U; = X; and U; is an open subset of 
X; for the other indices) is open in X. 


We conclude with the classical result: 


Exercise 3.5.3. Let X be a Hausdorff space. Show that the diagonal 
A= {(a,"),7€X} 


is closed in X x X. 


3.6 Closed, open and proper maps 


Definition 3.6.1. A continuous map between topological spaces X and Y is called 
closed if the image of a closed set is closed. It is called open if the image of an 
open set is open. 


Following the discussion after Exercise 3.4.4 we ask: 


Exercise 3.6.2. Show that the inverse of a continuous one-to-one onto closed map 
ts continuous. 


Hint: Use the third item in Exercise 3.4.4. 


Examples of closed maps are presented in particular in Exercises 3.7.6 and 
3.6.5. Examples of open maps are presented in Exercises 3.6.6, 4.2.7 and Question 
3.7.5. In functional analysis, the open mapping theorem gives an important class 
of open linear maps between Banach spaces. See Theorem 4.2.15. 


As already recalled, the continuous image of a compact space is compact 
(when the range is inside a Hausdorff space). On the other hand, let X be a 
Hausdorff space and Y be a compact space, and let f be continuous from X into 
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Y. Then, f~'(Y) need not be compact. A continuous map between Hausdorff 
spaces X and Y is called proper if the inverse image of every compact in Y 
is compact in X. The notion is of interest when X is not compact. The case of 
compact X is considered in the next exercise. 


Exercise 3.6.3. Let X and Y be two Hausdorff spaces, and let f be a continuous 
map from X into Y. Assume that X is compact. Show that f is proper. 


The key in the following classical exercise is that in R, a set is compact if 
and only if it is closed and bounded. The exercise is taken from [139, p. 210]. 


Exercise 3.6.4. Let f be a continuous map from R into itself. Show that (a) and 
(b) are equivalent: 


(8) Tithe. +00 [f(2)| = +00. 
(b) For every compact K CR, the set f~1(K) is compact. 


The notion of proper map is important in the construction of the Riemann 
surface associated with an algebraic curve; see [242, Chapters 1 and 4]. In partic- 
ular use is made of the following result (see [138, §4.20, p. 28]): 


Exercise 3.6.5. Let X and Y be two locally compact spaces, and let f be a proper 
map from X into Y. Show that f is closed. 


Hint: Use Exercise 3.2.9. 


Before presenting Exercise 3.6.6 we make a number of remarks. By definition 
of a continuous function, the inverse image of an open set is open. The direct image 
of an open set under a continuous function need not be open. Consider a function 
f from an open subset 2 of R” into R”, and assume that it is one-to-one, of class 
C;, and that its Jacobian matrix is invertible at all points of Q. Then, f(Q) is open. 
This is the global inverse function theorem. If the Jacobian matrix is invertible at 
a given point of 0, then f is a local homeomorphism, and in particular maps open 
sets into open sets. Without the above invertibility property, it is not true that 
the image of an open set is an open set. These remarks put into perspective the 
open mapping theorem for analytic functions, which states that the continuous 
image of an open set of the complex plane under an analytic function is open. 
Two standard proofs are available, which we propose in the next exercise and in 
Exercise 2.2.1. See for instance the discussion in [140, p. 55). 


Exercise 3.6.6. 


(1) Give examples of functions continuous on an open set of R?, with range in 
R? and R respectively, and whose images are not open. 

(2) Prove the open mapping theorem using the implicit function theorem of cal- 
culus (see also Exercise 2.2.1 for another proof): A function analytic in an 
open subset of C maps open sets into open sets. 
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Exercise 3.6.7. Let Q,Q1 and Q2 denote open sets of C. Let f be analytic in Q. 
Furthermore, let f; denote a homeomorphism from Q, onto Q, and let fz denote 
a homeomorphism from f(Q) onto Qa. Show that the map 


fe ofofy (3.6.1) 
iS open. 


The function (3.6.1) is topologically equivalent (that is, homeomorphic) to 
an analytic function, and one can ask whether this is a characterization of open 
maps. This is not the case, as already shown in Stoilow’s book [299, pp. 104-106], 
where the following counterexample can be found: 


Exercise 3.6.8 ([298, p. 381], [299, p. 105]). For z= x +iy € C, (the open right 
half-plane) define a map f(z) by: 


pa lom rem, oF veo, 
0, if y=0. 


Then, f is open but f is not topologically equivalent to a function analytic in C,. 


Hint: (following Stoilow) 


(1) What is the image of (0,00) under f? 

(2) Show that the image of an open subset lying completely in the right upper 
quarter plane or in the right lower quarter plane is open. 

(3) Let ap > 0, and let J,, denote the interval with endpoints (xo — €, yn) and 
(ao + €,Yn), where the y, are appropriately chosen and satisfy: 


1 1 
—-—=1, n=0,1,.... (3.6.2) 
Yn+1 Un 


Compute for € small enough Unenf (In), and conclude that there is a neigh- 
borhood of the origin which is in the image of C,. 


We note that Stoilow’s theorem establishes when a function is topologically 
equivalent to an analytic function. The statement involves manifolds and Riemann 
surfaces (see [320, p. 103]). 


In Exercise 3.2.7 the inclusion map is not a closed map from R? into C. For 
instance the set of points (x,y) € R? such that x? + y? > R is closed in R? but 
not in C. The following exercise, taken from [175, p. 2], clarifies the issue. 


Exercise 3.6.9. A subset of R? is closed in the topology of C if and only if it is 
closed and bounded in R?. 
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3.7 Quotient topology 


There are numerous ways to build new topological spaces from given ones. In this 
section we consider the notion of quotient topology. It is used in particular to build 
surfaces from surfaces. 

An important example can be given from measure theory. Let (Q,.A,w) be a 
measured space. Two measurable functions are called equivalent if the set where 
they differ is of zero measure. The following key example appears in the book of 
E. Nelson (see [245, p. 84]). 


Definition 3.7.1. Let C denote the set of positive Borel measures ju on the real line 


such that adult) 
m 
; fal 
[zs < 00 (3.7.1) 


Let f,g be measurable functions and let u,v € C. The pairs (f, 4) and (g,v) are 
called equivalent if there exists a measure X such that w< A andy < X and 


du dv 
—= —, Aae, 
IVa IVa *2° 
The equivalent classes in the above example are denoted f/dw. 


We now turn to the continuity property of the canonical projection associated 
with an equivalence relation. From the basic definition of continuity one obtains: 


Theorem 3.7.2. There is a topology on the quotient space, called the quotient topol- 
ogy, uniquely characterized by one of the following equivalent properties: 
(a) U is an open set in X/ ~ if and only if q~'(U) is an open set in the original 
topology. 
(b) F is a closed set in X/ ~ if and only if q~\(F) is a closed set in the original 
topology. 
(c) The quotient topology is the finest (that is, largest) topology on X/ ~ for 
which q is continuous. 


The topology defined in the previous theorem has the following universal 
property: 
Theorem 3.7.3. Let X be a topological space. There exists on X/ ~ a unique 
topology with the following two properties: 


1. The canonical projection q is continuous. 
2. A function h is continuous from X/ ~ into a topological space Y if and only 
if hog is continuous from X into Y. 


Exercise 3.7.4. In the notation of Theorem 3.7.3, let f from X into Y be compatible 
with ~ (1.e, ¢~y => f(x) = f(y)). Then the associated map f : X/~—> Y is 
continuous. 
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The equivalence relation is called open (resp. closed) if the canonical projec- 
tion q is open (resp. closed), that is, if its image of an open (resp. closed) set is 
open (resp. closed). 


We note that even if the original space is Hausdorff, the quotient space need 
not be a Hausdorff space when endowed with the quotient topology. We now 
present conditions which ensure the quotient space to be separated. 


Question 3.7.5. Let X be a Hausdorff topological space, and let R be an equivalence 
relation on X. Assume that: 

(1) The projection q is an open map. 

(2) The graph of the relation is closed in X x X. 

Then, the quotient space is Hausdorff. 


See Exercise 4.2.7 for an example of a quotient topology, with open associated 
projection map. 


In the case of compact spaces one has the following result (see [152, Théoréme 
4.8, p. 25]): 
Exercise 3.7.6. Let X be a compact topological space, and let R be an equivalence 
relation on X. Then, the following are equivalent: 
(1) The projection q is a closed map. 
(2) The quotient space is Hausdorff. 
(3) The graph of the relation is closed in X x X. 


The proof follows the arguments in [152, p. 25]. We now give a number of 
hints. 
Hints to the proof of Exercise 3.7.6: 
To prove (1) ==> (2): Let u and v in the quotient space, and take U and V disjoint 
neighborhoods of q~'(u) and q~!(v), and set: 

F=q'(q(X\U)) and G=q"'(q(X\V)). (3.7.2) 

Then q(X \ F) and q(X \ G) are disjoint neighborhoods of u and v respectively. 
To prove (2) ==> (3): Use the fact that the diagonal of (X/ ~) x (X/ ~) is closed 
(see Exercise 3.5.3 for the latter). 
To prove (3) ==> (1): Let [ denote the graph of the relation, and let F' be an open 


subset of X. Use the fact that (F x X)MT is compact to prove that q~'(q(F)) is 
closed. 


As mentioned earlier (see Remark 3.1.7), an interesting result which uses the 
induced topology and the quotient topology is presented in the sequel in Exercise 
3.8.9. 


Manifolds are the topic of the next section. The quotient topology plays an 
important role in part of the exposition. 
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3.8 Manifolds and surfaces 


Definition 3.8.1. A topological space X is called a real topological manifold if it 
is Hausdorff, and if every point of X has an open neighborhood homeomorphic to 
an open subset of R’() (for some n(x) € N). 


The number n(x) is uniquely defined, thanks to Brouwer’s invariance of the 
domain theorem (see for instance [294, Theorem 16, p. 199]). If n(x) = 2 the 
manifold is called a topological surface. 


Theorem 3.8.2. (Browwer’s invariance of the domain theorem). If U C R” is open 
and f is a continuous one-to-one mapping from U into R”, then f(U) is open and 
f-} is continuous. 


Question 3.8.3. Let X be a topological manifold. Using the invariance of the do- 
main theorem, show that the number n(x) is independent of x in a given connected 
component of X. 


When X is connected, the number n = n() is called the dimension of the 
topological manifold. 


It may happen that every point of a topological space X has an open neigh- 
borhood homeomorphic to an open subset of R”), while X is not a Hausdorff 
space. See for instance Spivak’s book [295, Appendix A, p. 623] where the following 
example is given. 


Question 3.8.4. Consider the space X = RU {co}, and let O denote the topology 
generated by the sets U satisfying the following two conditions: 


(1) UR is an open subset of R (the latter with the usual topology). 
(2) If co EU, the set (UMR) U {0} is a neighborhood of 0. 


Show that X is not Hausdorff, but locally homeomorphic to R. 


Other examples include the following, taken from Daniel Leborgne’s book 
[216]. 


Question 3.8.5 (see [216, p. 16]). Let u and v denote two objects not belonging to 
R, and let X = RU {u,v} with the topology generated by the open subsets of the 
real line, together with the sets of the form 


{R\{a}}Uf{u} and {R\{a}}Uf{v}, weR. 


Show that X is locally homeomorphic to an open subset of R, but is not Hausdorff. 


The topic of Exercise 3.8.7 is the construction of topological manifolds from 
a given one using the quotient topology. First some definitions. Consider a topo- 
logical space X, and denote by Aut (X) the group of homeomorphisms from X 
onto itself. Recall that group actions were introduced in Definition 1.2.6. 
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Definition 3.8.6. A group action defines a relation in X x X by: 


u~y <= JgeG suchthat «= a(g)y. (3.8.1) 


The group G is said to act totally discontinuously on X if the following 
condition holds: Every x € X has a neighborhood V such that a(g)V Na(g’)V = 0 
when g # g’. It is said to be separating on X if for every pair of points 2 and 
wv in X with x ~ 2’ there exist neighborhoods U and U’ of x and wv’ such that 
a(g)U M a(g')U’ = @ for every choice of g,g’ € G. 


Exercise 3.8.7 (see [218, Proposition 0.2.1, p. 18]). Let G be a group, let X be 
a topological manifold of dimension n, and leta : G +> Aut (X) denote an 
automorphism of group. 


(1) Show that (3.8.1) defines an equivalence relation. 
(2) Assume that a is separating and totally discontinuous. Show that X/ ~ is a 
topological manifold of dimension n. 


Exercise 3.8.8. The projective space P”: We consider C"*+ \ {(0,0,...,0)}, with 
the equivalence relation: 


ony <= AAEC\{O} such that x= dy. 


The quotient space P” = C"*++ \ {(0,0,...,0)}/ ~ is called the complex projective 
space. Show that it 1s Hausdorff and compact when endowed with the quotient 
topology. Show that it is path-connected. 


In the following exercise a homogeneous polynomial of three complex vari- 
ables is a non-identically vanishing polynomial p(z1, z2, 23) with the following prop- 
erty: There exists m € N such that: 


p(Az1, Aza, 423) = A" p(z1, 22,23), V(21, 22,23) €C® and VAEC. (3.8.2) 


Note that the condition (3.8.2) allows us to set the condition p(z) = 0 for z € P?. 


Exercise 3.8.9. Let p be a homogeneous polynomial. Show that the set 
Op={zeP? : p(z)=0} 
is compact. 


Remark 3.8.10. The set C, is called a projective (algebraic) curve. We follow the 
approach of Kirwan [204, p. 42] in the proof. 


Definition 3.8.11. Let X be a topological manifold. A chart is a pair (U, y), where 
U is an open set of X and y is a homeomorphism from U onto an open subset of 
R”. Let « € X. The chart (U,) is called a chart at the point x if a € U. 
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A family of charts (U;, y:)ier such that Ure7U; = X is called an atlas. Given 
two charts (U1, 1) and (U2, 2) such that U; NM U2 4 0, the map 


y20 9,1: p1(U1 U2) — ya(U1 N U2) 


is called the transition map. It is continuous. Since both yi(U; N U2) and y2(Wi NM 
U2) are open subsets of R”, it makes sense to ask the transition maps to be differ- 
entiable, or analytic when n is even. This remark is used below in the definition 
of differentiable functions between manifolds. 


Question 3.8.12. Let X and Y be two connected topological manifolds, of dimension 
n and m respectively, and with given atlases A and B. Let f be a function from 
X intoY. 


(1) Show that f is continuous at the point x if and only if for every charts 
(U,p) € A and (V,~) € B at the points x and f(a) respectively, the map 


pofog? (3.8.3) 


1s continuous. 
(2) Show that the expression of the continuity in terms of local charts does not 
depend on the given atlases. 


Since the maps (3.8.3) are defined between open subsets of R” and R”, it is 
natural to require that they be smooth, or when n and m are even, analytic. For the 
definition to make sense one has to require the transition maps to be differentiable, 
or analytic. The atlas is called differentiable if all the transition maps are smooth. 
In opposition with the continuous case, the definition of differentiable functions 
will now depend on the given atlases, up to the following equivalence relation (see 
(250, §1.1, p. 109}). 


Definition 3.8.13. Two differentiable atlases are called equivalent if their union is 
still a differential atlas. 


The above indeed defines an equivalence relation among differential atlases. 
An equivalence class of the above equivalence relation (see Definition 3.8.13) is 
called a differential structure. A given manifold may lack any differential structure, 
or have several non-equivalent ones. See the work of Milnor for the latter. The 
notion of differential manifold was introduced by Riemann in 1851; see for instance 
(210, Introduction, p. 7]. 


Definition 3.8.14. A manifold endowed with a differential structure will be called 
a differential manifold. A map between two differential manifolds will be called a 
diffeomorphism if it is one-to-one onto, and if it is, as well as its inverse, smooth. 
Two differential manifolds will be called diffeomorphic if there is a diffeomorphism 
between them. 


Exercise 3.8.15. Show that the unit sphere of R°*+' is a differential manifold. 
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Exercise 3.8.16. Show that the open unit D and the ellipse 


a 2 
e={ner5+o} 


are diffeomorphic. 


We note that these two sets are in fact conformally equivalent (that is, there 
exists a one-to-one onto analytic map between the two given open sets), as follows 
from Riemann’s mapping theorem. The problem of finding a conformal map be- 
tween the two is much more difficult than finding a diffeomorphism. The reader 
will check that the diffeomorphism proposed in the solution of Exercise 3.8.16 is 
not analytic. 


Exercise 3.8.17. Let R € (1,00) and let Ar denote the annulus defined by (2.1.14): 
Arp ={zEC;3l<|z|< RB}. 


Show that for any choice of Ry and Ry in (1,00) the annuli Ar, and Ar, are 
diffeomorphic. 


The previous exercise is far from being innocent. It says that from the dif- 
ferential geometry point of view, all annuli are the same. On the other hand, and 
as we will see below (Theorem 3.8.24 and Exercise 3.8.27), Ar, and Ar, will be 
conformally equivalent (that is, there exists a one-to-one onto analytic map from 
Apr, onto Ap,) if and only if Ry = Ra. Then the map is a rotation. 


Remark 3.8.18. More generally, any Ap is also diffeomorphic to C \ {0}, or to 
D \ {0}. But see Theorem 3.8.23 below for a bémol. 


When n is even, one can require, in the equivalence relation given in Definition 
3.8.13, the transition maps to be analytic rather than differentiable. An equivalence 
class of the new equivalence relation will be called an analytic structure, and the 
number n/2 is called the complex dimension of the manifold. 


Exercise 3.8.19. Show that the complex projective space (defined in Exercise 3.8.8) 
admits a complex analytic structure. 


Definition 3.8.20. A Riemann surface is an analytic manifold of complex dimen- 
sion l. 

The Riemann sphere (or extended complex plane) is the simplest example of 
a compact Riemann surface. 


Exercise 3.8.21. Show that the extended complex plane is a compact Riemann 
surface. 


Definition 3.8.22. Two analytic manifolds are conformally equivalent if there is a 
homeomorphism between them which is moreover analytic. 
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For R > 1 recall that we have denoted by Ag the annulus 
Arp ={zEC;l<|z|< R} 


(see (2.1.14)). In relation to Remark 3.8.18 we mention now: 


Theorem 3.8.23 (see, for instance, [306, Théoréme 2.7.3, p. 219]). Let S be a Rie- 
mann surface homeomorphic to an annulus Ag. Then S is conformally equivalent 
to an annulus, to C \ {0}, or to D \ {0}. 


Bergman, see [70, p. 61], quotes Julia, see [195], for the following result. A 
proof based on elementary facts is proposed in Exercise 3.8.27. 


Theorem 3.8.24. Let Ri and Ry belong to (1,00). The annuli Ap, and Ar, are 
not conformally equivalent for Ry 4 Ro. 


The following exercise is taken from [91, Theorem 10.12 (i), p. 348]. It is 
used in the arguments on the nonconformal equivalence of the annuli Ar, and 
Ar, when Ry x Ro. 


Exercise 3.8.25. Let R > 1 and let f be analytic and not vanishing in Ar. Show 
(using Exercise 2.3.6, and in particular without using notions of homotopy or 
homology of curves) that there exist n € Z and g analytic in Ar such that 


f(z) = 2%), ze Ap. (3.8.4) 


Exercise 3.8.26. 


(1) Show that the function z has no analytic logarithm in Ap. 
(2) Let f be a conformal map from Ap, onto Ar,. Show that f has no analytic 
logarithm. 


Hint: In fact f(z) = z has no continuous logarithm in Ar. A clever elementary 
argument in [140] shows that z has no continuous squareroot in C \ {0}; see 
also [CAPB, Exercise 4.1.9, p. 147]. This fact implies in particular that z has no 
continuous logarithm there. The arguments are the same when C \ {0} is replaced 
by Ap. For the second item see [91, Corollary 10.14, p. 349]. 


Exercise 3.8.27. Prove Theorem 3.8.24: Ar, is conformally equivalent to Ar, if 
and only if Ry = Re. 


Hint: Assume that R; > Re, and recall that a conformal map from Apr, onto Ap, 
has no analytic logarithm (see Exercise 3.8.26). Let f be a conformal mapping 
from Ar, onto Ar,, with representation (3.8.4). Then n # 0. Show that there 
exists a constant A such that: 


O<nmnr+A<InRg, Vre(1,R1). (3.8.5) 


Conclude that |n| = 1 and Ry = Ro (in fact, n = 1 and f(z) = cz where c € T, as 
is explained in the sequel). 
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The hint given above follows the proof in [91, Corollary 10.14, p. 349], and 
uses in particular Exercises 2.3.6 and 3.8.26. The third item in the hint is taken 
from [258]; see [91, Remark 6. 21, p. 202]. A much shorter argument can be found 
in [244, Chapter VII, p. 133]. It uses the boundary values of the function In | /\, 
a fact which we wanted to avoid, in order to keep the arguments elementary. 
Another shorter argument can be found in [286, p. 52], under the assumption 
that the function f is continuous on the boundary. The proof there uses Schwarz’ 
reflection principle and the Casorati-Weierstrass theorem. See also [266, p. 337] 
for an argument where f is assumed continuous on the boundary. An even shorter 
argument uses the conformal invariance of Abelian integrals. This will not be 
discussed here. 


The hint in fact gives the proof of the following result, which also follows 
from [91, Theorem 6.20, p. 201]. 


Theorem 3.8.28. Let Ri, Ro > 1 and assume that there exists an analytic map f 
from Ap, into Ap,. 

(1) If Ri > Ro, f has a logarithm, or equivalently, 

(2) If f has no logarithm, Ry = Ro. 


Much more is true, and the function f in Exercise 3.8.26 is equal to cz, where 
\c| = 1. See [91, Theorem 6.19, p. 200 and Theorem 6.20, p. 201]. The proof in [91] 


uses properties of analytic functions sending the strip R x (—4, $) into itself, and 
Schwarz’ lemma. The fact that the form of f is fixed by the underlying geometry 


is an example of a rigidity theorem. See the discussion in [213] for instance. 
Finally we recall (see for instance [244]): 


Theorem 3.8.29. Any doubly connected domain whose boundary consists of two 
smooth Jordan curves is conformally equivalent to some Ar. 


See also the discussion [272, pp. 142 and 169] 


Exercise 3.8.30. (The torus) Let t € C be such that Im t > 0 and let T denote the 
lattice 
T={z=n+7m, where n,me€ Z}. 


Define a relation in C by: 


Z~yw —— z—-wel. 


(1) Show that C, ¢ C/ ~ is compact. 


(2) Show that C, is a complex manifold. 
Exercise 3.8.31. Show that two tori are always diffeomorphic. 


Note that one can also build a torus as the “double” of an annulus. In a way 
similar to Exercise 3.8.27 one can ask when are two torii conformally equivalent. 
We will not present this as an exercise but recall the result (see for instance [140, 
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p. 315]: Two torii C; and C, are conformally equivalent if and only if there exists 


a matrix 
M= é i) er 
c d 


such that ad — bc = 1 (that is M € SL(2,Z)) and such that 


, atT+b 


cT +d 


Exercise 3.8.32. Recall that the extended plane C has been defined in Exercise 
3.2.7, and let C, be as in the previous exercise. 


(1) Show that there is a one-to-one correspondence between continuous functions 
from C, into C and continuous biperiodic functions from C into C, that is 
continuous functions such that 


fiz+tn+7m) = f(z), VzEC and n meZ. (3.8.6) 


(2) Show that there is a one-to-one correspondence between analytic functions 
from C, into C and meromorphic biperiodic functions from C into C (that 
is, elliptic functions). 


More generally than the torus one has: 
Exercise 3.8.33. Let A € ©2*9 be such that Im A> 0, and let [ denote the lattice 
ZI + AZS. 
(1) Show that the quotient space C9/T is Hausdorff, compact and path-connected. 
(2) Show that C/T is a complex manifold. 


Not every manifold can have a Riemann surface structure. It must be trian- 
gulable and orientable. But: 


Exercise 3.8.34. Let X denote a topological manifold of dimension 2, and let Y 
denote a Riemann surface. Let p denote a local homeomorphism from X into Y. 
There is a unique complex structure on Y such that p is analytic. 


3.9 Metric spaces 


We recall that a metric (we will also say distance) on a space E is a map d from 
the Cartesian product E x E into [0,co) with the following properties: For all 
x,y,z € E it holds that: 


(1) d(a,y) = 0 if and only if « = y, (non-degeneracy) 
(2) d(x, y) = d(y, 2), (symmetry) 
(3) d(a,y) < d(x, z) + d(z,y) (triangle inequality). 
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When d satisfies (2) and (3), but with (1) replaced by the weaker requirement: 
(ly r=y => d(z,y)=0, 
we will call d a semi-metric. 


The metric (distance) d is called ultra-metric (or an ultra-metric distance) if 
satisfies the condition 


(3)! d(a, 2) < max {d(x, y), d(y, 2)}, 
which is stronger than (3). 


Definition 3.9.1. A metric space is a pair (E,d), where d is a metric on EF. 
An ultra-metric space is a pair (£,d), where d is a metric on E which is moreover 
ultra-metric. 


Every non-empty set can be given a (not very interesting) metric structure, 
as is explained in the following exercise. 


Exercise 3.9.2. Let E be a non-empty set. Show that 
0 ifx=y, 
d(z,y) = 
1 ifaFy, 
defines a metric on E. 


Exercise 3.9.3. Let d be a semi-metric (resp. a metric) on the space E. Then, ro 
is also a semi-metric (resp. a metric) on E. In particular, if (dn)nen is a family 
of semi-metrics on E, so is 


d(z,y) = >> ee (3.9.1) 


Give a condition on the d,,’s for d defined by (3.9.1) to be a metric. 
The functions y(d) = io and y(d) = min {1, d} satisfy y(0) = 0 and 
c<a+b = g(c)<v(a)+y(b), Va,b,c € (0,00), (3.9.2) 


and they define metrics when d is a metric (see the previous exercise for the case 
d/(1+d)). More generally: 


Exercise 3.9.4. Let (E,d) be metric space and let y be a function from R into 
itself vanishing at the origin and satisfying (3.9.2). Show that (E, y(d)) is a semi- 
metric space. Give a condition on y for y(d) to define a metric. 


We note that the functions 


jc|", (he (0,1)), m(+z) 
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and 
ole) = fi x € [0,7/2), 


de x>n/2 


satisfy (3.9.2). 


We use the notation 
B(z,r) = {y € E; d(z,y) <r}. 


B(a,r) is called the open ball with center 2 and radius r. The metric d defines a 
topology on the metric space (£,d), namely the topology generated by the balls 
B(a,r). It is the smallest topology for which d is continuous. 


Question 3.9.5 (see, e.g., [1, p. 60]). Define the closed ball with center x and radius 
r to be 


B(x,r) = {y € E; d(a,y) <r}. 
Show that B.(a,r) is closed in the topology defined by d, but that it need not be 
equal to the closure of B(x,r), and that its interior need not be B(x,r). 
Hint: Use Exercise 3.9.2 to build counterexamples. 
Question 3.9.6 (see [1, p. 77]). Let (E,d) be a metric space and assume that d is 
ultra-metric. Show the following: 


(1) An open ball is both open and closed in the topology defined by d. 
(2) Show that a series a Ln converges if and only if limp 6 Ln = 0. 
(3) Describe the triangles of an ultra-metric space. 


Question 3.9.7. Consider the field C(X) of rational functions and forr £0 € C(X) 
let v(r) be defined by 


r(X) = yr) PIX) 


aX)’ 
where p and q are polynomials not divisible by X. Define for ry and rg in C(X): 
0, if r1 = 1a, 
d(r1,72) — —v(r1—r2) di : ; 
QV 72) if ry Aro. 


(1) Show that d defines an ultra-metric distance. 
(2) Does the series \>~_ X” converge with respect to this metric? 
(3) Does the series > X~" converge with respect to this metric? 


In quite a number of cases of interest, a metric does not appear alone, but 
one is given a countable collection of metrics. The following exercise pertains to 
this case. 
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Question 3.9.8. Let d,,d2,... be a sequence of semi-metrics. Show that the smallest 
topology with respect to which these semi-metrics are continuous is defined by the 
semi-metric (3.9.1): 


1 dn(x,y) 
dav) =) Tadley)" 


n=1 


The space €., of bounded complex sequences indexed by No, with the supre- 


—N 
mum norm is a Banach space, but its closed unit ball D ° is not compact (recall 
Riesz’ theorem which asserts that the closed unit ball of a normed vector space is 
compact if and only if the space is finite dimensional). On the other hand the set 


>N 2 ‘ ‘ ‘ 
) endowed with entry-wise convergence plays an important role in the study of 
convergence of sequences of functions in the open unit disk. 


Exercise 3.9.9. The space D. endowed with the metric 


d(z,w) =~ Be Onl (3.9.3) 


n=1 
~ oN. ‘ 
where z = (Zn)nen and w = (Wn)nen are in D , ts a compact metric space. 
Furthermore, the sequence (z)) nen of sequences in converges to the sequence 


ZzE D. if and only if 
lim 2) = zn, WneEN. 


poo ite 
In a similar vein, the space RN endowed with the metric (3.9.3) plays an im- 
portant role in the study of probability distributions on linear space. See Vakha- 


nia’s book [312, Chapter 1]. Question 5.4.5 is dedicated to this example. 


Definition 3.9.10. Let (Ed) be a metric space. The sequence (a@;,)nen of elements 
of E is called a Cauchy sequence if: 


Ve >0, INEN, npm>N = > d(an,am) <e. 


The metric space is called complete if every Cauchy sequence has a limit (which 
is then unique). 


Note that completeness as introduced in the preceding definition is a metric 
notion. One can also define completeness in the setting of topological vector spaces 
using Cauchy filters rather than Cauchy sequences. 


Two different, and non-equivalent metrics, may define the same topology, the 
space being complete with respect to one of the metrics and not complete with 
respect to the other one. This is illustrated by the following classical example (see 
for instance [173, p. 162]). 


152 Chapter 3. Topological Spaces 
Exercise 3.9.11. Let E = (0,1) and define 


di(z,y)=|e—y| and do(x,y) = 


Show that d, and dz define the same topology on E and that (Ed) is not complete 
while (E,d2) is complete. 


In contrast with Theorem 3.2.14, the following two theorems connect the 
fact of being second category (which is a topological notion) to a non-topological 
notion, namely completeness of a metric space. Among the numerous applications 
of Theorem 3.9.12, we mention the fact that a Fréchet space is barreled. See 
Question 5.2.13. 


Theorem 3.9.12. A complete metric space is a Baire space. 
More generally (see for instance [114, (12.6.1), p. 82]). 


Theorem 3.9.13. Let E’ be a topological metric space in which every point has a 
neighborhood homeomorphic to a complete metric space. Then, E is a Baire space 
(i.e., 1s second category). 


In other words, a complete metric space, or a space as in Theorem 3.9.13, 
cannot be written as a countable union of nowhere dense sets. 


A topological space is called metrizable if its topology can be defined by a 
metric. Not all the spaces considered here will be metrizable spaces. See Section 
5.8 for instance. The Nagata-Smirnov theorem characterizes metrizable spaces. 
See [78, TG IX.109, Exercice 32]. We will not recall its precise formulation here, 
but only mention the following corollary for future reference. Recall that regular 
space has been defined in Definition 3.1.12. 


Theorem 3.9.14. Every regular space with a countable basis of neighborhoods is 
metrizable. 


It follows from Theorem 3.9.14 that manifolds, and in particular Riemann 
surfaces, are metrizable spaces. We give the following complement to Theorem 
3.9.14 as a question (see [78, Proposition 16, TG IX.21]). This question allows us 
also to make a transition to our next topic, namely compact metric spaces. 


Question 3.9.15. A compact space is metrizable if and only if its topology admits 
a countable basis. 


The metric space F is called totally bounded if the following condition holds: 


VR>0, JN €Nand 2,...,2n € E such that E = UN_, B(an, R). 


Question 3.9.16. Js a compact metric space totally bounded? 
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Theorem 3.9.17. 


(1) A compact metric space is complete. 
(2) A closed subset of a complete space is complete. 
(3) A complete subset of a metric space is closed. 


The following exercise appears in [269, p. 29] in the setting of the Riemann 
sphere C. It is a special case of Exercise 3.2.8. 


Exercise 3.9.18. Let F, and F, denote disjoint closed sets in the compact metric 
space (Ed). Show that there are open sets O, and Og such that 


Fi CO; and Fy C Ono, 


and a 
O1 N02 = . (3.9.4) 


Assume that E = C. Does the result remain true if one replaces Cc by C? 


For the next exercise, recall that 02 denotes the space of sequences of complex 
numbers a = (G@n)nen Such that 


Ss laul” <8: (3.9.5) 


n=1 


The expression ||a|| = \/>>>—, |an|? is then a norm (see Definition 4.1.1), which 
defines the topology of @2 via the metric 


[oe} 


d(a,b) = ,| S- |an —bnl?, a,b € bo. 


n=1 


Exercise 3.9.19. Show that the set 


C= {" € by ;do(nt ty a4) = 7 


n=1 
is compact in £3. 


Hint: Use the diagonal process. 


More generally, we have: 
Exercise 3.9.20. Let a, > 0 forn =1,2,.... The set 


C(ay,Q2,..-) = {" E by >So anlan|? < 7 


is compact if and only if 
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Exercise 3.9.21. Show that in a metric space compactness and sequential compact- 
ness are equivalent. 


Hint: Let X be the given metric space. Show first that given an open covering 
X = UjcrO; there exists € > 0 such that 


Vee X, HET, B(x, 6) C Oj. (3.9.6) 


Based on the preceding claim, show that X admits finite coverings made of open 
balls of arbitrary small radius. 


We note that (half of) the previous exercise is used in the proof that a subset 
of H(Q) is compact if and only if it is closed and bounded (and in particular is a 
normal family). See [95, pp. 166-170]. The boundedness has to be understood in 
the topology of #(Q); see Definition 5.1.17. We will go back to normal families 
in Section 5.7, but already send the interested reader to [4, pp. 219-227]. 


If f is a function between two topological spaces F and F’,, then continuity 
of f at a point t € EF implies sequential continuity, but the converse is not true 
in general. When the domain is a metric space, the situation is nicer, as shown in 
the following two exercises; see, e.g., [146, Théoréme 2, p. 92] and (in the setting 
of vector spaces) [307, Proposition 8.5, p. 76]. 


Exercise 3.9.22. Let (E,d) be a metric space, and let (F',T) be a topological space. 
Show that the function f from E into F is continuous at the point t € E if and 
only if for any sequence of points (tn)nen of E such that limyn-—oo d(tn,t) = 0 it 
holds that 


lim f(tn) = f(t). (3.9.7) 


n—->co 
Continuity between metric spaces has a special property, when the domain 
space is compact. 


Theorem 3.9.23. Let (E1,d1) and (E2,dz) be two metric spaces, and assume that 
EF, is compact. Let f be continuous from Ey, into E2. Then, f is uniformly con- 
tinuous, that is: 


Ve > 0, 4n > 0, Va,y © Fy, di(x,y) <7 = > do(f (x), fly)) <e. (3.9.8) 


Exercise 3.9.24. Let (E,d) be a compact metric space, and let f be a map from E 
into itself which preserves distance: 


Show that f is onto. 
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We note that in [78, Exercice 10, p. TG IX.92], the following stronger result 
is proposed as an exercise: Condition (3.9.9) is replaced by the weaker requirement 


d( f(x), f(y) 2 d(a,y). (3.9.10) 


Compactness of the space implies that f preserves distance and is onto, that is, is 
an isometry of metric spaces. 


Let (E,d) be a metric space, and let C'S be the set of Cauchy sequences in 
E. The elements (%p)nen and (Yn)nen in CS are said to be equivalent if 


Jim A(an,Yn) = 0. 


This defines indeed an equivalence class ~, and the completion E, which is unique 
up to a unitary mapping which preserves EF, can be defined as C'S/ ~, with the 
distance 

D(a,b) = lim d(xn, yn), a,b € CS/~, 


n->co 


where (%,) € a and (yn) € b. 
See Exercise 5.1.3 for an illustration on completion of pre-Hilbert spaces. 


The following discussion and example are taken, with minor changes, from 
(166, §2.2, p. 13-14]. The question is as follows: Consider a vector space FE, with 
two norms ||2||; and |{2||2 such that 


lz]. < llzlle, Vee B. (3.9.11) 


Let FE, and £2 be the completions of E with respect to the norms ||2||; and 
||z||2 respectively. For x = (an)nen a Cauchy sequence in E, let e;(x) € FE, and 
€2(x) € Ey be the associated equivalence classes in FE, and E2 respectively. Any 
Cauchy sequence with respect to || - ||2 is a Cauchy sequence with respect to || - ||1, 
and it would be tempting to identify e2(#) with e1(a), and say that EB C E). But 
this is not quite so. The map 7 which to e2(x) associates e; (x) 


i(e2(x)) = e1(2) 
is indeed well defined, but the problem is that it need not be one-to-one. Two 


norms for which the map 7 is one-to-one are called compatible. An important case 
of such norms is when the spaces are reproducing kernel Hilbert spaces. 


Exercise 3.9.25. Show that the map i is well defined. 


Exercise 3.9.26 (see also Exercise 5.2.3). Let E denote the space of continuous 
functions on [0,1] which admit a right derivative at the origin, endowed with the 
following two norms: 


= £ => t 4 
N= ne TE, see: Ma = eee Ae Ol 


and let E, and Ey denote the completions of E with respect to || - ||, and || - |l2 
respectively. Show that the map which to e2(x) associates e1(x) is not one-to-one. 
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As we already mentioned, the Riemann sphere can be seen as the one point 
compactification CU{co} of the complex plane. This is stressed out in the following 
question, where we denote by 


So = {(a1, 22,03) € R®; e} +.23+23 =1} 
the unit sphere of R°. 


Question 3.9.27. For (11, 22,73) € S2\{(0,0,1)}, define y(a1, x2, 23) to be the in- 
tersection of the line defined by the points (0,0,1) and (x1, 22,23) with the complex 
plane. Show that 


~(@1,©2,23) = (3.9.12) 


and that p is a bijection between Sz \ {(0,0,1)} and C, with inverse given by 


2 2 24 y2_ 4 
- eee ead ). (3.9.13) 


u2+v2+i1?uz+vu241) uet+v241 


yp '(u+iv) = ( 


Setting z = u + iv, (3.9.13) may be rewritten as: 


=4 z+zZ z-z  |z\?-1 
= ee oo ee 
[2/2 +1? é([z|? +1)’ |z/? +1 


The map (3.9.12) is called the stereographic projection. 


The geometrical interpretation of the point at infinity is as follows: The map 
y is extended to the point (0,0,1) by 


p(0,0,1) =~, (3.9.14) 
and going to co on the complex plane means going to (0,0,1) on the Riemann 


sphere. More precisely, recall that, by definition, a sequence of complex numbers 
(2n)nen tends to infinity if 


lim |Zn| = +00, (3.9.15) 
n—- oo 
that is, if and only if 
lim eT = 0,0, 1), (3.9.16) 


where this last limit can be understood in two equivalent ways: The first, and 
simplest, is just to say that the limit is coordinate-wise in R°. The second is to 
view Sg as a topological manifold, and see the limit in the corresponding topology. 
See also Question 3.9.27 above, where vy allows to define a metric on the Riemann 
sphere, called the stereographic metric. 
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Theorem 3.9.28. The function 


d(z,w) = ||p-*(z) — p*(w) IIs (3.9.17) 
2|z—w| 
Jarra 2Ve% 
a ESTES z=oo and weC, (3.9.18) 
0, Z=W=, 


where ~ is defined by (3.9.12) and (3.9.14) is a metric on the Riemann sphere. 


In the thirties of the previous century, K. Menger considered the following 
problem (see [233], [279, p. 788]). 


Problem 3.9.29. When can a metric space be isometrically imbedded in €2. 


This problem has interesting connections with positive definite kernels (or, 
more precisely, with the related notion of conditionally negative kernel). See The- 
orem 7.3.7. 


3.10 Solutions of the exercises 


Solution of Exercise 3.1.2: 


(1) The empty set belongs to O by definition, and R belongs also to O since, for 
instance 
(ec-l,z+1)CR, VreR. 


Let now (O;)ier denote a family of sets in O, and let O = UjesO;. Let x € O, and 
let i € J be such that x € O;. There exists r,,; > 0 such that 


(x lai, h 1 tei) Cc Oj. (3.10.1) 


In particular, (@ — rz,i;,0 + 12,;) C O and this shows that O € O. 


Assume now I finite, I = {1,..., N}, let « € OM, Oj, and let rei,..., rx, 
be strictly positive numbers such that (3.10.1) holds. Let 


r=min{re1,.--,Tx,N}- 


Then, (x —r,x +r) CNM, O;, and so NX, O; € O. 
(2) Let O be a non-empty open subset of R, and let « € O. There exists an open 
interval (2 — ,2 +) containing x and included in O. Let yu fixed, and define 


I, ={n>0;(a@-p,xt+n) CO}. 
If I, is not bounded from above, then 


I, = (a — [4, 00). 
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Otherwise, since every bounded set of real numbers has an upper bound, we can 
define rz to be the supremum of the set J,. Using a similar argument for the 
numbers pu we see that one, and only one of the following non-overlapping cases 
can happen: 

(1) L, =R. 

(2) In = (a — Ig, 00). 

(3) In = (—00, 24+ Tz). 
(4) I, = (a —ly,u+1z). 

The first case is clear: Then, O = R. We now turn to the case where only 

intervals of the form (4) appear. We claim that if ¢ and y are in O, either I, = I, 
or I; Ly = {0}. Indeed, suppose that I, 1 I, 4 {0}. Then 


I, UL, = (min(x — lz, y — ly), max(@+re,y+Ty)). 


Assume that «+rz <y+ry. Then we obtain a contradiction with the fact that 
ry, is maximum. The other cases are treated similarly, and hence I; = Ty. 


We can therefore write O as a union of disjoint intervals. To check that 
this union is countable, it suffices to pick up a rational point in each interval. 
One obtains this way a one-to-one map from the intervals composing O into the 
rational numbers. 


Solution of Exercise 3.1.4: Let O; = R\U;,i € I be a family of sets of T, where I 
is some index set. Then, 


UserO; = R\ Mer Ui; 
NierO;i = R \ Vie Ui. 


For an arbitrary set of index J, the intersection Nje7U; of finite sets is still finite 
or empty. Thus, an arbitrary union of sets in 7 is still in 7. On the other hand, 
we need the set index to be finite to insure that the union U;<-7U; of finite sets is 
always a finite set. Thus a finite intersection of sets in 7 is still in 7, and we have 
a topology since R and 9 are also in T. 


As already mentioned, the topology in the preceding exercise is called the 
Zariski topology. It is not separated because any two non-empty open sets always 
intersect. 


Solution of Exercise 3.1.5: We first show that an arbitrary intersection of topologies 
on X is still a topology. Let (O;);¢7 be an arbitrary family of topologies on X. 
Thus 

WE J, O; C P(X). 


Since X and @ belong to every O; they belong to the intersection NjeyO;. Let 
now a family (O;)ier of sets of X such that 


Wie I,Vj EJ, O; € O;. 
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In particular, UjerO; € O; for every j € J and so 
UierO; € NjerO;. 


Let now N € N and QO;,...,On be subsets of X which belong to every topology 
O; (j € J). Thus N_,O; € O; for every j € J, which implies that NA_,O; € 
je sO}. 


Solution of Exercise 3.1.6: Let (A;)ie7 be an arbitrary family of sets in O,. By 
definition, there exists a family (O;)ie7 of open sets of X such that 


A,j=ANO;, tel. 
Thus 
Vier Ai = AN (VierO%) , 
which belongs to O,4 since Uje7O; € O. Similarly, 
NierAi = AN (MierO%) , 
belongs to O, as soon as I is finite since then Nce7O; € O. Finally, A= AN X 


and # = AN @ belong to O, since both X and @ belong to O. 


Taking O = X we have ANO = A, and thus a necessary condition for O4 C O 
to hold is that A is open. This condition is also sufficient since the intersection of 
two open sets is open. 


Solution of Exercise 3.1.8: Assume A open, and let a € A. Then, A is a neighbor- 
hood of a by the very definition of a neighborhood. Conversely, assume that A is 
a neighborhood of each of its points. Then, for every a € A there exists an open 
set O, C A such that a € O,. Thus 


AC UgeaOg C A, 


and so A = Uge AO, is open as a union of open sets. 


Solution of Exercise 3.1.10: 


(1) We note that a subset of R? is in 7 if and only if it can be written as a union 
of set of the form B(z,r). Thus, any union of elements in 7 is still in 7. Let now 
O1,...,On be N elements of 7 with a non-empty intersection. Let z € rg Oy: 
There exist strictly positive numbers r,,...,7y such that 


B(z,r;)C O;, g=1,...,N, 


and so, with r = min {r1,...,7w}, we have B(z,r) C Nj_,O;. We also note that 
~) and R? belong to T. The topological space (R?,7) is Hausdorff since for z; and 


2 two different points of R? we have B(z1, e122) N B(ze, [z1— al ) =6. 
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(2) It suffices to see that any point in R? and oo have disjoint neighborhoods, but 
this is clear from 
B(z0,1)N Boo, |zo] +1) = 0. 


Indeed, for z € B(zo,1) we have 


|2| = |20 + (2 — 20)| < 20] + 12 — 20] < |20] +1, 


while |z| > |zo| + 1 for z € B(oo, |zo| + 1). 


Solution of Exercise 3.1.13: The direct implication is clear. It suffices to take as 
open covering of X the set X itself. To prove the converse statement, assume that 
(O;)ier is a covering of F with the required property: FO; is closed in O; (in the 
induced topology) for every i € I. Let x ¢ F, and let i € I be such that x € Oj. 
We have 


By hypothesis, the set O;F is closed in O;, and so O;\(O;NF’) is open in O;, and 
so open in X. Hence, O;\(O;NF) is a neighborhood of x. Since O;\(O;NF’) C X\F, 
we have X \ F is open, and F is closed. 


The above result is used in [172, Proof of Lemma 3.1, p. 15] to prove that a 
regular function on a quasi-affine variety is continuous in the Zarisky topology. 


Solution of Exercise 3.1.14: Since 
Aj C Uier Ai C User Aj, 
we have by definition of the closure 
Aj C Ujer Ai, 
and so _ 
Vier Ai C User Ai. 
Assume now that I is finite, say J = {1,2,...,N}. Since 
An C An 


we have 
i aA, CUP Ag 


Since we have a finite number of sets, UX_, A, is closed, and it follows from the 
definition of the closure that 


UA, AL, 


and hence equality holds in (3.1.5). 
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That equality in (3.1.5) need not hold for an infinite number of sets can 
be seen by taking A, = {r,}, where (r,)nen is an enumeration of the rational 
numbers. Then, UnenAn = Q, and in the usual topology of R, 


UnenAn = R, 


while 


UnenAn = UnenAn = Q. 


Solution of Exercise 3.1.15: (see [166, p. 4]) Let N(0,21,...,aN,€) be a neigh- 
borhood of the function f(x) = 0 (which we denote by 0). It contains functions 
vanishing at the points x1,...,2y, for instance the function 


0, if x € {a,..., an}, 
fle) = os 
1, otherwise. 

So0€ E. 

On the other hand, assume that there is a sequence f1, fo,... of elements of 
FE such that 

O= lim fr. (3.10.2) 
noo 


The set of points Q where at least one of the functions f,, vanishes is countable. 
Let y € [0,1] \ Q. Then f,(y) = 1 for n = 1,2,... and f, ¢ N(0,y,1/2), which 
contradicts (3.10.2). 


Solution of Exercise 3.1.16: Let E be the underlying topological space. We have 
an =n (EXQ) =QN(E\Q) since 2 is open. 


Thus 


dNNN=ON(E\ANQX=9. 
Solution of Exercise 3.1.17: The first claim follows from 
EOE =E (EN (X\ B)), 
while the second claim follows from 


fe) fe) 


EB UOE =E U(EN(X\ BE) =ENX =E. 


Solution of Exercise 3.1.19: We first recall (see Section 1.3) that an algebraic sup- 
plement always exists. Also recall the notation (1.3.1). Let F, and F, be two linear 
subspaces of Y, of finite codimension, with finite-dimensional direct supplements 
Ey and Ep: 


Yor, +5 — + Fe. 
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We will show that FM F2, which is a linear subspace of V, has also finite codi- 
mension. Let G; and G2 be linear subspaces of V such that 


Fi = (Fy Fy) Pn Gy 


Fy = (FL N Fy) + Go. 
We have G1 M G2 = {0}, and so the sum 
(FLO Fo) +Gi4+ Ge 


is direct. Let G3 be such that 


(Fin) HGi+:G5 +s =A) HG + G + Gs =v, (3.10.3) 
_—_—_—_—__" _—_—_—_—"’ 
equal to Fi equal to F2 


If one of the spaces G1, G2 or G3 is infinite dimensional, (3.10.3) implies that F, or 
Fy has infinite codimension. So the three spaces are finite dimensional and FM F2 
has finite codimension. 


Solution of Exercise 3.2.6: Let EF denote a topological Hausdorff space, let J be 
an ordered set (with order relation denoted by <) and let (A;);c, be a decreasing 
sequence of compact subsets of FE indexed by J: 
i<j == KCK, 
and assume that NjeyK; = 0. Then, 
E=(J(\K;) 
jed 


Fix jo € J. We have 


Kj, = U ((E\ Kj) Kjo)- 
JET 


Since Kk, is compact, there are j1,...,jn € J, which we can assume ordered, 


Ji Sj2 S++ SIN, 


such that 
N 
=U« ((E ‘ K5,) yn K5) . 
k=1 
Thus 
K jo = (E . Ky) a Kio; 
so that 


Ky CB\ Ky. (3.10.4) 
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If jo = j1, there is clearly a contradiction. More generally, the inclusion (3.10.4) 
is impossible since the sequence is decreasing. Indeed, if jp < j1, then Kj, C Kj, 
and so (3.10.4) leads to 

Kj, c Kj c E\ Kj, 


which is not possible. When j; < jo we have E\ Kj, C E'\ Kj, and (3.10.4) leads 
to 
K3jo iS E\ Kj, Ss ET, 


which is also impossible. 


Solution of Exercise 3.2.7: By definition of the topology, sets B(z,r) are open 
neighborhood of points in C and sets B(oo, R) (that is, of the form (3.1.2)) are 
open neighborhoods of oo. Thus every open set is a union of such sets. Let now 
(O;)ier be an open covering of C, and write each O; as a union O; = Uje7Oi,;, 
where the O;,; are of the form B(z,r) or B(oo, R). At least one of the O,,; is of 
the form B(oo, R) for some R > 0. Let Ro be the infimum of such R (possibly 
Ro = 0). Assume first Ro > 0. Then, 


B(0, Ro) C U{O.; ; Ox; of the form B(z,r)}. 


Since B(0, Ro) is compact, it is a finite union of such O;,;. Replacing each such 
O;,; by O; we obtain a finite subcovering of C. When Ro = 0 one replaces B(0, Ro) 
by {0} to get to the same conclusion. 


Solution of Exercise 3.2.8: First remark that the sets F, and F) are compact (see 
Theorem 3.2.4). Fix x € F\. For every y € F there exist non-intersecting open 
sets Uz, and Vz, such that x € Uz, and y € Vz,y. Since Fy is compact there is 
an open cover of F of the form 


Ly = Bey Vz,y;> where the points y1,..-,Yn(¢) depend on z. 


Set W, =" Uzy,. We have 
Za0W,=0, Va eR. (3.10.5) 


The sets W, are open and form a covering of F, as x runs through F). By 
compactness, we obtain an open covering of F, of the form W,, U---UW,,, for 
some points 71,...,% € F. The sets Uj = Wz, U--- UW,,, and Uz = NM, Zz, 
are open, contain respectively F, and Fy. They do not intersect, as is seen from 
(3.10.5). 


Solution of Exercise 3.2.9: (see also [283]). Let A C X with the assumed property, 
and let a € A. Then, for every neighborhood V of a we have VM A # 0. Let now 
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W denote another neighborhood of a. Then, V M W is also a neighborhood of a 
and therefore (VN W)NA#9Q. Writing 


(VAW)NA=WN(VNA) FO 


we see that a€ VA. Since X is locally compact, we can take V compact. Then, 
by hypothesis VM A = VA and in particular a € A. Thus A C A, and A is 
closed. 

Conversely, let A be closed and K be compact. Then K is in particular closed 
and so AN K is closed, and hence compact, since a closed subset of a compact set 
in compact. 


Solution of Exercise 3.2.13: This is a direct consequence of (3.1.4). If the nowhere 
dense set C is closed then its (open) complement O is dense: 


0=C=E\0. 


Solution of Exercise 3.3.1: Assume first E connected, and let O; and O2 be two 
open sets of X such that (3.3.1) and (3.3.2) hold. Then, 


E=(ENQO\)U(ENO2) 


is the decomposition of F into two disjoint subsets of &, which are open in the 
induced topology. Therefore, one of them is empty and the conclusion follows. 


Conversely, suppose that the condition of the exercise is in force, and let 
E =U, UU 2 be the decomposition of F into a disjoint union of two open sets of 
E. Thus U; = ENO;, 7 = 1,2, where O; and Og are open sets of X, and we have 


E=(ENO;)U(EN Os). 


So 
ECO,UOQO,. 


Since EM O,N Og = Ui N U2 = O, the hypothesis implies that EH C O, or E C On, 
that is FE = U; or K= Up. 


Solution of Exercise 3.3.2: Let O; and O2 be two open sets such that 
B= (BNO) U(BN Od). 


Then, 
A=ANB=(ANOQ,)U(AN OQ). 


Since A is connected we have either AM O, = @ or AN Op = §. Without loss of 
generality we may assume that AMO 2 = 0. Then 


Ac X \ Oz. 
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Since X \ Og is a closed set, we also have 
AC X\ Oxo. 


Thus = 
AN O2= 9, 


and hence 
BN Og CANO, =0. 


Therefore BM Oz = 9, and B is connected. 


Solution of Exercise 3.3.3: 


(1) It suffices to take C, = [n,oo), n = 0,1,... to answer the first item of the 
question. The example 


Cy =D\ (—-1+1/n,1—1/n) 


will answer the second item. 


(2) Assume the intersection empty. Then X is covered by the complements X \ Ci, 
and hence, by compactness, has a finite subcover. From X = Uy (X\C;,) we get 
d= PEO which is not possible since the sequence (C;,)nen is decreasing and 
made of non-empty sets. 

Assume now that C is not connected, and write C = F, U Fo, where Fj 
and F, are closed and do not intersect. Since the space satisfies the separation 
axiom 74, we can find two disjoint open subsets O, and O2, containing F; and F» 
respectively. Since the C;, are connected we have C;, C O; or Cy C Og for every 
n. Since the sequence (C;,)nen is decreasing, they all belong to the same set, say 
O,, for n large enough. It follows that C = F, and so C is connected. 


Solution of Exercise 3.4.1: 
(1) We have that X and @ belong to Ty since 


fF) = {ee X, sf) eY}=X, 


and 
f-'0) ={z eX, ; f(x) € 0} =0. 
Let (O;)ier be a family of open subsets of 7. The formula 
f7*UierOi) = Vier f~*(O;) 
shows that Ujerf~'(O;) € Ty. 
Let now O;,...,On be a finite number of open subsets of 7. Then, the 


equality a ‘ : 
f~ (M5=10;) = ait (O;) 


shows that Nj_, f~'(O;) € Tf. Thus we have a topology. 
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Solution of Exercise 3.4.2: Assume first f continuous from X to Y, and let U 
denote an open set of Y. Let i € J and set f; = flu,. We have: 


f, (VU) = {2 € U; such that f(x) € U} 
= PA m Ui, 
which is open in U; by definition of the induced topology, since f~'(U) is open. 
Note that this direction does not use the fact that the U; are open. 
Conversely, assume that all the restrictions f; are continuous. Let U C Y be 
an open set. Then, 
f-\(U) ={a eX such that f(z) € U} 

= Uier {x € U; such that f(r) € U} 

= Uierf; ‘(U). 
The set f; '(U) is open in the induced topology since f; is assumed continuous. 


Thus, and here we use the fact that we have an open covering, f; ‘(U) is open in 
X (see Exercise 3.1.6). Hence f~!(U) = Uierf; ‘(U) is open. 


Solution of Exercise 3.4.4: To begin with, we note that 


Ac fsa) C1 (FA), VAcX. (3.10.6) 
use (1.1.6) 


(1) We first assume f continuous. Since f(A) is closed, this implies that the set 
| is ( f (4) is closed. So the inequality 


Act" (7A) 


implies that 
Aci (7) (3.10.7) 


and so (3.4.3) holds, as in seen by applying f on both sides of (3.10.7) and using 
(1.1.5). 


Conversely, assume that (3.4.3) is in force. Let B be a closed subset of Y. 
We want to show that f~!(B) is closed. Let A = f~!(B). Then, by hypothesis, 


Thus, 


and so A = A and A is closed. 
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(2) Let AC X. In view of (1), it is enough to show that 
F(A) c f(A). 


Trivially one has f(A) C f(A). So it is enough to show that f (A) is closed in Y. 
Since X is compact the closure A is compact. Thus, f(A) is compact, and hence 
closed. 


(3) Assume first that (3.4.5) is in force. Then for A = A we have 


which is closed. So closed sets are sent to closed sets. 


Conversely, assume that f is closed. Since f is continuous we have (3.4.3): 


f(A) c f(A), ACX. 


Since f is closed we have f(A) = f(A), and (3.4.3) can be rewritten as 


and so (3.4.5) holds since f(A) C f(A). 


Solution of Exercise 3.4.6: We only need to check continuity at the origin and 
infinity. To check continuity at the point oo, for « > 0 take R > O such that 
1/R < «. Then 

ip(B(oo, R)) C B(0,€). 


To check continuity at the origin, for R > 0 take e > 0 such that 1/e > R. Then, 


ip(B(0,6)) C B(oo, R). 


Solution of Exercise 3.4.9: Assume first that f is lower semi-continuous at every 
point of X, and let x € X anda < f(x). Then, V = f~'(a, co] is by assumption 
a neighborhood of x and so X is a neighborhood of each of its points, and hence 
open. 

Conversely, let f be lower semi-continuous on X and fix a € X anda < f(z). 
Then V = f~!(a, co] contains x and is open, and so is a neighborhood of x. Hence 
(1) is in force. 


Solution of Exercise 3.4.10: Since f is continuous we can find for every 7 € K an 
open neighborhood U,, of x in which f does not vanish. The open set Use KU, is 
an open covering of kK. By compactness, there exist N € N and 2,...,ayn € K 
such that 

KOU Uz;: 
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By (1.1.3) 
, f(K) CURA FUs;) 


and so f does not vanish in the open neighborhood UN Ces of K. 


Solution of Exercise 3.4.13: Let us denote by A the set, and let us fix a point 
ag € A. For every a € A there is a path yq linking ao to a, and thus: 


A= Uae A Ya(([0, 1) 


is connected, since a9 € Nae AYa([0, 1). 

Conversely, it is not true that a connected set is path-connected as the well- 
known example of the graph of the function sin(1/a2) (« > 0) together with the 
closed interval joining the two points (0,—1) and (0, 1) illustrates. 


Solution of Exercise 3.4.16: 
(1) We proceed in a number of steps. 


STEP 1: w € OQ if and only if there exist a point v € T and a sequence of points 
(2n)nen in D such that 


lim zp, =, (3.10.8) 
n—->oco 
Jim flén) = w. (3.10.9) 


Indeed, let w € OQ. In particular, w € O, and there exists a sequence (Wn )nen 
of points in Q such that 


lim |w — w,| = 0. (3.10.10) 
noo 
Since f is assumed onto, there exist points 21, 22,... € D such that 


Wn =flen), m= 1,204. 


By maybe taking a subsequence, we may assume that lim,-, z, exists. Let us 
denote by v this limit. We claim that v € T. Assume by contradiction that v € D. 
Since f is continuous, we have w = f(v), and thus w € 0QNQ. But this cannot 
be since 2 is open. See Exercise 3.1.16. Thus (3.10.8)-(3.10.9) are in force. 


Conversely, assume that (3.10.8)—(3.10.9) hold. Then (3.10.10) holds with 
Wn = f(Zn), and so w € Q. Assume that w € Q. Then there is a € D such that 
f(a) = w. In view of (3.10.8), there exist « > 0 and no € N such that 


Baye) 1 {2ngs Znptis-+-} =O. 
Since f is assumed one-to-one, 
f (Bla, €)) al {f(2no), f(Zno+1): - f = 90. 


Since f~! is continuous the set f (B(a,¢€)) is open and so contains an open ball 
B(w,e) for some € > 0, contradicting (3.10.9). 
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STEP 2: We prove the direct inclusion. 

Let w € OO and let r € (0,1). By (3.10.8) there exist points z, such that 
r < |zn| < 1 and such that f(zn) —> w. Thus, w € f(r <|z| <1). Hence, 
w ENreons(r < |z| < 1). 
STEP 3: We prove the converse inclusion. 

Let w € Mypeo,1) f(r < |z| < 1). For every r € (0,1) and every € > 0 there 
exists a point z,,- € D such that 


|f(Zre) —wl)<e and r<|zpe| <1. 
Thus there exists a sequence (zp)nen of numbers of D such that limy;+... Zn exists 
and belongs to T and limyp+. f(zn) = w. In view of Step 1, w € ON. 
(2) The set f(r < |z| < 1) is connected as a continuous image of a connected set, 
and so is its closure C;. = f(r < |z| < 1). The sets C, are compact and 


C, CC, for s>r, r,s € (0,1). 


Thus Me(0,1)Cr # 0. See Exercise 3.2.6. But a decreasing family of connected 
sets whose intersection is non-empty is connected. See Exercise 3.3.3. Thus 02 is 
connected. 


Solution of Exercise 3.4.17: If EF has an empty interior, then it is equal to its 
boundary (since it is closed; see (3.1.9) in Exercise 3.1.17), and the result holds in 


view of (3.4.7). Assume now that EF 0, and let 
M%=OANE and %=2\E. 
Both 9; and Q2 are open. From (3.1.9) we have the equality 


04ONEB=(QN B)U(QNOE). 


Thus if Q; = @ we have ON OE F O, and the result is proved. We now suppose 
Q, 4 0. We also remark that the set Q2 is non-empty. Otherwise we would have 
EBEqQQn=Q, but BENQ g Q by hypothesis. 


Let now 21 € Q; and zg € Qe, and let y denote a continuous path in 2 linking 
z1 to 22, with parametrization y(t), t € [0,1]. Then, the sets 
y*(M1) and y7*(M2) 


are open subsets of [0,1]. Since [0,1] is connected, there exists to € [0,1] which 
does not belong to y~!(Q1) Uy~!(Q2). For such a tp, we have (use Question 1.1.2 
if need be) 


y(to) € (A\ 1) 1 (O\ M2) = (AN (C\ B)) N(QNE) 
=QN OE, 


since, E being closed, we have OE = (C\ BE) OE. 
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Solution of Exercise 3.4.19: We follow the argument in [252, p. 177]. By hypothesis 
f is open and so f(Q) is an open subset of C, and f(Q) MC is open in C in the 
induced topology. On the other hand, 


FQ) = F((Q\ Q) UO) = F(Q\ Q)U F(Q). 
By hypothesis, f(Q \Q)C = 0, and so 
FQne =faync. 


We note that 2 is closed and bounded, and so is compact in C. It follows that 
f(Q) is compact, and hence closed, and f(Q) MC is closed in C' in the induced 
topology. Thus f(Q) 9 C is closed and open in C. Since C is connected we have 


Cc f(Q). 


The above lemma allows us to prove a removable singularity theorem: If f 
is open in 2 \ {zo} and continuous in 2, then f is open in Q. This is Lemma 2 in 
the above-mentioned paper of Porcelli and Connell. 


Solution of Exercise 3.5.1: 


(1) Let us denote by Ty] the smallest (coarsest) topology for which all the appli- 
cations p; are continuous. Let 79 € J, and let U be an open subset of X;,. The 
set 

p,, (U) = {(wi)ier such that x;,, € U} € Ty. (3.10.11) 


Let now N EN, t1,...,¢~ € J and U; € Xj,,...,Un € Xi, be open sets. The set 
jeri, (U5) = { (xi)ier such that Ti, € U;,j9= doesgl 7 


is still in Tj]. Together with the empty set, arbitrary unions of such sets form 
exactly Ty]. 

(2) Let now f denote a map from the topological space Y into [],-; Xi, the latter 
being endowed with the topology 7y,. If f is assumed continuous then clearly the 
maps p; 0 f are also continuous (and this, for any topology for which the p; are 


continuous). Conversely, assume that all the maps p;o f are continuous. Take first 
V € 77, of the form (3.10.11). Then, 


f-\(V) = {y € Y such that f(y) ¢ V} 
= {y © Y such that p;,(f(y)) € U} 
= (Dig 2 fF) (0), 
which is open since p;, 0 f is assumed continuous. It follows that f~1(U) is open 


for every open subset of [[,-,; Xi in view of the characterization of these open sets 
and using Exercise 1.1.4. 


3.10. Solutions of the exercises 171 


(3) Let 71 denote the finest (largest) topology for which the maps q are contin- 
uous, and let O € Tj]. Then, for ig € I the set 


gq, (O) = {xz € Xj, such that q;, (x) € O} 
= {x € X;, such that (io, 7) € ON ({io} x Xi,)} 


is open in X;,. In other words, the set O contains the sets (i9,2) where x runs 
through an open set of X;,. The topology Thy is generated by these sets. 

(4) Let now f denote a map from the disjoint union [],-;X;, the latter being 
endowed with the topology Jj], into the topological space Y. If f is assumed 
continuous then clearly the maps f oq; are also continuous (and this, for any 
topology for which the gq; are continuous). Conversely, assume that all the maps 
f °q are continuous. Let U be an open set of Y. Then, 


fw) = {" € [|X such that f(z) € o} 
ier 
= U {x € X; such that f(q(x)) € U} 
ier 


=U(feoa) ©), 


iel 


which is open since the maps f o q; are assumed continuous. 


Solution of Exercise 3.5.3: Let (7, y) € X x X \A. Thus x # y. Since the space is 
Hausdorff, there exist open sets U and V such that 


creu, yeVandUNV=S9d. 


The set U x V is a neighborhood of (x,y) in the product topology. It does not 
intersect A since any element (w,w) € (U x V)MA would be such that w € 
UNV. 


Solution of Exercise 3.6.2: We use the notation of Exercise 3.4.4. The function f~! 
is continuous if and only if (f~!)~1(F) is closed for every closed set F’, i.e., if and 
only if 

FP y= TE) 
for every closed set F’. Since f is continuous, this is just (3.4.5) with A = F since 
i 


Solution of Exercise 3.6.3: We use the fact that a compact set is closed and that 
a closed subset of a compact set is compact. Let K C Y be compact. Then, it is 
closed in Y and so f~+(K) is closed in X. Since X is compact, f~!(K) is compact 
in X. 
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Solution of Exercise 3.6.4: Assume that (a) is in force, and let K be a compact 
subset of R. Then K is closed (this is true in any topological separated space, and 
in particular in R). The continuity of f implies that f~'(K) is closed. Assume 
that f~!(K) is not bounded. Then there is a sequence (a)nen in f~'(K) with 
|zn| —> co. But then, by (a), we have that |f(x,)| + oo as n > oo, and this is not 
possible since f(x,) € K and K is bounded. 


Conversely, assume that (b) is in force. For every N > 0 the set f~1({—N, N]) 
is compact, and hence bounded. Thus there exists My > 0 such that 


f~'((-N, NJ) c [-Mn, My]. 


Therefore, 
|z| > My ==> |f(z)| > N, 


and thus (a) holds. 


Solution of Exercise 3.6.5: (see also [283]) We use Exercise 3.2.9. Let F Cc X be 
a closed set, and let V be a compact subset of Y, such that f(F) NV 4 0. Note 
that 

f(FYNV=afsf(Fnf(v)). (3.10.12) 


Indeed, let y € f(F) NV. Then y = f(x) for some x € F. Since f(a) € V, we 
have z € f-1(V) andsoxe€ FN f—'(V) andye f (FN f—1(V)). Conversely, let 
yé f (FO f-l(V)). There is x € FN f—1(V) such that y = f(z). Soy € f(F)NV, 
and (3.10.12) holds. 

Since f is proper, f~!(V) is compact, and so FM f~!(V) is compact. Since 
the continuous image of a compact set is compact we have from (3.10.12) that 
f(F)OV is compact. By Exercise 3.2.9 we have that f(F) is closed. 


Solution of Exercise 3.6.6: 


(1) Any real-valued function will have its image not open in R?. If the image is 
considered as a subset of R, consider the following function: 


1 
e -@H), ifg*+y? <1, 
f(z,y) = ae 
0, ifa-+y°>1. 


Then, the range of f is the closed interval [0, 1]. 
Another example is given by the function f(x) = 2? from R into R. We have 
f(=—1,1) = [0,1), which is not open in R. 


(2) It is enough to show that the image of an open disk B(a,1r) is open, or even, to 
show that the image of D is open. If f is one-to-one in D this is a direct consequence 
of the corresponding result from calculus. If f(0) = 0 we can write 


f(z) = 2% 9(2), 
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where N € N is the order of the zero z = 0 and where g is analytic and non- 
vanishing in D. As such, g admits an analytic Nth root, say h, and we have 


F(z) =(zh(z))", ze 


The function j(z) = zh(z) is analytic and 7’(0) = h(0) 4 0. So it is one-to-one 
in a neighborhood, say B(0,r) of the origin, and the image of B(0,r) is open, a 
property conserved by the map wt> w%. 


Solution of Exercise 3.6.7: The result is a direct consequence of the open mapping 
theorem for an analytic function (see the previous exercise for the latter). 


Solution of Exercise 3.6.8: We basically repeat the arguments of Stoilow given 
in [298, p. 381], [299, p. 105], with some extra explanations. First note that, by 
construction, f(0,00) = {0}. Therefore, the function f cannot be topologically 
equivalent to a function analytic in the half-plane C, = {z €C | Re z > 0}. In- 
deed, assume f = Y2°g0° 1 where the function y is a homeomorphism from C, 
onto yi(C,-), the function g is analytic from yi(C,) onto its image g(yi(C;)), and 
2 is a homeomorphism from g(yi(C,)) onto its image. We have 


g(e1(0, 00)) = yz *(0). 


The image of (0,00) under the homeomorphism y, is not countable. Thus the 
analytic function g(z) — yz '(0) has a noncountable family of zeros, contradicting 
the fact that g is not a constant. 


We now show that f is open. Write f(z) = u(x, y) + iv(a,y) with 


(co + ry?) cos (2) , ify AO, 
u(x,y) = ; oon 
) uy=v, 


and 


woe {t= + xy?) sin (2) 


Note that, for y 4 0 and x > 0, 


: “+ 
lim eo) =e) lim (= + “ cos (=) = 0, 
y—0 y yO y 


and so Ou (cp, 0) = 0, and similarly (still for « > 0) we have 


Ou Ov Ov 


174 Chapter 3. Topological Spaces 


For y 4 0 we have: 


Ou 3 Qn 
Bn tr) = y° cos (=) 


and 


at a point (x,y) is equal to: 


r 0, if y =0, 
(2,4) = —20 (7 + xy?) , ify. 


E 
The function e ¥ + xy? does not vanish in C, \ (0,00). By the inverse function 
theorem, the function f, or more precisely the map 


(zy) *  (u(z,y),o(a,y)) 


is a local homeomorphism in a neighborhood of every point (x,y) off the positive 
real axis, and so the image of any open set included in the upper or lower open 
right quarter-plane will be open. We now consider the case of an open set, say Q, 
which intersects the positive real axis, and define: 


OQ, ={z=2+iyEQ; y>O0}, 
Q_ = {z=2+iEN; y<O}, 
OQ ={z=ae+iyEeON; y=OF=ONRY. 


Both Q, and Q_ are open, and hence, by the above discussion, their respective 
images under f are open. If Q9 = @ this ends the proof. We now assume that 


Q% #0. 


The image of Qo is just the origin. To show that f(Q) is open it is 


enough to show that there is a neighborhood of the origin which is in 
the image of 2. 
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Fix some vg € Qo, and choose €9 > 0 such that the open square C,, with 


center vp and vertices (ao — €0,4 


teg), (Xo + €9,2 


te) lies in 2. The idea is to show 


that the image C, contains an open ball B(0,1ro9). The result will then follow since 


1 =2,UQ_ UM =0,UN_UCK, 


and so, by (1.1.3), 


F(Q) = F(Q4) U F(Q_) U F(Qo) U F(Cey) 
= f(Q,) U f(Q_) U f(Q) U B(O, ro). 
—{>_>_>+-$S SS 


equals B(0,ro) 


As mentioned earlier we closely follow Stoilow’s arguments, and divide the 
sequel of the proof in a number of steps. We write 


B(O,ro)= (J e(0,70), 


0€[0,27) 


and will show that for every @ € [0,27) (and for ro to be chosen as mentioned 
above), the ray e’°[0, ro) belongs to the image of f(Q). 


We first define for 4 € [0,7] 


Yn 


Remark that (3.6.2) holds: 


and in particular 


. Qnn + 6’ 


andneéN, 
20 


STEP 1: We prove: 


Indeed, we have 


1 


O<y%< = 
n 


which will be less than €9 for n > [4] +1. 


STEP 2: Let @ € [0,7], let y, and no be as in the previous step, and let I,(0) 
denote the interval with endpoints (xo — €0, Yn), (Zo + €0,Yn). Then, f(In(@)) is 


the interval with endpoints 


= 1,2 


pyres 


dno EN, VO € [0,7], n>no => Yn € (0,€0). 


Sie “ect a 
An = ee um + (ao —€0)y2) and bp = ee um + (ao + €0)y2). 


This follows directly from the definition of f. 
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STEP 3: There exists an integer No > no (which depends on x9 and €9) such that, 
uniformly in @ € [0,7]: 


n> No = lan| < \bn+1|. (3.10.13) 


Indeed, the above-required inequality 


1 1 
- yd 
Yn41 


e %» + (x9 — €0)y2 <e (xo + €0) Yn 41 


is equivalent to 


2 2 yey 
Yn + Yn41 e. onrt = 6. en 
BO SO ae 


n n+l ye _ eee 
that is, 
(Qnn + 0)? + (Q2x(n +1) +0)? 
Lo. < €9- 
2n(27(2n + 1) + 20) 
(2rn + 0)?(27r(n + 1) + 0)? : Gnincay soy? oe Grnte” . 
(27)3(27(2n + 1) + 26) 
We have 
2 0)? 2 +1)4+ 6) 7 1)? 
Cnn + P+ Qn(n+ +6? n+ n4IP iy cig a) 
2n(2n(2n + 1) + 26) 2n+2 
Thus there exists No such that, for n > No 
(2rn + 0)? + (Qa(n +1) +0)? _ 220 
2n(2n(2n + 1) + 26) €o 
Similarly 
(2nn+0)? (2% (n+1)+0)? 2 
e Gx? —e Qn) <e”", neéN, 
and 


((2rn + 0)?)((2r(n + 1) + 8)?) 
(277)3(27(2n + 1) + 20) 


((2nn + m)*)((2m(n + 1) + 77)”) 


< 
~ (27)4(2n + 1) , 


V6 € [0,7], 


and one can assume that for the same No we have for n > No 


((2rn + 6))((2r(n + 1) + 6)?) — Gente? oo < 20 
a e Tv — Tv — 
(2m)3(27(2n + 1) + 20) ° 


The result follows. 
STEP 4: We have (with No as in STEP 3) 


f (Ce) =) B(O, bNo). 
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Indeed, for n > No, 
(Qas4, bn+41) a (an, bn) # 0, 


and therefore (since limn+o Gn = 0) 
U (Gn, bn) = (0, bn, )- 
n>No 
Thus, 


U U fa.) 


0€ (0,7) n>No 


U e” U (an, On) 


0€(0,7) n>WNo 


= -\.) 2 (Oya 
0€(0,7) 


We obtain the result by considering by symmetry also the part of C, in the open 
lower half-plane. 


Remark 3.10.1. As already mentioned we followed [299, pp. 105-106]. In particular, 
(3.10.13) is equation (6), p. 172, in this reference. 


Solution of Exercise 3.6.9: Assume F C R? and closed in the topology of ¢. Then, 
its complement, which contains the point oo, is open, and thus contains a set 
of the form B(oo, R). Hence F Cc B(0,R) and F is bounded. It is closed since 
the topology of R? coincides with that of Cc in R?. Conversely, assume that F is 
bounded and closed in R?. Note that oo € C \ F. Since F' is bounded, there is an 
R such that F Cc B(0, R), and so oo € B(oco, R). As for points in R? \ F, they have 
neighborhoods of the form B(z,r) inside R? \ F. Thus Cc \ F is open. 


Solution of Exercise 3.7.4: Let Y be a topological space and let f be a map from 
X into Y, compatible with the equivalence relation. Let U be an open subset of 
Y. Then, 


and so q-+ ie) = f~!(U), which is open since f is assumed continuous. It 


follows that f~!(U) is open (see the first item in Theorem 3.7.2) and hence f is 
continuous. 


Solution of Exercise 3.7.6: As we mentioned in the hints to the exercise we follow 
here [152, pp. 25-26]. 
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(1) => (2): The space X is compact and in particular Hausdorff. Thus singletons 
are closed in X. Let x € X be such that u = q(x). Since q is closed it follows that 
{u} is closed in the quotient space and so q~!(u) = q~1(q(z)) is closed in X since 
q is continuous (and similarly for g~+(v)). 

The closed sets g~(u) and q~'(v) do not intersect and so by Exercise 3.2.8 
there exist disjoint open sets U and V such that q~!(u) C U and q-+(v) C V. 
Since q is closed and continuous, the sets defined by (3.7.2) are closed. They are 
saturated and so their respective complement sets are also saturated: Thus 


q(q(X\F))=X\F and g*(q(X\G))=X\G. 


Hence the sets g(X \ F’) and q(X \ G) are open (recall that a set in the quotient 
space is open if and only if its inverse image under qg is open in X). To show 
that the quotient space is Hausdorff we prove that these two sets are disjoint, and 
respectively contain u and v. 


Assume that 
U(X \F)Ng(X\G) 490. 
There exist then a € X \ F and b € X \G such that q(a) = q(b). By definition of 
F and G we have (see (1.1.6) if need be) 
FOX\U and GDX\YV. 
Hence a € U and b € V. On the other hand, the set 
X\F={reEX : q(x) €q(X \U)} 
contains all elements equivalent to a together with a. So b € X \ F,, contradicting 
GnV =@. 

We now check that u € q(X \ F). Assume not. Then there exists a € F 
such that ¢(a) = u. Since all points equivalent to a are in F’,, this contradicts that 
q i(u) CU. 

(2) ==> (8): Since 
(a,b)eT <=> qa) =4(), 


the graph of the relation is the inverse image of the diagonal under the map 


(a,b) > (q(a), (0). (3.10.14) 
The diagonal of (X/ ~) x (X/ ~) is closed in the product topology since the 
quotient space is Hausdorff (see Exercise 3.5.3). So the graph is closed. 
(3) = > (1): Let F be a closed subset of X. We want to show that q(F) is closed 
in the quotient space, or equivalently that q~!(q(F)) is closed in X. But 


q ‘(4(F)) ={y €X a(y) € (F)} 
= {ye X Jae F such that q(y) = q(x)} 
= {ye X Jae F such that («,y) eTN(fx E)}. 
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The set ['N(F' x E) is compact and so is g~!(q(F)) since the projections associated 
with the product topology are continuous. This ends the proof since a compact 
set is closed. 


Remark 3.10.2. We note that the implication (2) => (3) does not use the com- 
pactness of the underlying space. 


Solution of Exercise 3.8.7: 


(1) Since a(e) = I we have x = a(e)x and so x ~ x. The relation is reflexive. In 
view of (1.2.10) we have 


c=agy => y=a(g"')x 


and so ~ is symmetric. Finally if x,y,z € X are such that 7 = a(g)y and y = a(h)z 
for some g,h € G, we have 


x = a(g)a(h)z = a(gh)z 


and hence ~ is transitive. 


(2) We follow the arguments from [218, Proposition 0.2.1, p. 18]. Let « € X and 
let U be an open neighborhood of x such that all the images a(g)U are pairwise 
distinct when g runs through G. The canonical projection p associated with ~ is 
then one-to-one on U. Its restriction ply is a homeomorphism from U onto p(U) 
(and from any a(g)U onto p(U) for that matter). By hypothesis the point x has 
a neighborhood, say V, homeomorphic to R”. Let vy be the homeomorphism from 
V onto R”. We can choose r such that y~! (B(y(z),r)) C (VNU), where we 
denote by B(y(x),7) the open ball in R” with center y(a) and radius r. Thus, 
p(y 'B(y(x),r)) is homeomorphic to B(y(x),r) (and hence to R”). 


We just used the fact that a acts totally discontinuously on X. We now use 
the fact that it is separating, to show that the quotient space is Hausdorff. Let 
thus p(x) and p(y) be two different points in the quotient space, where x and y 
are in X. Of course, x and y are not uniquely determined, and one could take 
any element in the respective equivalence classes. Take two open neighborhoods 
U, and Uy, of x and y with the property that 


a(g)U, Na(h)Uy =0, Va,yeX. 


Then p(U,) and p(U,) are open sets in the quotient space and contain respectively 
p(x) and p(y). 


Solution of Exercise 3.8.8: Let qg denote the canonical projection from the space 
C"+1 \ {0} onto P”, and let z € C"*? \ {0}. Denote by y the map 


ez) =, Crt\ {0} +S, CC" \ {Oo}. 


|2|| 
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We note that 
z 
az) =¢\| — ] =¢evlz). 
@) (a) @) 


So 
q(C"** \ {0}) = a(Sn). 


Since S, is compact and q is continuous it follows that P” is compact. 


A direct proof that P” is Hausdorff can be found for instance in [204, p. 39]. 
More generally, if V is any vector space on any field K, the associated projective 
space P(V) is the set of one-dimensional subspaces of V. 


Solution of Exercise 3.8.9: We follow [204, p. 42]. Denote by q the canonical pro- 
jection from C? \ {(0,0,0)} onto P?. The set 


Zp = { (21, 22, 23) €C?\ {(0,0,0)} : p(z1, 22, 23) = o} 


is closed (in the induced topology). Since Z) = q~'(Cp), Cp is closed by definition 
of the quotient topology. Since P? is compact (see Exercise 3.8.8) C, is compact 
by Theorem 3.2.4. 


Solution of Exercise 3.8.15: We define 


N =(1,0,0,...,0) and S$ = (-1,0,0,...,0), 
—]—_—’” —]—’” 
n times 0 n times 0 


and 
Uy =Sn\{N} and Us =S, \ {5} 


respectively, and the maps: 


1 
in (x) = i—< (@1,---;2n), Un —>R", 

and i 
ig(a) = ia oe Us — R”. 


The maps iy and ig are homeomorphisms, and their respective inverses are given 
by: 


1 
so. 2 

a 4 Di Die. 
and 


me HI 
is Wy) = Trad el >, Bilis ny 2a )s 


To check these equations, remark that 


1 
1— 29 


(Pais yy) = (Wissxe 9 te) 
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implies that 


Pet om 


ts = lel? 
and hence 
n 2 2 
2 u=1 Hu + ZO +1- 2X0 2 9 2X0 
yl? +1 = Suerte seo a ane lull — 


(Un,in) and (Ug,ig) form an atlas of the unit sphere, and it holds that 


ig 0ty*(y) = We R” \ {(0,0,...,0)} —> R” \ {(0,0,...,0)}. 


Thus the unit sphere of R"+! is a smooth manifold of dimension n. 


Note that the previous exercise does not say anything about an analytic 
structure when n is even. 


Solution of Exercise 3.8.16: It suffices to consider the map 


y(x,y) = (az, by) = (21,41), (3.10.15) 
since ; : 
xv 
etytcl = oa 


As remarked after the statement of the exercise, the map (3.10.15) is not 
analytic (when a # b) as is seen for instance by writing down the Cauchy—Riemann 
equations. 


Solution of Exercise 3.8.17: Intuitively, a natural way is to spread out (when 
R, > Re) or to contract (when R; < R2) along radial directions, Ar, onto Ar,. 
This suggests that we consider the map: 


f(z) = (1 +a(z|-1)) oi 
with 
_ R2-1 
a= R, i 


Since z # 0, the function f is clearly differentiable since Re f and Im f are smooth 
functions of a and y (with z = x + iy). Furthermore, its inverse is given by: 


A(z) = (1 4: —) cae 


a} |2| 
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To see this, set f(z) = w and note that (since |z| > 1) 
|w| = 1+ a(|z| — 1), 


so that 


ho f(z) = (1+ ni) ie 


|r| 


_ tal Da 
7 1+ a(|z|—1) 


By symmetry, we also have f o h(z) = z for z € Apg,, and this concludes the 
proof. 


Solution of Exercise 3.8.19: We denote by 2 the equivalence classes, that is the 
elements of P”. Let i € {0,...,m} and let U; C P” denote the set of equivalence 
classes of vectors (20, 21,---,2n) such that z; 4 0. This last condition does not 
depend on the given representative in the equivalence class. Define y; from U; 
into C” by 
° 20 Zi-1 241 ZN 
ZS (eg sees 3.10.16 
v2) = (2,..., 4, 4... (3.10.16) 
with obvious changes when 7 = 0 or 7 = n. The functions y; are continuous, and so 
the {(Ui,~:), 0 =1,...,n} define an atlas of P”. We now compute the transition 
maps. Let i < 7 (the case j < 7 is treated in the same way), and first remark the 
following. An equivalence class z belongs to the intersection U; U; if and only 
if both z; 4 0 and z; # 0 in some (and hence in every) representative z ez. In 
(3.10.16), the component z; € z is at the (j — 1) slot. In (3.10.16) with 7 instead 
of 7, the component z; is not shifted since i < 7. Thus we have: 


pi(Ui NU;) = {2 EC” ; 25-1 FO}, 
gj(UsNU;) = {z EC” ; % FO}, 


and, for z € y,(U;NU;), 


a) 


~l(,) = ‘ 
yj 0p; (2) a 


The transition maps are analytic, and thus P” is an analytic manifold. 


Solution of Exercise 3.8.21: We take an atlas made of the two following charts: 
Un =C and in(z) =z, 
and 


Up =C\ {0} and woe = {3 cake 


, Z=O. 
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Then, zy is trivially continuous and so is ip by Exercise 3.2.7. Furthermore, the 
transition function 


iy oig'2)=2, C\{0} + C\ {0}, 


is analytic, and this ends the proof. 


Solution of Exercise 3.8.25: We take r € (1, R) and denote by 


n= aes Pitz) dz 
ant |z|=r f(z) 


Since £L is analytic in Ar, Green’s theorem (for instance) will show that n does 


not depend on r but only on f. We claim that the function h(z) = z~" f(z) has 
an analytic logarithm in Ap. It is equivalent to prove that 


Ri(z) 
[ ia) dz =0 (3.10.17) 


for every closed smooth curve, say C, in Ar. But (3.10.17) is equivalent to 


nfl & f() 4 
[5 +f aoa 0. (3.10.18) 


Since Ind),\—,(0) = 1, equation (3.10.18) in turn is exactly (2.3.11), that is (2.3.10) 
with L instead of f and the curves C, = {|z| =r} and C2 = C. Thus 


2" f(z) =e) 


where g is analytic in Ar. 


Solution of Exercise 3.8.26: 


(1) We proceed by contradiction. Let g denote an analytic logarithm of the function 
f(z) =z in Apr. Then, 
eI) =z, Wz Ap, 


and so 
g' (z)e9 =g/(z)z=1, ze Ap. 


Thus for any r € (1, R), 


which cannot be. 
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(2) Let f denote a conformal map from Ar, onto Ar,, with inverse g, and assume 
by contradiction that there exists a function w analytic in Ar, and such that 
f(z) =e’ for z € Ar,. Then, 


ewla()) = 38) ZE Ar, 


and thus the function z would have an analytic logarithm in Ar,. This cannot be 
in view of (1). 


Solution of Exercise 3.8.27: We follow the hint. Assume that Apr, is conformally 
equivalent to Ar,, with conformal mapping f. We can always assume Rz < Ry 
(if Ri < Re, consider f~'). By Exercise 3.8.25, f admits a representation of the 
form (3.8.4), that is: 

f(z) = 2", ze Ar, 


where n € Z and g is analytic in Ar,. By Exercise 3.8.26, f has no analytic 
logarithm, and hence n ¥ 0. From (3.8.4) we have: 


In|f(z)| = nIn|z| + u(a,y), 


Co 


where u(x, y) = Re g(z). Let g(z) = Wg dm2™ + 0°_, 2% denote the Laurent 
expansion of g in Apr,, and let R € (1, Ri). We have: 


20 20 
¢ u(Rcost, Rsint)dt = Re | g( Re") dt 
0 0 


[oe] Qn co 27 
= Re b> am f el dt + s im f e ™ dt 
m=0 0 m=1 0 
= 27Re (ao) 
def. 


= QA. 


Thus 
1 27 ; 1 20 
=| In| f(Re")|at = nine + = | u(Reost, Rsint)dt =nlinR+ A. 
20 0 20 0 


Since |f| € [1, Re] we have: 
O0<nmR+A<InRo, VRE (1,R). 


From R — 1 we get 
A€ (0,lIn Ra), (3.10.19) 


while R — R, leads to 
0<nmnR,+A<InRo. (3.10.20) 
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When n > 0 and since A > 0, this last inequality leads to 


ee In Ro < 1, 
~ InRy ~ 


and hence n = 1 since n 4 0. It follows that Ry = Ro. 
Assume now n < 0. The first inequality in (3.10.20) implies 


—ninR, <A, 
and so, in view of (3.10.19) 
—ninR; <InRo, 
and so 
= In Ro 
"STR 
Since —n > 0 and Rz < Rj, we here too get Ry; = Ro. 


Solution of Exercise 3.8.30: This exercise is a special case of Exercise 3.8.33 with 
g=1and A=rT. We send the reader to this last exercise for more details. 


Solution of Exercise 3.8.31: Let 7, and 72 denote two points in the open upper 
half-plane, and let C,, and C,, be the associated torii, with canonical projections 
qi and qe2 respectively. We claim that the map 


X(q(2)) = g2(2) 


defines a homeomorphism from C,, onto C,,. Let z € C and let € be such that 
both q; and q2 are one-to-one on B(z,¢). The set qi(B(z,€)) is open by definition 
of the quotient topology and on qi(B(z,«€)) we have 


X = qo 0 (|B (2,6) - 


Let U C qo(B(z,€)) be open (in the induced topology or in the quotient topology; 
these are the same here since q2(B(z,€)) is open). The set V = qo ‘(U) is an open 
subset of the complex plane, and so qi(V) is open in O;,, and 


X71) =a1(V) 


is open in C,,. Thus X is continuous on qi (B(z, €)). The open sets qi (B(z, €)) cover 
all of C,;, and hence X is continuous; see Exercise 3.4.2 if need be. Interchanging 
the role of 7; and 72 we see that X~! is also continuous. 


Solution of Exercise 3.8.32: Consider first a continuous function F' from C, into 
C, and denote by q the canonical projection from C onto C,. The function 


186 Chapter 3. Topological Spaces 


is then continuous, and satisfies (3.8.6): 
f(z+n+7m)= f(z), VezeC and n,meZ, 


since 


giz+tn+r7m)=<q(z), VzEeC and n meZ. 


Conversely, start from f continuous from C into C and satisfying (3.8.6). The 
function f((z)) = f(z) is continuous in view of Theorem 3.7.3. 


Solution of Exercise 3.8.33: We use Exercise 3.8.7 with X = CY and G = Z9 + AZ9 
which acts on C via translation: For g = m+ An € G (with m,n € Z9) 


a(g)(z)=m+An+z2z, 2€C%. (3.10.21) 


We proceed in four steps. 


STEP 1: It holds that 
gO. 3.10.22 
eo IIgllc ( ) 
Indeed, let A = Ap +%Az, where Ap = 444 and A; + 45“. By hypothesis, 
there is « > 0 such that 


(n, Arn)co > e(n, n)co. (3.10.23) 


Assume that the minimum in (3.10.22) is equal to 0. Then, there exists a sequence 
(mx, k)een € (ZI)? such that (mz, nx) 4 (0,0) for all k and 


jim lm + Arn, + iArng|| = 0, (3.10.24) 
i —> OO 
where || - || denotes the Euclidean norm. We remark that n, 4 0 for an infinite 


number of indices (otherwise we would have limg_,.. mz, = 0 and so mz = 0 for 
all but a finite number of indices). Without loss of generality we will assume that 
nz # 0 for all k € N. By the Cauchy—Schwarz inequality we then have 


(mp + Anne +iArnk, Nk) C9 


lim = 0. 
k—+oo (nk, Nk)Cs 
But 
(mp + Arne ttArne, Nk) Cs 7 (Arn, Nk)ca . (Mg, NK)Ca 
(nk, Nk) cg (Nk, Nk) Cs (Nk, Nk)Cs 
A 
o iA INK, Nk) Cs . 
(nk, Nk) cs 


This expression cannot go to 0 since 


(Arnk,k)co , (Mr, NK)co 


(Arne, Nk)Cs 
(Nk, Nk)Ca (Nk, Nk) Cs 


ER, and 
(nk, Nk) Ca 
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STEP 2: G acts totally discontinuously on C9: Let z € C¥% and let U denote the 
open ball of center zo and radius 4, where 7 is the minimum in (3.10.22). Then, 
(with a(g) defined by (3.10.21)) 

a(gi)U Na(gz)U =9, Voi,g2€G with gi # ge. 


Indeed, if there is z, in the intersection, we have: 


Ili — gall = ||(20 + 91 — 21) — (20 + 92 — 21)|| < ||20 + 91 — 21] + llz0 + 92 — 21] < 0, 


contradicting (3.10.22). 


STEP 3: G is separating on C%: Let z and w be two points in C% such that 
z—w ¢ G, and let e = mingeg ||z—w—g]|. Let U denote the open ball with center 
z and radius r = 5, and W be the open ball with center w and same radius r. We 
claim that 

a(gi)U Na(g2)W =0, Voi,9g2 € G. 


Indeed if there is z1 € a(gi)U Na(g2)W, we have: 


|z-w+gi- gall = ||(2+91— 21) -(wt+ge—21)|| < |]z+91—21||+ |lwt+ge—21l < e, 


which contradicts the definition of e. 


STEP 4: The quotient space is compact: We note first that the columns of A 
together with the standard basis form a basis of C% over the real numbers. Indeed, 
let x,y € R9 be such that « + Ay = 0. Then, 


(c+ Ary, y)co + i(Ary, y)co = 0. 


Since (a + Ary, y)co € Rand (Ary, y)co > €(y, y)ca we conclude that « = y = 0. 
Let now z € C. It can be written as 


2=m+e+ An +y) 


where m,n € Z9 and where the entries of x and y are in [0,1). Hence, every 
z € C4 is equivalent to a point in the ball ||z|| < (1 +||All),/g. Since the canonical 
projection onto C9/G is continuous, and since ||z|| < (1+ ||A|l),\/g is compact, we 
conclude that C9/G is compact. 


Solution of Exercise 3.8.34: We first assume that such a complex structure exists, 
and show what it should be. This will show existence and uniqueness of a complex 
structure on X with the required property. 

Since Y is a Riemann surface, every point y € Y has an open neighborhood, 
say U,,, diffeomorphic to an open subspace of C, via a map 


py : Uy — py(Uy), 
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and the chart (Uy, y,) belongs to the complex structure of Y. This neighborhood 
can be assumed small enough so that p is a homeomorphism from p~'(U,) onto 
U,. We can assume that U, is chosen also small enough so that there exists a 
homeomorphism w, from p~'(Uy) onto wy(p~!(U,y)) C C, and such that the chart 
(p~'(Uy), ~y) belongs to the complex structure of X, if such a structure exists. 
The map p will be analytic if and only if the map 


1, =pepey,”, dy (p-*(Uy)) — (Uy) 


is analytic. We claim that under this constraint, the charts (p~'(Uy), Py) define 
a complex structure on X. Indeed, assume that two different sets Uy and U, 
intersect. Then the transition map 


byows? 2 ¥z(p-*\(UyNU2)) — by (p-*(Uy NUz)) 
is analytic since 
byob =Ty'ovyopo(ply wy.) 0%: Tz =Ty' ovyo yz oT: 


is analytic. So the complex structure on X is necessarily defined by an atlas of the 
form 
i © Yy © (p|y,)°s (3.10.25) 


where Ty is analytic and one-to-one on y, (Uy). 


The previous result is of special importance when Y is taken to be the Rie- 
mann sphere. 


Solution of Exercise 3.9.2: The function d is symmetric and positive. By definition, 
d(x,y) = 0 if and only if « = y. The triangle inequality is directly checked by 
inspection. If all three elements x, y, z are pairwise different, it reduces to 1 < 2, 
and similar remarks hold for the other cases. 


Solution of Exercise 3.9.3: Let D = rh. Since d(x, y) = d(y, x) and d(x, x) > 0 for 
all x,y € E the function D is clearly symmetric and positive. To prove the triangle 
inequality one uses the following standard argument. Let u,v, w € [0,00) be such 
that u << v+w. Since v+w <v+w-+vw and since the function a(x) = +. is 
increasing, we have: 


U+w+vuw 
usvtw=>> 


ltu7~ 1l+v+wt+ow 


Hence, 


= + ‘ 
l+tu” 1lt+vt+wt+ow” ltv+wt+ovw 1l+v 1l1+w 


U 2 v+w+uw Z v+w+2vw v w 
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Thus, 


(3.10.27) 


u=d(,y), v=d(e,z) and w=d(zy) (x,y,z € B) 


we see that D satisfies the triangle inequality, and hence is a semi-metric. Finally, 
D(a, x) = 0 if and only if d(x, 7) = 0, and so D will be a metric if and only if d is 
a metric. 

Since a (possibly infinite, with non-negative weights) converging sum of semi- 
metrics is still a semi-metric, we have that (3.9.1) is a semi-metric. It will be a 
metric if and only if the following condition is in force: 


Va,y€Ebesuchxa#y, IneEN suchthat d,(a,y) 40. 


Solution of Exercise 3.9.4: Conditions (1)/ and (2) in the definition of a semi-metric 
are inherited from the corresponding conditions (1) and (2) on d (one could even 
assume d to be a semi-metric). The triangle inequality follows directly from (3.9.2) 
with 

c=d(a,y)<a+b, with a=d(a,z) and b=d(z,y). 


Finally y(d) will be a metric if and only if y vanishes only at the origin. 


Solution of Exercise 3.9.9: The fact that dis a metric follows from Exercise 3.9.3, 
or from the previous exercise. Let now (z"))nen be a Cauchy sequence in (EF, d): 


Ve>0,4PEN, p,g>P => rT Pay 


n= 


1 


In particular, we have: 


= 1 [2P) — 269 
Ve >0, JPEN, p,.g> P= VneN, — 


For € such that 2"¢ < 1 this means that 


and in particular for every n € N, the sequence (2? \ nen is a Cauchy sequence of 
numbers in D. Let 


Zn = lim zl), and z= (Zn)nen- 
poco 
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We claim that limp... d(z, z()) = 0, and hence that (£,d) is complete. Indeed, 
let € > 0 and take N such that \7°° 4, 57 < € For every n € {1,..., N} there 
exists a number P,, (which depends on 7m) such that 


Therefore, for p > maxn=1,2,....v Pn we have 


d(z,z)) < 2e. 


Solution of Exercise 3.9.11: Consider first x € (0,1) and p > 0. Let y € E. Then, 
y € Bo(x, p) if and only if |a — y| < |xy|p, that is, if and only if 
(w—y)* < p’a*y’, 


i.e., if and only if 
y?(1 — #77) — Qyr +2? <0. (3.10.28) 


We now assume that 
1—a'*p* >0. (3.10.29) 


Then, (3.10.28) is equivalent to 


x - x? x? _ a pr 
Y Toe) <C-e pp 1-2) 0-2 


Thus, when (3.10.29) is in force we have: 


Bo(x, p) = By(x1, p1), (3.10.30) 
where : 
x x” p 
= f osc 3.10.31 
ZY La wpe an P1 (1 _ rp?) ’ ( ) 


when p is assumed such that By(a1, 91) C EF. When x = 1 we look for p; such 
that 


Bo(1, p) = By(1, pr). (3.10.32) 
But y € Bo(1, p) if and only if it belongs to EF and satisfies 
2 2 
1 p 
a —— 3.10.33 
(v iF) dp ( ) 


that is, if and only if y € Cony 1]. Thus we need to have 


1—p, = (3.10.34) 


1+p’ 
and p1 = cnare But any open set in 72 can be written as a union of open balls of 
the forms (3.10.30) and (3.10.32), and thus 72 C 7i. 
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To prove the converse inclusion, we invert the system of equations (3.10.31). 
For 2; #1 € E and p; > 0 given we have 


and thus 


2 
L= 2 (: -— (2) €F and By(a,p1) Cc EL. (3.10.35) 


Then, 
Pl Pl 


Thus, for any x; € E and p; such that (3.10.35) is in force we have 
By (21, pi) = Bo(2, p), 


where 


Such open balls are therefore open in 72. The case x; = 1 is considered as follows. 
Given a small enough p; > 0, we look for p such that 


But x € (0, 1] is such that 
|x -—1| <plz| (that is, belongs to B2(1, p)) 


if and only if (3.10.33) holds. It follows that B,(1, 1) = Bi(z4z, aN, and as 
above we need to have (3.10.34), where now the unknown is p. Equation (3.10.36) 
follows with p = = This implies that 7, C 72 since every open subset of 7; is 


a union of sets of the form B,(x, p,) for pz small enough. 


The sequence x, = 1/n, n = 1,2,... is a Cauchy sequence for the metric d), 
and has no limit in E. Thus (F,d,) is not complete. Note that (ap)nen is not a 
Cauchy sequence for the metric dz since 


dg(@n,%n41) = 1. 
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We now check that (£, dz) is complete. To that purpose, consider the space [1, 00) 
with the metric d,. It is complete. On the other hand, the map 


1 
LH 
x 


is an isometry of metric spaces between (£, dz) and ([1, 00), d,), and so (EF, dz) is 
complete. 


Solution of Exercise 3.9.18: We follow the (quite standard) argument in [269, p. 29]. 
The two sets F, and Fy» are closed and so their distance is strictly positive: 


p= d(F,, F2) = inf d(x1, 22) > 0, 
reF\, 
226 Fo, 


and in fact the above infimum is a minimum. Let 
U; = Urer, B(a, p/3), i= 1,2. 


U, and U2 are open and do not intersect. Still it is not clear that their closure will 
not intersect. We here use the fact that FE is compact, and hence F, and Fy) are 
also compact, to define open subsets of U; and U2 which will satisfy (3.9.4). By 
compactness, 


Fi CO, = UN_, B(2n, p/3) and Fy, COg= U_, B(yn, p/3) 


for some 21,...,2y € F, and y,...,ym € Fo. We check that O; N O2 = 0. In 
view of Exercise 3.1.14, it is enough to show that 


B(a, p/3)N Bly, e/3) = for xe F, andy € Fy. 


Let z belong to the intersection, assumed non-empty, and let (vp)pen and (wp) pen 
be sequences of elements in F, and F» respectively, and such that 


Ra d(Up, z) _ co d(Wp, 2) =0. 


The inequality 
d(x, y) < d(x, Up) + d(vp, 2) + d(z, Wp) + d(wp, y) 
leads to 


2 
joe 
d(a,y) < 3 


which is not possible since the distance between F| and F» is p. 


Solution of Exercise 3.9.19: Take a sequence (a"?)),cy of elements in C. Then, 
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Let n = 1. There exists a subsequence (a¥(-*))),.¢. such that 
lim aJ(hk)) 
k-00 


exists. Let a, denote this limit. We have |a;| < 1. Consider now the sequence 
al (+4)) Tt is bounded by 1/2 in modulus, and therefore there is a subsequence 
((2,k))zen of the sequence (j(1,&))xen such that 


tim a 
k—-00 
exists. Let az denote this limit. We have |a2| < 1/2. Note that we also have 


Jim, of") = 


Iteratively, we build this way a sequence of sequences ((j(n,k))ken) nen and a 
sequence of numbers (a;,)nen such that 


lan| <1/n, n=1,2,... 


and | 
Vm € {1,...,n}, lim alin) eee 
k-0o 
We now use the diagonal process, and form a new sequence pj, p2,... by defining 


pt to be the tth element of the sequence (j(t, k))xen- 


The sequence (pz)ten is not a subsequence of all the sequences (j(n, k))ken, 
j =1,2,..., but the following is true: By construction, for every n, the sequence 
(pi)t>n is a subsequence of the sequence (j(n, k))x>x,, for some k, € N. Therefore, 
all the limits 


: oe. _ 
Jim af?) = an, nm=1,2,.... 


hold. We now prove that: 


(1) (an )nen € C. 
(2) The limit 
lim d(a'?*),a) = 0 (3.10.37) 


holds. This last claim will prove the compactness of C’. 
To prove (1) we note that, for every M EN, 


M 
Donahoe <1. 
n=1 


Letting t + oo we have 


M 
> ne lan|” <1, 
n=1 
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It suffices now to let M — oo to obtain that (a@n)nen belongs to C. Up to this 
stage, one could replace C' by any set of the form 


C(au,. oa) = {" = lo, Yen laal? < 7 


n=1 


where the a, are pre-assigned numbers greater than or equal to 1, this last con- 
dition insuring that 

C(ai, = ) C éo. 
Note that weaker conditions are possible to ensure this inclusion. 


We know that the closed unit ball of 22 (which corresponds to a,, = 1) is not 
compact. To prove (3.10.37) we will make use of the fact that a, = n?. Let « > 0 
and let M €N be such that 


We note that 
Jal?!) — an|? < 2(\a\?/? + lanl?) < 


Thus, we have 


M-1 oe) 
d(a’’s), a)? = @& ai) — ay, ‘) as (>. |a(Ps) — on] 
n= n=M 
M-1 es “ love) 1 
Pi) _ ite — 
M-1 
< (s al?) — ay ‘ + 4e. 


To conclude, it suffices to take 7 such that 


M-1 
& Japs) _ on] <e. 
n=1 


This is possible since we have a finite sum. 


Remark 3.10.3. To illustrate the diagonal argument above, consider the case where 
the sequences are as follows: 


j,k) : 123 45 
j(2,k): 23 45 
4(3, k) 3.45 


Then the sequence (p;)¢en coincides with the first sequence. 
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Solution of Exercise 3.9.20: The proof of the previous exercise goes through till 
the argument to prove (3.10.37), which has to be changed as follows: let € > 0. 
There exists M € N such that 


ed 
— <e. 
nae OW 
Thus 
M-1 fore) 
d(a®s) ,a)? = (s al?i) — ay ‘) 4 (>. jae) —a r) 
n=1 n=M 
M-1 fore) 1 
= (pj) _ 2) 4 as (p35) _ 2 
(3 erent) + (So Pont? on 
n=1 n=M 
M-1 fore) 1 
< (3) _@ 2 | 4 a ( (p5) |2 *) 
< (Slo? on?) +2( 5° (lal? + ano 
n=1 n=M 
M-1 
< ( al?) — an ‘ + de, 
n=1 


since 


anlaP?|? <1 and anlan|? < 1. 


Solution of Exercise 3.9.21: We first assume that the metric space X is sequentially 
compact, and follow the arguments from [95, pp. 166-167] and [284, pp. 86-87 
to prove that X is compact. Let thus X = Uje7O; be an open covering of X. We 
prove (3.9.6), that is 


de Vane X, i EI, B(x,e) c Oj, 


by contradiction. Assume no such € > 0 exists such that (3.9.6) holds. Then, there 
exists a sequence 21, %2,... of points of X such that 


Viel, B (, *) COs (3.10.38) 


By hypothesis, there is a subsequence of points of X, which we still denote by 
1, %2,..., which converges in the metric of X to some point x € X. There exists 
. € I and p > 0 such that B(x,p) C O,, and this contradicts (3.10.38) since 
B(an,+) C B(x, p) for n large enough. 
We also prove the second claim by contradiction. Suppose that there is « > 0 
such that 
X #AUN_, Blan, €), N=1,2,... 
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for any choice of x1, 22,.... One then builds by induction a sequence of points 
of X such that d(a,,2%m) > € for n # m, and this contradicts the sequential 
compactness hypothesis. 


Solution of Exercise 3.9.22: We first show that condition (3.9.7) implies the con- 
tinuity of f at the point t. We proceed by contradiction. Assume that f is not 
continuous at t. Then, there is a neighborhood V of f(t) such that for every 
neighborhoods W of t, 


SW) EV. 


We now use the hypothesis that E is a metric space, and choose 
1 
W=B({t,-]), n=1,2,... 
n 


For every n € N there exists t, € B(t,+) such that f(tn) ¢ V. In particular, 
f(tn) + f(t). But d(t,tn) < 4, and this contradicts the hypothesis. 


Conversely, assume that f is continuous at the point t. By definition, for every 
neighborhood V of f(t) there exists a neighborhood W of t such that f(W) CV. 
Since F is a metric space, there exists « > 0 such that B(t,e) C W. Let now 
(tn.)nen be a sequence such that limy,+. d(t, tn) = 0. Let N be such that 


n>N => dt,tn) <e. 


Therefore 
n> N => ty € W, 


and it follows that (3.9.7) holds. 


Remark 3.10.4. We note that the converse assertion is true in fact for a general 
topological space. We also note that the direct assertion in the preceding result 
remains true when E is not necessarily a metric space, but the given point of E 
is then required to have a countable basis of neighborhoods. 


Solution of Exercise 3.9.24: The function f is in particular continuous, and so 
f(E) is compact. Since EF is compact, it is in particular a Hausdorff space, and 
f(E) is closed in E, since any compact subspace of a Hausdorff space is closed. 
Assume now by contradiction that 


FE) GE, 


and let e € E \ f(E£). Set « = d(e, f(E)). We have that « > 0 since f(£) is closed 
(recall that the set of elements with distance 0 to a given set is its closure). Define 
the diameter of J C E by 


diam J = sup d(a,y). 
x,yed 
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Let N be the minimal number of open sets of diameter less than or equal to 2£ 


3 
which cover EF. 
B= UN adi 


Such a number exists since E’ is compact and can be covered by a finite number 


of open balls of radius 3, and the diameter of such balls is less than or equal! 


to =£. There is a ig such that e € Jj,. We claim that J;, 9 f(E) = 0. Indeed, if 
f(t) € Ji, N f(E), we have 
2€ 
d(e, f (t)) < 3” 


but d(e, f(t)) > € by definition of the distance. Without loss of generality, we 
assume that ip = N. Therefore 


f(E) CURDS, 
and (see (1.1.6) for the first inequality and (1.1.1) for the second one) 
Ec ff (f(E)) CUR Sf (Fi). 
The sets f~1(J;) are open since f is continuous. We now check that 
diam f-1(J;) < diam J;, i=1,...,N—1. 


Indeed, let u,v€ f~'(J;). Then f(u) and f(v) both belong to J; and d(f(u), f(v)) 
2. Since f preserves distance we have 


d(u,v) = d(f(u), f(r)), 


IA 


and so 


diam f~'(J;) = uP ane = HFM), FO) < diam J;. 
u,vEefr-t Ji u,vef-} Ji 
(3.10.39) 


This contradicts the minimality of N. 


Remark 3.10.5. We note that the same proof works for the condition (3.9.10). 
Now (3.10.39) becomes 


diam f~1(J;) = cone < EE og OH < diam Jj. 
uve f-1(J; u,vef (Ji 
(3.10.40) 


Solution of Exercise 3.9.25: We have to show that i sends the (equivalence class) 
of the zero element in £2 to the (equivalence class) of the zero element in EF). Let 
0 € Ey and let (rn)nen be a Cauchy sequence in the || - ||: norm and tending to 0 
in Fy. Using (3.9.11) we see that (Tn)nen be a Cauchy sequence in the || - ||; norm 
and tends to 0 in FE). So 7(0) = 0 and 2 is well defined. 


lt could be strictly less than 2, for instance in an ultra-metric space. 
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Solution of Exercise 3.9.26: Consider the sequence of functions r = (7n)nen defined 


by 
: 1 
m= t if t€ (0, wal 


1 
a if te€ [ear I 


? 


(Tn)nen is a Cauchy sequence with respect to the norms || - ||; and || - |/2. It tends 
to 0 for || + ||; but not for || - ||2 since 


1 


— +1. 
ae 


Ilrnll2 = 
Let now x be a Cauchy sequence for || - ||2. Then 

e(a +r) = e1(z) 
since r tends to 0 in the norm || - ||;, while 


eo(a +1) 4 €2(x) 


since r does not tend to 0 in the norm || - ||2. 


Chapter 4 


Normed Spaces 


In the present chapter we discuss important classes of normed spaces, and in 
particular, Hilbert spaces and Banach spaces. We also discuss indefinite inner 
product spaces. A distinguished class of Hilbert spaces, namely reproducing kernel 
Hilbert spaces, is studied at a later stage in Chapter 7. These various notions play 
an important role in the third part of the book, dedicated to spaces of analytic 
functions and their operators. 


4.1 Normed Banach and Hilbert spaces 


In this section we present various exercises related to normed spaces, and in partic- 
ular Banach spaces and Hilbert spaces. We mention the Bergman space B2(Q) (see 
Exercise 4.1.17), which is the first instance of reproducing kernel Hilbert space ap- 
pearing in this book (and historically, certainly one of the first explicit instances, if 
not the first, of reproducing kernel Hilbert space; see [70]). We also point out the 
exercises on operator ranges and complementation; see Exercises 4.2.40, 4.2.41. 
We first recall a number of definitions and results. 


Definition 4.1.1. A semi-norm in a vector space V (over the real or the complex 
numbers) is a map p from V into [0,co) with the following two properties: 


(1) For all u,v € V: 


p(u + v) < p(u) + plo. (4.1.1) 
(2) For all A € C (or R, if V is a real vector space) and all v € V: 
p(dv) = |d| - p(v). (4.1.2) 


If moreover it holds that: 
(3) p(v) = 0 if and only if v = 0, 


the semi-norm is called a norm. 
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Given a semi-norm p, the set 
{v EV; p(v) < 1} (4.1.3) 


has special properties. To explain this, we need first some definitions. 


Definition 4.1.2. A subset A C VY is called absorbing if for every v € V there exists 
ty > 0 such that (with real or complex z depending on the setting) 


lz])<t, = > 2veEA. 


It is called balanced if for every v € A and z € D (or z € [—1,1] in the real case) 
the vector zu € A. 


Remark 4.1.3. In the definition of an absorbing set, v € V while v € A in the 
definition of a balanced set. 


Question 4.1.4. Let p be a semi-norm on a vector space V (see Definition 4.1.1). 
Then the set (4.1.3) is absorbing, convex and balanced. 


Exercise 4.1.5. Given an example of a balanced but not absorbing set, and of an 
absorbing, but not balanced, set. 


Question 4.1.6. Let A be an absorbing balanced convex set. Then 
pa(v) =inf{t>0 : ve tA} 
is a semi-norm (called the Minkowski functional). 


Hint: The fact that A is absorbing guarantees that p, is finite. The convexity 
implies the sub-additivity property (4.1.1), while property (4.1.2) holds since A is 
assumed balanced. 


Remark 4.1.7. When there is an underlying suitable topology, a closed absorbing 
balanced convex set is called a barrel. See Definition 5.1.9 below. 


Exercise 4.1.8. Let Q C C be open and connected, and let K C Q be a compact set 
with non-empty interior (for instance, 


K ={2€C;|z— 20 Smo} 
for some zo € Q and ro > 0). Show that 


px(f) = max|f(z)| (4.1.4) 


is a semi-norm on the space C(Q) of functions continuous on Q, and is a norm 


on H(Q). 
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Although px is a norm on H(Q), it does not quite take into account the 
structure of the latter. A natural path is to cover 2 by an increasing sequence of 
compact sets Ko, Ky,... such that 


Ko CkKi¢ Ky CK9¢ es 


and in particular, with non-empty interiors, 
co 
OS ||) Ke (4.1.5) 
n=0 


see Exercise 5.6.2, and consider all the associated norms. These norms define a 
topology, defined by a metric. See Exercise 5.6.3. 
A similar remark holds for the semi-norms px. Note in particular that if a 


continuous function on 2 is such that px(f) = 0 for all compact subsets of Q, 
then f = 0. 


A norm defines a metric via the formula d(u, v) = ||w—v||, and hence induces 
an associated topology, called the strong topology. We denote by V’ the topological 
dual of Y, that is the family of linear functionals continuous with respect to this 
topology. Recall that V’ endowed with the norm 


lle|l’ = sup |e(o)| (4.1.6) 
lois 


is a Banach space. 


Definition 4.1.9. Let V be a normed space. The o(V’, V) topology on V’ (also called 
the weak-* topology) is the coarsest (that is, smallest) topology for which all the 
linear functionals 

pry(v), veEY, (4.1.7) 


are continuous. 


Exercise 4.1.10. Show that the map (4.1.7) defines a homeomorphism X: 


(X(y))(v) =v), VEY, (4.1.8) 


from V’ endowed with the o(V’,V) topology onto its image X(V') C CY endowed 
with the topology induced by the product topology. 


As is well known from the Hilbert space case, the norm (4.1.6) need not be 
continuous in the o(V’, V) topology. Indeed, consider an infinite-dimensional (say, 
separable) Hilbert space H with inner product (-,-) and associated norm || - ||. If 
(€n)nen is an orthonormal basis of H, Parseval’s inequality implies 

lim (h, en) = 0 


n—->co 
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while |le,,|| = 1 for all n € N. Thus the sequence of functionals 
h e+ (hyn) 


goes to 0 weakly while the sequence of their norms does not tend to 0. The following 
related exercise is taken from [114, (12.15.8) and (12.15.9), p. 76]. See Definition 
3.4.7 for the notion of a lower semi-continuous function. 


Exercise 4.1.11. Let V be a normed space. Then: 
(1) The norm ||-||’ 1s lower semi-continuous with respect to the a(V', V) topology. 
(2) Let V denote a separable normed space. Then every closed ball in V' is metriz- 
able and compact in the o(V',V) topology. 


Hint: (see for instance [114, p. 75]) For (2), consider a countable dense subset 
U1, V2,--. of the closed unit ball of V and show that, on the closed ball 


{eg €V; |le— voll’ <r}, (4.1.9) 


the o(V’, V) topology coincides with the topology generated by the semi-norms 


dn(y) = |e(vn)|, n=1,2,... 


This latter topology is metrizable. 


A slight adaptation of the arguments in the proof of this exercise allows us 
to solve the following exercise (see for instance [153, p. 36}): 


Exercise 4.1.12. Let V be a Banach space. Show that in V’ endowed with the 
a(V’,V) topology, a closed set which is bounded in the norm || - ||y (defined by 
(4.1.6)) ts compact. 


Hint: Use Exercise 4.1.10 to work in CY and use Tychonoff’s theorem (see Theorem 
3.2.3). 


Remark 4.1.13. In the previous exercises, compactness and closedness are in the 
weak sense, while boundedness is with respect to the topology defined by the 
norm. These two topologies are different, unless the space is finite dimensional. 
It is interesting to ask whether there are examples of infinite-dimensional vector 
spaces, endowed with a topology such that compactness is equivalent to being 
closed and bounded (the latter in an appropriate sense). The answer is yes, these 
are Montel spaces (more precisely, a Montel space is a locally convex Hausdorff 
barreled space in which compactness is equivalent to being closed and bounded) 
and one example of such space is the space of functions analytic in an open set. 
See Section 5.6. 


The following exercise is true in fact in the more general setting of Fréchet 
spaces; see Question 5.3.6. It appears in the setting of Hilbert spaces in [6, Lemme, 
p. 64], where the result is attributed to Gelfand [147]. In the present book the 
exercise is used in particular in the solution of Exercise 4.2.19. 
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Exercise 4.1.14. A lower semi-continuous semi-norm in a normed space is contin- 
uous. 


Hint: (see [114, (12.16.3), p. 84]) Let p be a lower semi-continuous semi-norm in 
the normed space V and let 


Crh ={veEV: piv) <n}, neNn. 


Remark that V = UnenC, and apply Baire’s theorem (see Theorem 3.9.13). 


The following question, taken from [90, Proposition 1.5, p. 4], is one of the 
first steps in the statement and proof of the various geometrical versions of the 
Hahn-—Banach theorem. 


Question 4.1.15. Let V be a normed space, and let X 4 0 be a linear functional on 
VY. Let z € C. Then the set 


{veV : Nv) =z} (4.1.10) 


is closed if and only if X is continuous. 


Remark 4.1.16. The set (4.1.10) is called an affine hyperplane. For z = 0, a 
hyperplane of a given vector space Y can be defined equivalently as a maximal 
proper linear subspace of VY. See for instance [183, p. 41] for a discussion. 


A complete normed space is called a Banach space. For instance the space 
H.,(D) of functions analytic and bounded in the open unit disk endowed with the 
norm 


II flloo = sup |f(z)|, 
zeED 
and more generally, the Hardy spaces H,(D) for p € [1, 00), are Banach spaces. 


Still with p € [1,00), and given a measured space (Q, 6, 4), recall that the 
Lebesgue space L,(, 8, 4) consisting of (equivalence classes) of measurable func- 
tions such that 


| LF(w) Paula) < 00 
Q 


is a Banach space when endowed with the norm 


fle = (feat) ) - 


When p = ov, one replaces the above norm by 


Il flloo = €88-SUPweal f(w)]. 
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The following two inequalities (Hélder’s and Minkowski’s inequalities) play an 
important role. In particular, Minkowski’s inequality shows that || ||, is a norm. 
We begin with Hélder’s inequality. Let p,q € (1,00) be such that 

1 1 

-4-=1, 

P @q 


and let f € L,(Q, 8, 4) and g € L,(Q, 68, u). Then, fg € Li(Q, 8B, yw) and it holds 
that 
fall, < lI fllellalla- (4.1.11) 


Let now f,g € L,(Q, 8, w). Then, f +g € L,(Q, 6, du) and it holds that 


If + gllp < llflly + llgllp- (4.1.12) 


Exercise 4.1.17. Given p € [1,00) and given an open set Q C C, show that the 
space B,(Q) of functions analytic in Q and such that 


1/p 
fle = ( : 1 (2)!Paedy) — 


is a Banach space. Show that the point evaluations 
fro fw), wed, (4.1.13) 


are continuous. 


The case p = 2 in the above exercise is of special importance. It corresponds 
to the Bergman space. The fact that the point evaluations are continuous means 
that the corresponding Hilbert space is a reproducing kernel Hilbert space. For a 
follow-up of this exercise when p = 2, see Exercise 10.1.2. 


The following question is taken from [235, §8, p. 194]. 


Question 4.1.18. Let B denote the space of functions f analytic in the open upper 
half-plane C4 and such that 


fll = |F@)| +f |f'(z)|dedy < co : (4.1.14) 


(1) Show that (4.1.14) defines a norm. 
(2) Show that B is a Banach space and compute its dual. 


Let us now assume that V is a Hilbert space (which we will denote by 1) 
with inner product (-,-)z, and associated norm || - ||z;. As we saw above, the strong 
topology is the topology defined by this norm. Recall now the Riesz representa- 
tion theorem which characterizes linear functionals in a Hilbert space which are 
continuous in the strong topology. 
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Theorem 4.1.19. Let H be a Hilbert space. A map h+> y(h) is a linear continuous 
functional on H if and only if it can be written as 


y(h) = (h, hy) 
for some uniquely determined hy € H. Furthermore 


Iell = llhella- (4.1.15) 


This theorem allows us to identify H with its dual and the weak topology is 
the weakest topology for which the functionals 


he (hiun, wEH 


are all continuous. By the Cauchy—Schwarz inequality these functionals are con- 
tinuous with respect to the strong topology, and therefore the weak topology is 
weaker (that is, smaller) than the strong topology (see Remark 4.1.22 for more 
on this). The weak topology is thus the o(H’,#) topology after identifying and 
H’ via the antilinear map which to y € H associates the functional h +> (h, hy) 1 
(but see the warning [283, p. 121] on this identification). 


Remark 4.1.20. Denote by H* the space of continuous antilinear maps from H. 
into C. Then, # € H* if and only if it is of the form 


(h) = (hy, h) a 
for some uniquely defined hy € H. Thus 
(Ww, h) vy 4 = (hy, h)x, 


where the first set of brackets denotes the duality between H and H*. 


A basis of neighborhoods of the origin of the strong topology consists of sets 
of the form 
{hE H; |All <e}, (4.1.16) 


where € > 0, while the sets 

{hEH; |\(h, hyn] <6, j=1,...,N}, (4.1.17) 
with N EN, hy,...,hw €H and e1,...,€n € Ry, form a basis of neighborhoods 
of the origin of the weak topology. 


Exercise 4.1.21. Let H be an infinite-dimensional Hilbert space. 


(1) Show that sets of the form (4.1.17) contain elements of arbitrary large norm. 
(2) Give an example of a strongly closed set which is not weakly closed. 
(3) Show that a closed and convex set is weakly closed. 
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Hint: In (3), use both the basic separation theorem (see Theorem 1.3.3) and the 
following result, used here in the setting of Hilbert spaces, but stated in the setting 
of topological vector spaces; see Section 5.1 for the latter. 


Remark 4.1.22. It follows from (4.1.16) and (4.1.17) that every weak neighborhood 
contains a strong neighborhood. On the other hand, (1) in the previous exercise 
shows that no strong neighborhood of the form (4.1.16) contains a weak neigh- 
borhood. Thus (as is clear from the very definitions), weak continuity will imply 
strong continuity, while strong continuity will not imply weak continuity. 


Proposition 4.1.23 (see [120, Lemme 7, p. 417]). A linear functional on a topological 
vector space which separates two sets, one of them having an interior point, is 
continuous. 


We recall that every Hilbert space H has an orthonormal Hilbert basis, that 
is, an orthonormal family (e.)aea such that every element h € H can be written, 


in a unique way, as 
h= » (h, a)e€a 
acA 


where the convergence is in the norm of H. We recall Parseval’s equality 


[Il]? = SO dh, ea)? (4.1.18) 


acA 


We barely touched the geometry of Hilbert spaces (let alone Banach spaces) 
in this section. We conclude this section with a discussion on the sum of closed 
subspaces in a Hilbert space. 


Theorem 4.1.24 (see for instance [79, Proposition 9, p. EVT V-14] for a more com- 
plete statement). Let H be a Hilbert space and let H, and Hy be two Hilbert spaces 
isometrically included in H. Let py, and py, denote the orthogonal projections on 
H, and Hy» respectively. Then, the following are equivalent: 

(a) It holds that py,Pu5 = PusPH,- 

(b) We have 

Hy = (Hi N He) + (Hi N Hz). 

When these conditions are in force, the space H, + Hy is closed and the projection 

on it is equal to 
PHi+H2 = PH, + PH. — PHiPHs- 
More generally, one can find in Aronszajn’s paper [52, §12, p. 375] a formula 

(in form of an infinite series) for the orthogonal projection on the sum of two 


closed subspaces, when the latter is closed. Namely it holds that (see [52, formula 
(7), p. 375]): 


P=Pyt+ >) (Pr(PoPi)** + Pa(PiPa)* — (PoPr)* — (PrP2)*), 
k=1 
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where Py denotes the orthogonal projection onto the intersection of the two spaces. 
A discussion of the projection on the intersection of two subspaces can be found 
in [170, Exercise 122, p. 64]. 


When the two spaces have a zero intersection, a necessary and sufficient 
condition for the sum to be closed can also be found there and is as follows: 


Theorem 4.1.25. Assume that HiNH2 = {0}. A necessary and sufficient condition 
for the sum H, + He to be closed is that there exists c > 0 such that 


\|ha + hg]| > cl|hrll, Vhi € Hy and Vhe © He. (4.1.19) 


See Aronszajn’s paper [52, p. 378], who attributes the result to H. Kober ; 
see [205, Theorem 1, p. 135 and Theorem la, p. 136 (the latter for more than two 
spaces)]. 

For an application of this result see Exercise 10.4.3. 


4.2 Operators on normed spaces 


We denote by L(V, Y2) the space of linear continuous operators from the normed 
space Y, into the normed space V2, and set L(V, V) = L(V) when Y, = Vo(= V). 
The strong operator topology on L(V1, V2) is the topology generated by the semi- 
norms 

TH |Tul, wevr. 


The weak operator topology is the topology generated by the semi-norms 
Tr |p(Tu)|, wevi, pe V3. 


In the case of a Hilbert space, the weak operator topology is the topology 
generated by the semi-norms 


Ts (Tu,v), u,vey. 


Note that the weak topology is coarser than the strong topology, that is, is included 
in the strong topology. To see this (in the setting of some Hilbert space H; see also 
Exercise 4.2.23), let O be an open set in the weak topology. Then, every Tp € O 
is contained in an open set of the form 


V={TEH; (0 —-To)f.9)l < 


for some f,g € H and € > 0. But Ty € W, where W C V is the set 


{re te Neen a wi: 


so O is open in the strong topology. 
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Definition 4.2.1. Let VY; and V2 be two normed spaces. A linear operator from VY, 
into V2 is called bounded if it maps bounded sets into bounded sets. 


Item (2) in the following question is false in the setting of general topological 
vector spaces. Being bounded and being continuous are not equivalent in general 
in that general setting. More precisely (see, e.g., (307, Proposition 14.2, p. 138]), 
a continuous map between topological spaces is bounded, but the converse need 
not hold. 


Question 4.2.2. 


(1) In the notation of Definition 4.2.1 a linear operator T is bounded if and only 
if there is K > 0 such that 


|Turilo < K]loilfs, Vuy E€ V\. 


(2) Show that a linear operator between two normed spaces is continuous if and 
only if it is bounded. 


Exercise 4.2.3. Let (Xj, || - ||1) and (Xa, || - ||2) be two normed spaces, and assume 
that X, C Xe and that the inclusion map from X, into X2 is continuous. Show 
that the topology induced in X1 by || - ||z2 is coarser than the topology of Xy. 


Remark 4.2.4. The preceding exercise applies in particular when 


|zl2 < lala, Va © XX. 


One can ask the following question: Given an increasing family of normed spaces 
(Xn, || -IIn), m = 1,2,..., with decreasing norms. Is there a natural topology on 
UnenXn, which takes into account this structure? The inductive topology answers 
the question. 


We now turn to operators in Banach spaces. As already mentioned (see Re- 
mark 3.2.15), Baire’s theorem is used in the proof of two important results, the 
uniform boundedness theorem (that is, the Banach-Steinhaus theorem) and the 
open mapping theorem; see Theorem 4.2.15 for the latter and Theorem 4.2.6 for 
one of its important corollaries. The uniform bounded theorem takes the following 
form in Banach spaces: 


Theorem 4.2.5. Let (Ta)aea be a family of linear bounded operators from a Banach 
space B, into a Banach space Bz, and assume that 


sup ||Tabi|| < co, Vbi € By. 
acA 


Then, 
sup ||Ty|| < 00. 
acA 
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Everywhere defined linear operators in a Banach (or a Hilbert space; see 
Exercise 4.2.19) need not be continuous. The closed graph theorem gives an im- 
portant characterization of everywhere defined operators which are continuous, 
which is useful in the setting of reproducing kernel Hilbert spaces (see for instance 
Question 7.6.18 for the latter). 


Theorem 4.2.6 (The closed graph theorem). Let B, and Bz be two Banach spaces, 
and let A denote an everywhere defined linear operator from B, into By. Then A 
is continuous if and only if the graph of A 


T(A) = {(0, Ad); b € Bi} 
is closed in By x Bo. 


We refer to [257] for a proof. The result also holds in more general settings. 
See [307]. The equivalence relation appearing in the next exercise is defined in 
Question 1.1.11, and the notion of open map is given in Definition 3.6.1. We will 
give only the answer to the second item in the exercise. We give two hints for 
solving the first item. 


Exercise 4.2.7 (see, e.g., [119, p. 21]). 


(1) Let (B,||- ||) be a Banach space and let M be a closed subspace of B. Show 
that 


b = inf 
[lles;ac = inf |b + ml 


defines a norm on B/M and that (B/M, || - ||a/m) is @ Banach space. 
(2) Show that the canonical projection q from B onto B/M is open. 


Hints: Use the completeness of M to show that || fl /M = 0 implies that f=0. 


To prove completeness of the quotient space, given a Cauchy sequence (Fn )mens 
build a sequence (gn)nen of elements of B such that 


> 1 
gn © fn and |lgn41 — gnll < an’ 


Show that the Cauchy sequence converges to g where g = )\~~_,(gn+1 — gn). To 
prove the second item, consider first an open ball and then make use of (1.1.3). 


Recall that the resolvent set and the spectrum of a linear bounded operator 
T in a Banach space B are defined as follows: 


Definition 4.2.8. The resolvent set is the set of complex numbers such that the 
operator AIg—T is boundedly invertible, and is denoted by p(T). The complement 
of the resolvent set is called the spectrum, and is denoted by o(T). 
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When \ € o(T) the operator \Jg —B is in particular one-to-one onto its range 
ran(AIg — T). A point A can be in the spectrum for one of the three following 
reasons: 


(1) The operator AIg — T is not one-to-one. Such A’s form the point spectrum 
and are called eigenvalues. 


In the two other cases, the operator AJ — T is one-to-one onto its range, but two 
cases occur: 


(2) The operator \Jg — T has dense range. Such 4’s form the essential spectrum. 
(3) The operator \Jg — T has not dense range. Such .’s form the residual spec- 
trum. 


Remark 4.2.9. In the second case we cannot have ran (AIg — T) = B. This is a 
consequence of the open mapping theorem. See Theorem 4.2.15. 


Question 4.2.10. In the notation of Definition 4.2.8 let r, 4 € p(T) and set R(X) = 
(T — AIg)~:. Show that the operators R(X) satisfy the resolvent identity (1.7.4): 
RA) — Rw) = (A )ROA)R(H). 

The operator R()) is called the resolvent function of T, and (1.7.4) is called 
the resolvent equation. 


Theorem 4.2.11. Let T be a bounded operator in a Banach space B. Then, 


r(T) = lim sup a (ac 
noo 


exists and the operator T — AIg is boundedly invertible for all X such that 
|A| > r(T). 


Definition 4.2.12. The number r(T) is called the spectral radius of the operator. 


The spectra of the forward and backward shift operators in the Hardy space 
H2(D) are computed Exercise 8.3.3. 


In the next exercise one computes the integral of the operator-valued function 
(AIg — T)~! along a curve which lies in the resolvent set of T. The reader should 
check (using for instance the resolvent equation) that this function is continuous 
in the operator topology. The integral can then be defined as converging Riemann 
sums in that topology. 


Exercise 4.2.13. Let T be a bounded operator from the Banach space B into itself, 
and let C denote a closed simple contour which does not intersect the spectrum of 
T. Show that 


P= [et —T)-dz (4.2.1) 


ts a projection operator. 
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Hint: See the discussion after Exercise 1.5.5 (which follows the argument in [155, 
pp. 9-10)). 


Definition 4.2.14. The operator P in (4.2.1) is called the Riesz projection corre- 
sponding to the spectrum of T inside C. 


Recall that a bounded operator between Banach spaces is compact if the 
closure of the image of the closed unit ball is compact. For example, if Q; and Q2 
are two open subsets of C such that Q] C Q2, and with p € [1, 00), the restriction 
map from the Bergman space 6,(Q2) into the Bergman B,(1) is compact (recall 
that the Bergman space has been defined in Exercise 4.1.17). See for instance 
(168, p. 61, p. 65], where this fact is used in arguments toward the computation of 
cohomology groups associated with a compact Riemann surface. See also Exercise 
5.7.2 for a similar result. 


In view of Exercise 4.2.17 it is well to recall the following two results: 


Theorem 4.2.15 (The open mapping theorem). Let B, and Bz be two Banach 
spaces and let T be a continuous map from By, onto By. Then T is open. If T is 
moreover one-to-one, then T—' is continuous. 


The proof of this result is instructive (see for instance [90], and, in the setting 
of topological vector spaces, [307, Theorem 17.1, p. 170]). It is divided into two 
steps, which use the hypothesis of the theorem in a dichotomic way. The first step 
makes use of Baire’s theorem and of the fact that the range space is complete. 
The other step uses the completeness of the domain space. The theorem holds in 
the setting of metrizable (not necessarily locally convex) vector spaces. See [79, 
Corollaire 1, p. EVT 1.19] and the discussion after Remark 5.2.9. 


Theorem 4.2.16. The closed unit ball of a Banach space is compact if and only if 
the space is finite dimensional. 


Exercise 4.2.17. Let T’ be a compact operator from the Banach space B, into the 
Banach space Bz. Assume that T is onto. Show that Bz is finite dimensional. 


The following result is taken from [200, p. 9]. 
Exercise 4.2.18. Let B be a Banach space and let t 4 X(t) be a strongly continuous 
function from [0,1] into L(B). 
(1) Show that the function t + ||X(t)|| is bounded. 


(2) Show that it is lower semi-continuous. 


Hint: Let & € R. We have ||X(t)|| > & if and only if there is a b € B such that 
|X (t)b|| > [bl]. Use then the assumed strong continuity of the function X. 


In preparation of the following two exercises we recall that in Hilbert spaces 
there are everywhere defined operators which are unbounded. Constructing such an 
operator requires the axiom of choice. See Exercise 7.5.14. We also recall that the 
adjoint T* of an operator T with domain Dom (T) C H, and range in H2, where 
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H, and Hz» are two Hilbert spaces, is defined as follows. The domain Dom (T*) 
of T* is the set of elements hg € Hz such that the map hi +> (Thi,h2)x, is 
continuous (or more precisely, extends to a continuous map from H, into C). One 
defines then 

(Thi, he)u, = (hi, T*ho)n,- 


The vector T*hg is well defined in view of Riesz representation theorem (see The- 
orem 4.1.19). 


The first of the two exercises alluded to above is a classical result, which can 
be found for instance in [114, Theorem 12.16.7, p. 87]. 


Exercise 4.2.19. Let H be a Hilbert space and let A be an everywhere defined 
operator in H. 


(1) Assume A weakly continuous. Show that A has a continuous adjoint and is 
continuous. 
(2) Assume that A is self-adjoint. Show that A is continuous. 


Hint: In (1), to show that the adjoint is continuous, remark that the map 


g + sup |(Ah,g)| (4.2.2) 
heH 


|hl|<1 


is a lower semi-continuous semi-norm, and use Exercise 4.1.14. 


A slight rewriting of the preceding exercise gives: 


Exercise 4.2.20. An everywhere defined operator A in a Hilbert space H. is bounded 
if and only if it has an everywhere defined adjoint A*. Then, 


7 Ty — A*A = 0 
for some c>0. The smallest such c is equal to the norm of A. 


Question 4.2.21. Let T be a bounded operator from the Hilbert space H into itself 
and let 


T4+T* T—T* 
= B = 
2 aon Di 


denote respectively its real and imaginary part. Show that 


A 


|All <2] and Bil < ITIL 
Hint: Use the fact that ||T'| = ||T*|]. 


The operators appearing in the following question are the Hilbert—Schmidt 
operators. We refer for instance to [257] for the prime definition of these operators. 
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Question 4.2.22. Let H be a separable Hilbert space, and let (€n)nen and (fn)nen 
be two orthonormal basis of H. Let (An)nen be a sequence of numbers in (N). 
Show that the formula 


n=1 


defines a bounded operator from H. into itself. 


We recall that a sequence of bounded operators in a Hilbert space H converges 
weakly to the bounded operator A if 


Jim (Anf,9) =(Af,9), Vig €H, 
and it converges strongly to A if 
lim |Anf — Af|=0, Vf eH. 


Exercise 4.2.23. Show that the weak topology is coarser than the strong topology, 
which is itself coarser than the operator topology. 


Question 4.2.24. Let Hi, H2 and H3 be three Hilbert spaces. Show that a bilinear 
form from H, x Hz into H3 which is separately continuous is jointly continuous. 


The preceding result is in fact true in much more general situations, in the 
general setting of topological vector spaces. See for instance [307, Corollary, p. 354 
and Theorem 41.1, p. 421]. 


Multiplication of operators in Hilbert space is trivially jointly continuous in 
the operator norm topology, but (as is required to be proved in Exercise 4.2.25) 
fails to be jointly continuous in the weak and strong operator topologies. The 
reason is that L(H) is not metrizable in these topologies (but see Exercise 4.2.26 
for more results on metrizability). To find a proof that multiplication is not jointly 
continuous in the strong topology is not that easy, notwithstanding von Neumann’s 
stating in [191, p. 382] that ... auch hier sind Gegenbeispiele so einfach, dass wir 
sie tibergehen. To quote Halmos in [170, p. 61] about the counterexamples, the 
quickest ones require unfair trickery. One approach uses the strong density of 
operators with vanishing square (T’ € L(H) such that T? = 0); see [170, Problem 
111, p. 61, p. 152 and p. 248]. We here follow another approach, taken from [116, 
Exercise 2, pp. 45-46] and [67, pp. 116-117]. Hints are given after the exercise. 


Exercise 4.2.25. Let H be an infinite-dimensional Hilbert space. Show that the 
multiplication operator fails to be jointly continuous, when the domain is endowed 
with the strong operator topology, and the range is endowed with either the weak 
or the strong operator topology. 


Hints: To prove that multiplication is not continuous one can proceed as follows 
(see [116, Exercise 2, pp. 45-46] and [67, pp. 116-117]). Take h,hi,...,hn, kK EH 
and set 

U={TEL(H) suchthat |(Th,k)| <1}, 
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and 
W={TEL(H) suchthat |/Th;||<1, j=1,...,N}. 


Then: 
(a) Show that there is m € H of norm 1 and such that 


sup ||/Z'm]| = co. (4.2.4) 
Tew 


(b) Build T; € W such that Th = Am for some A > 0. 
(c) Build a contraction Tz € W such that ||T2T)Al| > 1. 
(d) Build a contraction T3 such that (T3T2Tih, k) > 1. 
This ends the hints to Exercise 4.2.25 for proving the lack of joint continuity 
of the product in the strong operator topology. We also note that the map (T, S') 
TS in L(H) is separately weakly or strongly continuous. 


As a consequence of Exercise 4.2.26 below, we have that multiplication is 
sequentially jointly continuous in L(#) (see [67, Exercise 6, p. 116]). Note that 
Exercise 4.2.26 below is a direct consequence of Exercise 5.2.1 if one recalls that 
L(H) is the dual of the space of trace class operators on H. See for instance [67, 
Theorem 2.1, p. 101] for this well-known fact. Here a direct proof without Exercise 
5.2.1 is sought for. For references to Exercise 4.2.26 we send the reader for instance 
to [116, p. 30], [79, Chap. IIT] and [170, Chap. 14, p. 63]. 


Exercise 4.2.26. 


(1) Let H be a separable Hilbert space. Show that the closed unit ball of L(H) is 
not compact in the strong operator topology, while it is compact in the weak 
operator topology. 

(2) Show that it is metrizable in the weak operator topology. 

(3) Show that multiplication is sequentially jointly continuous in L(H). 


In the study of compact Riemann surfaces we often encounter, sometimes in 
an unexpected way, results from functional analysis needed to prove that some 
underlying vector spaces (for instance cohomology spaces) are finite dimensional. 
One such example is presented in the sequel in Question 5.3.3. Another such result 
is given in the following question, taken from Gunning’s book [168] on Riemann 
surfaces. 


Question 4.2.27 (see [168, Lemma 9, p. 66]). Let S and K be linear continuous 
operators from the Hilbert space H, into the Hilbert space H2. Assume that S$ 
is onto and K is compact. Then the operator S — Kk has closed range of finite 
codimension. 


The notion of positive matrices was recalled in Definition 1.6.1. More gener- 
ally in the setting of Hilbert spaces, one has: 


Definition 4.2.28. A bounded operator I from the Hilbert space H into itself is 
called positive if 
(Th, h)y > 0, VREH. (4.2.5) 
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The notion can be extended further to operators from a topological vector 
space into its anti-dual. See Remark 4.2.37 and Definition 5.5.1. One can also 
consider unbounded operators. See Definition 4.3.10. 


Exercise 4.2.29. Let T be a everywhere positive operator in the Hilbert space H. 
Show that T is Hermitian and bounded, and that T'” is positive for everyn EN. 


Exercise 4.2.30. Let H be a Hilbert space and let A be a bounded positive operator 
from H into itself. 
(1) Show that 


AFIS VIIAIW (AS ff), VP eH. (4.2.6) 


(2) Show that a weakly convergent increasing sequence of positive operators con- 
verges strongly. 
(3) Let (An)nen be an increasing family of bounded positive operators such that 


(Anf, f) <00o, Vf EH. (4.2.7) 


lim 

noo 
Show that (An)nen converges strongly to a positive operator. 
As a corollary of the previous exercise we have: 


Exercise 4.2.31. Let [ be a bounded positive operator. Show that there exists a 
positive operator X such that X* =T. 


One way is to proceed as in [170, Problem 121, p. 64]. Assume that I has 
norm less or equal to 1 and define a sequence of operators Xo, X1,... by Xo = 0 
and 


1 
Xnti = 5(U-T) + Xn), n=0,1,..., 


and apply Exercise 4.2.30. We here propose in the hint below another way, used 
in [88, Lemma 2.2] to tackle the quaternionic setting. 


Hint: Consider the power series expansion 
co 
Vl-z=1- oar lz| <1, 
n=1 
and let 
N 
Dy =I1-Soa,(I-T)", NEN. (4.2.8) 
n=1 
Assuming T strictly contractive, show that (Dy )nen is a decreasing sequence of 
positive operators converging in the operator norm to an operator X satisfying 
X?=T, 


The operator X in the previous exercise is uniquely defined and denoted 
by VI, or '/?. It is called the (positive) squareroot of I. The existence of the 
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squareroot is part of the various equivalent characterizations of a positive operator, 
as given in the following theorem. For the finite-dimensional version see [CABP, 
Proposition 14.3.2, p. 485]. 


Theorem 4.2.32. Let T be a bounded linear operator from the Hilbert space H into 
itself. Then the following are equivalent: 
(1): FP 0; 
(2) T ts self-adjoint, and its spectrum (which is real) lies inside a bounded set of 
(0, 00). 
(3) There is a positive operator X from H into itself such that T = X?. 
(4) There exist a Hilbert space C and a linear bounded operator C' from H. into 
C such that ker C* = {0} and 


T=C"C. (4.2.9) 


For matrices, yet another characterization is: 


Theorem 4.2.33. The matric A € CN*% is positive if and only if there exist a 
Hilbert space H and elements f,..., fn € H such that 


ayn = (fu, Fa) 


The matrix is strictly positive if and only if the vectors fi,...,fn are linearly 
independent. 


As an application we have: 


Exercise 4.2.34. The matrix (1.6.5) 


i i —_ 
1 2 I+N 
i i i. 
2 3 2+N 
1 1 1 
N+1 N+2 2N+1 


is strictly positive. 


Definition 4.2.35. Given a Banach space B, its anti-dual 6* is the space of its 
anti-linear continuous functionals. 


Question 4.2.36. The anti-dual of a Banach space is a vector space. It is a Banach 
space when endowed with the norm 


|flla-= sup |f(0)|. 


bEB,||b||<1 


Note that the following remark requires notions which appear in the sequel 
of the book. 
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Remark 4.2.37. It is a fascinating fact that the notion of positivity can be extended 
to operators [ from a Banach space into its anti-dual, or more generally, from a 
topological vector space V into its anti-dual V*, by replacing (4.2.5) by 


(Cv, v)y,y« > 0, (4.2.10) 


where (-,-)y,y* denotes the duality between V and Y*. Factorizations of the kind 
(4.2.9) do not exist in every topological vector space. The class of spaces for which 
factorizations always exist has been characterized in [162]. It includes Banach 
spaces and nuclear spaces. 


Exercise 4.2.38. Let T be a positive operator in the Hilbert space H. Show that 
ker = ker VT. 


For the next exercise, see for instance [120, Theorem 10, p. 604]. The result 
itself is called the spectral mapping theorem. We will use it in Exercise 6.1.31 to 
compute the spectrum of the Fourier transform. 


Exercise 4.2.39. Let T be a bounded operator in the Hilbert space H, and let p be 
a polynomial. Then, 
p(o(T)) = o(p(T)). 

Operator ranges play an important role in the theory of reproducing ker- 
nel Hilbert spaces. We review in the next exercise some of the relevant aspects 
of this notion. For a follow-up exercise when the space is a reproducing kernel 
Hilbert space, see Exercise 7.5.17. The case of unbounded operators is considered 
in Question 4.3.14. 


Exercise 4.2.40. Let H be a Hilbert space and let 1 be a positive bounded operator 
in H. Let VV denote the unique positive squareroot of T (see Exercise 4.2.31 for 
the latter) and let x denote the orthogonal projection from H onto Ker x. The 
space ran VT with the norm 


|| VPullr = |Z — m)ulloe (4.2.11) 
is a Hilbert space. Moreover, for u,v © H. 
(Tu, Cv)r = (Cu, v) 4. (4.2.12) 


In fact, as proved in [283, p. 150], any Hilbert subspace of the Hilbert space 
H is of this form. See [283, formulas (4.19), (4.20), p. 151]. 


Exercise 4.2.40 is a particular case of the following result in [283, §8, p. 174]. 
Take € and F two locally convex spaces with appropriate properties and let u be 
a weakly continuous map form € into ¥. Then u(€) is a Hilbertian subspace of 
F. We refer to the discussion in [283, 88, p. 174] for more details. We also refer 
to [283, $10, p. 208] where the case where €’ is a subspace of € is considered; it 
includes in particular the case where € is a Hilbert space. 
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If H, is a closed subspace of a Hilbert space H it is well known that there 
exists an orthogonal complement to H1 in H. This space, denoted H© H1, or H7, 
has the following property: 


Every element h € H admits a unique decomposition 
h=hi+he, hi€Hi1, hee Hy 
such that 
[Al]? = |[rall? + [lAall?. 


The theory of complementation is an extension of this result when the space 
H, is contractively included in H. 


Exercise 4.2.41. Let (Hi, (-,-)1) be a Hilbert space contractively included in a 
Hilbert space (H,(-,-)). There exists a uniquely defined Hilbert space (Ha, (-,-)2) 
contractively included in (H, (-,-)) and with the following property: Every element 
h in H admits decompositions of the form h = hy + hg with h; © H;, i =1,2. For 
every such decomposition 

[Al]? < [ro llt + alld, (4.2.13) 


and there is a unique decomposition for which equality holds. More precisely, let 
i, denote the inclusion map from H, into H. Then 


H, =ran V/iii%, Hy = ran Ty — ini%, (4.2.14) 
with the corresponding lifted norms and 
h= (it{)ht+ Ty — tni{)h (4.2.15) 
is the decomposition of h for which equality holds in (4.2.13). 


The space Hz is called the complementary space of H; in H. We will denote 
H2 = H{. From the uniqueness of the complementary space we have 


cc 
{= Hy. 


Complementation plays an important role in the theory of reproducing kernel 
Hilbert spaces, and in particular in the theory of de Branges—Rovnyak spaces; see 
(85, 86, 104]. 


In the setting of operator ranges, Exercise 4.2.41 gives the following general- 
ization of Exercise 1.6.11 (see [133]). See also Theorem 7.5.22. 


Question 4.2.42. In the notation of Exercise 4.2.40, let, andT2 be two continuous 
positive operators in the Hilbert space H. Then 


ranvV/l, + To = ran\/T; + ran /To, 


and the sum (endowed with the lifted norm) is orthogonal if and only if 


ran /T, Mran /T2 = {0}. 
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Hint: We outline part of proof following the arguments in Exercise 1.6.11. In view 
of the positivity of the operators Ty and T2, the map 7; defined by 


q(T + T2)h) = TA, he H, 
extends to a contraction from ran) + V2 into ran /I'j. Its adjoint is given by 


(VT ih) = (VTrA), 


and so ran, Cran VI, + T2. Defining similarly a map jz we get 


ran JT; +ran./T2 C rany/T, + To. 


Define now a densely defined map 


T : ranyv/Ty+To — ran /T; + ran V/T'2 


by 
T((U1 +T2)h) = (C1h, Teh). 


Then T extends to an isometry, with adjoint 


T*(VTih, /Tig) = VTih+VTig, hog EH. 


The result follows since 


ranT* + kerT =,./T; +1o, 


and ker T = {0}. The last claim follows also the arguments in Exercise 1.6.11. 


We now present a simple, but illustrative, instance of Exercise 4.2.41. 
Example 4.2.43. Let H = C with the usual norm (the absolute value) and let Hy 


denote also the complex numbers, but with the norm: 


Iz 
€ 


lz I], = 

where0<e< 1. Then Hy is contractively included in H and the complementary 
space Hz is equal to C endowed with the norm 
lel = A. 
vl-é 
The decomposition 

eoee+—e)a 
is the minimal decomposition of x since 


2 2_ 2.9) ./2 d 1-é a. (ley 2_ (41-2 \¢/2 
ler? = Sle? = ele? and A -e)xl3 = FP = 0-2 De. 


The limiting case € = 1 corresponds to H = H, = C as Hilbert spaces and 
Hz = {0}. 
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For an application of the following exercise see Exercise 7.1.7. 


Exercise 4.2.44. Let (H,(-,-)3,) be a Hilbert space, and fork € H, set M;, to be 
the multiplication operator: 


Compute M; and show that 
MEM» = (h, k) x. (4.2.16) 


Remark 4.2.45. The function (4.2.16) is an instance of a positive definite kernel 
(see Definition 7.1.1). This seemingly trivial function is a key player in two impor- 
tant fields. In white noise space analysis, one builds for any real Hilbert space H. 
a probability space (0,8, P) anda map h ++ Q,, from H into the Lebesgue space 
L2(Q, 8, P) such that 

(h,k) = (Qn, Qk) ap- 


See [72, 188]. In free analysis one builds a type IJ, von Neumann algebra with 
trace 7 andamaph+r> Xp, from H into M such that 


(h, k) = 7(Xp Xx). 


See [317]. 


We now meet one of the important connections between operator theory and 
analytic functions of one complex variable, namely (one instance of) the charac- 
teristic operator function. The underlying problem was to develop a theory for non 
self-adjoint operators, and this led to the definition of a new object in complex 
analysis, namely J-contractive functions, see Definition 4.2.47 after the exercise. 
These functions appear in a wide class of problems in analysis and their structure 
was given by V. Potapov in [253]. A central question is to relate the properties 
of the function O and of the operator J. For more information on characteristic 
operator functions and operator models we refer in particular to the works of Sz.- 
Nagy and Foias (see [240] and the enlarged edition [300] together with Berkovici 
and Kérchy), of Gohberg and Krein [158] and de Branges and Rovnyak [85]. 


Before stating the question we recall that signature matrices were defined in 
(1.5.4) as matrices which are both self-adjoint and unitary. 


Question 4.2.46. Let H be a Hilbert space and let T be a bounded linear operator 
from H. into itself. We assume that faa is a finite-dimensional operator, say of 
rank m. 


Ccmxm 


(1) Show that there exist a signature matrix J € and a bounded operator 


C from H into C™ such that 


fT =i IC (4.2.17) 
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(2) Let 
O(z) = Iy + izC (In — 2T)*C* J. (4.2.18) 


Show that 


J — O(z)JO(w)* 


C(UIm — 20)" "(Im — wl) *C* = “le 


The finite-dimensional version of the above question is studied in Exercise 
7.7.3. 


Definition 4.2.47. Let J € C™%*'™-valued signature matrix. The C”*’-valued 
function O is called J-contractive if it is analytic in an open subset 2 of the open 
upper half-plane and 

O(z)/*JO(z) < J, Vee Q. 


Exercise 4.2.48. Let H; and H2 be two Hilbert spaces, and let T denote a contrac- 
tion from H, into itself. Let C be a bounded operator from H, into H2. Show that 
the operator matrix 


ee +T) C* 


CT a : Hy } Hy > Hy He 


has a real positive part. 


We conclude this section with an important notion, which plays a special 
role in the case of indefinite inner product spaces (then the norms in (4.2.19) are 
replaced by self inner products). Let H and G be two Hilbert spaces and let T be 
a linear operator from Dom D(T) C H into G. The graph Rr of the operator T' is 
defined by: 

Rr = {(h, Th); h € Dom D(T)}. 


It is a linear subspace of H x G. More generally: 


Definition 4.2.49. Let H and G be two Hilbert spaces. A linear subspace of H x G 
is called a linear relation. The domain of the relation R is defined by 


Dom (R) = {hE H; dg €G such that (f,g) € R}. 


The relation is called contractive if 


(f.9) €R ==> |glle <Ilfllu- (4.2.19) 


Exercise 4.2.50. 


(1) Show that not every linear relation is an operator graph. 
(2) Show that a densely defined contractive relation extends uniquely to the graph 
of a contraction. 
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4.3 Unbounded operators 


Definition 4.3.1. Let H, and Hz be two Hilbert spaces. 


(1) A linear operator T with domain Dom (T’) C H, and range inside H2 is closed 
if its graph ¥(T) 
G(T) = {(u, Tu); u € Dom (T)} (4.3.1) 


is a closed subspace of H; x Ho. 
(2) The linear operator T is closable if it has a closed extension. 


Question 4.3.2. 


(1) Give an example of an everywhere defined linear operator which is not closed. 
(2) Give an example of a non closable operator. 


Hints: For (1) define an operator in an appropriate way on a countable set of 
linearly independent vectors, complete this set to a Hamel basis and define then 
the operator on the whole of the space using the basis (this construction in fact 
builds an everywhere defined unbounded operator; see also Exercise 7.5.14 below). 


For (2) take for instance the example from [6, p. 120], that is 
(Tf) (x) = «f(1) 


defined on an appropriate subspace of L2(0, 1). 


Question 4.3.3. Let H , and H2 be two Hilbert spaces, and let T be a densely defined 
operator with domain Dom (T’) C Hy and closed range inside Hz. Assume that T 
has an adjoint T*. Show that T* is closed. 


The following exercise is important in connection with quantum mechanics. 


Exercise 4.3.4. Find a linear subspace of L2(R,B,dx) on which both operators 
(Qf)(z) =—if"(x) and (Pf)(x) = xf(z) 


are self-adjoint. 


Hint: (see [6, pp. 156-157]) Consider the space of functions in La(R, B, dx), which 
are absolutely continuous, and with derivative in L2(R, 6, dx). For such a function, 
compute 


b 
/ f'(x)f(a)dx, with a,b ER, 


and conclude that 


Z— Co 


These operators satisfy 


(-iQ)P — P(-iQ) =I. (4.3.2) 
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Exercise 4.3.5. There do not exist continuous operators P and Q in a normed 
space which satisfy (4.3.2). 


We note that there exist linear bounded operators in a Hilbert space such 
that 
QP—-—qPQ=I1 


for every choice of g € [—1,1). A trivial example is given by 


1 
T= 


I. 


P=Q= 


Po) 


A more interesting example is given by the annihilation and creation operators in 
the corresponding q-Fock spaces. 


Question 4.3.6. Consider the operator 


(Af)(@) = —f"(a@) + V(a) F(a), 


where V is a continuous positive function. 


(1) Find a condition on the function b such that the factorization 
A= xXxX* 


holds with (X f)(~) = —f' (ax) + b(x) f(x). Here X* denotes the formal (also 
called Lagrange) adjoint of X, that is 


(X"f)(@) = f(a) + (a) f(@). 
(2) Find b(x) when V(x) = x? +1. 
To solve the following question the reader should first do the various exercises 
on Hermite functions and Hermite polynomials and in particular Exercise 6.1.16. 


Question 4.3.7. 
(1) Find the domain on which the differential operator 


H f(x) = —f" (x) + (2? + If) (4.3.3) 


is self-adjoint in L2(R, B, dx). 
(2) Show that it is boundedly invertible and that its inverse is a Hilbert-Schmidt 
operator (see Question 4.2.22 for the latter). 


Hint: Following Naimark’s book [241, p. 60] we define J to be the space of functions 
f absolutely continuous and with absolutely continuous derivative and such that 
f, f’ and Hf all belong to L2(R). Then (see [241, p. 70]), H is self-adjoint on the 
space of functions y such that 


lim [y, f](a) = 


lim 
a——oo b++00 


[y. f](), VE, 
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where (see [241, p. 50]) 
[y, f(x) = y(w) f’(x) — y'(@) f (2). 


Conditions for the spectrum of a self-adjoint operator defined by an expres- 
sion 
Hf(x) =—f"(a) +4(a) f(a), TER (4.3.4) 
to be purely discrete are given in [241, pp. 239-245]. We mention in particular the 
following result of Molchanov (see [241, Theorem 13, p. 245] and [237]): 


Theorem 4.3.8. Assume in (4.3.4) that q is bounded from below. The spectrum of 
the self-adjoint operator defined by H is discrete if and only if 


ata 
lim / q(u)du = oo 


x£—rco 


for everyaeR. 


The following easy consequence of the previous theorem is closely related to 
the Fourier transform; see Exercise 6.1.33. The (discrete) spectrum of B is in fact 
computed in Exercise 6.1.16. 


Question 4.3.9. Let 


" 2 
- -—1 
pple) = a+ @ = Ysto) is 
Find the domain of B on which it is self-adjoint and show that the spectrum of B 
is discrete. 


Definition 4.3.10. The densely defined operator T’ with domain Dom (T) and range 
inside the Hilbert space H is positive if 


(Tf, f\u >0, Vf €Dom(T). (4.3.6) 


Question 4.3.11. Show that the operator (4.3.3) is positive. 


Question 4.3.12. 


(1) Show that the operator H f(x) = —f"(a) (with appropriate domain) is self- 
adjoint and positive. 
(2) Show that for every a > 0 the operator H + a?I is boundedly invertible. 
) Show that the operator (H + a?I)~! has a “kernel” in the sense that there 
exists a function Kq(x,y) such that 


(H + a2)" f)(x) = is Ka(a,y)f(y)dy, VPele(R). (4.3.7) 


(4) Show that the function Kq(x,y) is positive definite in the sense that 


I _Kale,y)f(e)T@)dedy > 0, Vf €L2(R). (4.3.8) 
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Hint: Try 
1 
. — 2-42, 
Ka(z,y) = ae 
Remarks 4.3.13. 


(1) The function K,(x,y) is the Green function of the one-dimensional Schré- 
dinger operator. See the papers [185, 186] by H. Rabitz and his collaborators 
for applications. 

(2) Of course not every linear bounded operator T from L2(R) into itself has a 
kernel, in the sense that it cannot always be written in the integral form 


(Tf)(«) = [ ke.) f(g) dy 


for some function k(x, y) (called its kernel), with appropriate conditions. See 
also item (1) in Remarks 7.8.2 and the discussion at the beginning of Section 
7.6. Here there is a kernel because the operator (H + a?JI)~+ is of Hilbert— 
Schmidt class. Schwartz’ kernel’ theorem gives a characterization of such 
operators between topological vector spaces (with appropriate properties). 

(3) Equation (4.3.8) means that K,(«, y) is positive definite in the sense of Mer- 
cer; see the discussion in Aronszajn’s paper [52, p. 339]. 


Question 4.3.14. Solve the counterpart of Exercises 4.2.40 and 7.5.17 when the 
operator 1, still self-adjoint, is unbounded. 


For an illustration of the following result, see [236, p. 454]. 


Question 4.3.15. Let T be a Hermitian densely defined operator in the Hilbert space 
H. The following are equivalent: 

(1) The operator T is self-adjoint. 

(2) The domain of T is complete when endowed with the norm 


fll =lITFIP? + IFIP. 


(3) The operator T +iI is one-to-one onto from its domain to H. 


4.4 Indefinite inner product spaces 


An indefinite inner product space is a pair (V,|-,-]y), where V is a vector space 
and |[-,-|y is a Hermitian form (see Definition 1.3.12) on V. The theory of these 
spaces has a long history, which can be traced to the structure of Hermitian forms 
for the finite-dimensional case and to the work of Pontryagin for the infinite- 
dimensional case. We refer to Bognar’s book [76, pp. 118-119 and p. 207] for 
historical background. In the circle of ideas presented in this book, indefinite inner 
product spaces appear in the study of close to self-adjoint or close to unitary 
operators. 


1To quote Jean Dieudonné in 1978 (see [113, p. 3]), peut-étre le plus important de toute 
l’Analyse fonctionnelle linéaire moderne. 
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Definition 4.4.1. The vector space VY endowed with the Hermitian form [-,-] is 
called a Krein space if it can be written as 

YV=HVe+tv (4.4.1) 
where: 


(1) The space V1 endowed with [-,-] is a Hilbert space. 

(2) The space V_ endowed with —[-,-] is a Hilbert space. 

(3) The spaces V_ and V; have a zero intersection, V}MV_ = {0}, and are 
orthogonal in the sense that 


[v4,v_-]=0, Vu, € Vi and v_ev_. 

The decomposition V = ¥,+V_ is then called a fundamental decomposition. 
It will not be unique, unless V is a Hilbert space or an anti-Hilbert space. 

The proof of item (2) in the exercise below requires some notions from general 
topological spaces. The result itself is a key result in the theory of Krein spaces. 
Question 4.4.2. Let (V,[-,-]) be a Krein space, with fundamental decomposition 
V=HVi+V_. 

(1) Show that V endowed with the Hermitian form: 
(v, w)y = (v4, w4] — [v-, w_] (4.4.2) 


is a Hilbert space. 
(2) Let V = Wi + W2_ denote another fundamental decomposition. Show that 
the two associated norms (4.4.2) are equivalent. 


For a given decomposition we define 
Pv, tvu_)=v4, and Q(vz,+vu_)=v_. (4.4.3) 
Question 4.4.3. Let V be a Krein space and let T be a bi-contraction: 
(Tv, Tv] < [u,v] and [T*v,T*v] < [u,v]. 
Show that P — TQ is invertible (where P and Q are defined by (4.4.3)) and that 
(P -TQ)-(Q- PP) 
is a contraction from the Hilbert space (V, (-,+)y) into itself. 


The Krein space is called a Pontryagin space if the space V_ in the direct 
and orthogonal decomposition (4.4.1) is finite dimensional. In a number of works 
in the former Soviet Union, see in particular the fundamental monograph [190], 
the other convention dim V1 < oo is taken. 


We conclude with an important definition. 
Definition 4.4.4. Let h,,...,hx be elements of the indefinite inner product vector 
space (V,|-,:]v). Then, the N x N Hermitian matrix with (¢,7) entry equal to 
(hj, hely is called the Gram matrix of hi,..., hn. 
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4.5 Solutions of the exercises 


Solution of Exercise 4.1.5: The examples V = R and A = [—1/2, 1] and V = C and 
A = [—1,1] U [-i, 7] answer respectively the first and second question. 


Solution of Exercise 4.1.8: The application px is bounded since K is compact. 
It is a semi-norm, as follows from the properties of the absolute value. Let now 
f € C(Q). The condition px(f) = 0 will not force f = 0, and so px is only a 
semi-norm. On the other hand, if f is analytic in Q and such that px(f) = 0, we 
have that f(z) = 0 in a set with an accumulation point (since the interior of K is 
assumed non-empty). Since is assumed connected, the zero theorem forces f to 
be identically vanishing in Q, and hence px is a norm. 


We note that the claim in Exercise 4.1.8 is false if we do not assume 2) 
connected. 


Solution of Exercise 4.1.10: If X(y)(v) = y(v) = 0 for all v € V, then y = 0, and 
the map X is indeed one-to-one. 


Let now U be an open subset of X(V’). By definition, U = X(V’)NQ, where 
Q is an open subset of CY in the product topology. By Question 3.5.2 it is enough 
to consider Q of the form 


Q= {(zv)vev 5 up — 27 | See 7=1 2s 
where N EN, z1,...,2n €C, €1,...,€n € (0,00). Since U C X(V’) we have 
23 =ol(v;), j=al,...,N 
for some yo € V’ and v,...,un € V. Hence 
U = {(plv))vev 5 |e(v3) — volv;)| <€j, = 1,2,...,N}, 
and 
XU) = {p eV’; X(p) < U} 
= {p EV’; lel) — vols)| < ej, 9 =1,2,...,N}, 
which is open in the o(V’, V) topology. 
Conversely, let (with the same notation as above) 
E={pev' ; |p(vs) — volvs)| < ej, § =1,2,...,N} 
be an open set in the o(V’, V) topology. Then, 
(X7")"*(E) = X(E) 
= {(Zy)vev, 2v = Y(v) for some (uniquely defined) 
py €V' and |y(vj) — po(vs)| < ej, J =1,2,...} 


is open in the topology induced by CY. 
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Solution of Exercise 4.1.11: 
(1) Each of the functions 

p > |p(r)| 
is continuous with respect to the o(V’,V) topology (by definition of the latter). 
The first claim follows since the supremum of continuous functions is lower semi- 
continuous. See the discussion above Definition 3.4.7. 
(2) Denote by C the closed ball (4.1.9): 


C={veEV; |le— voll’ <r}. 


Since the norm || - ||’ is lower semi-continuous (see (1) of the exercise), C' is closed 
in the a(V’, V) topology. We now assume that V is separable, and we use the hint 
and proceed as follows to prove compactness. Let B(0,1r) denote the closed disk 
centered at the origin and with radius r. Using the map 


Y(v) = ((p- £0)(Un)) nen 


——__N 
which sends C into B(0,r) , we will show that C is a closed subset of a compact 


set. We first check that C is metrizable. 
C is metrizable: Let v;, v2,... be a countable dense subset of the closed unit ball 


of V, and let T denote the topology generated by the maps 
py > |p(vn)|, nm=1,2,... 


By definition of o(V’,V) we have T Cc o(V’,V). To prove the converse inclusion, 
consider O C C open in the o(V’, V) topology. Every y’ € O is included in a set 
of the form 

{peV’, |(b—v)bs)l <p, J=1,..-,M} (4.5.1) 


included in O, where M € N and 0y,...,by¢ € V are of norm less or equal to 1. 
To show that O is a union of open sets of J and hence is an open set of 7 we 
show that any set of the form (4.5.1) contains a set of the same form, but with 
now the 6; chosen among the set v1, v2,.... To prove this last claim, take v; from 
the above sequence such that. 


Ilvs — byl] < pr, 
and consider the set 
{wev’, l(b — p)(v;)| < pa, 7= leo MM) (4.5.2) 
where p; and pg are strictly positive numbers. We have 


l(b — p)(B;)| < I — v)(b; — v5) + IC — )(v3)| S 2rp1 + pa < p 


for p; and p2 small enough. 
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The topology defined by the countable family of semi-metrics 


An(e,¥) =\(e—V)n)], m= 1,2,.-. 


is metrizable, and one can choose the metric 


Al aly,y) 
Ue) = do mT dale) 


n= 


to define the topology. It follows that C' is metrizable in the a(V’, V) topology. 


——_N 
Y(C) lies inside a compact set: The space B(0,r) endowed with the metric 


21+ len — wal 


n=1 


is compact and we have 


Up, p) = DY (y), Y()). 


Thus Y(C) is closed, and is compact as a closed subset of a compact set. 


C is compact: The map Y is one-to-one and the map Y~! is continuous from 
Y(C) onto C. So C = Y~!(Y(C)) is compact. 


Solution of Exercise 4.1.12: Let CC V’ be bounded and closed. Using the map X 
defined by (4.1.8) we consider the image X(C) Cc CY. Since C is bounded, there 
exists I > 0 such that 

lp) < Kull, Vee c. 


By Tychonoff’s theorem, the set [],,<), B(0, K||v||) is compact. But (as we recalled 
in Theorem 3.2.4) a closed subset of a compact set is compact, and this ends the 
proof. 


Solution of Exercise 4.1.14: We follow [114, (12.16.3), p. 84]. Let us denote by p 
the semi-norm in the normed space Y, and assume that p is lower semi-continuous. 
Then the sets 

p ‘(n,oo], n=1,2,..., 


are open (see Definition 3.4.7) and therefore the sets 
C, =p {R\ (i,co]} =p 40, n), n=1,2,.%., 


are closed. We have UnenC;, = VY. The space VY need not be complete, but every 
point vg € V has a neighborhood which is a complete metric space (for instance, 
{v EV; ||v — vo|] < 1}). We can thus apply Theorem 3.9.13. We have that C;,, has 
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a non-empty interior for some no € N (and in fact for all n > no, since the family 
(Cy)nen is increasing). So there are vp € C;,, and ro > 0 such that 


B(vo,10) Cc Cro: 


Thus 
lu — voll < ro => pv) < no, 


and so for w € Y such that ||w|| < ro we have 
p(w) = p(w+v9—v9) < p(w+v0)+p(vo) < notp(vo) (since ||w + vo — voll < 70). 


Thus p is bounded on an open neighborhood of the origin. Let now z £0 € V. 


Then 
v2) =» (reer) ee ee) Elin + ner) 


lzIl/ ~ ro 


and so p is continuous. 


Solution of Exercise 4.1.17: The space B,(Q) is isometrically included in 
L,(Q, B, dxdy), 


where 6 denote the sigma-algebra of Borel subsets of Q and dxdy denotes the two- 
dimensional Lebesgue measure. Let z9 € 2 and let ro be such that B(zo,1r0) C 2. 
Cauchy’s formula gives, for r € (0, rol, 


f(zo) = = : f(zo+ reit)dt, 


so that , 
1 a : 
Goll <= f Lfleo + relat 


Thus we have (where we use Minkowski’s inequality to go from the third line to 
the fourth one): 


re TO 
Bitte =f Leeo)lrar 


1 TO 20 
< ral (/ (co + relat) rdr 


1 
- — z)|dad 
a7 soe )|dady 


1 1/p 1/q 
<o(/ _|flracdy) (f _aeay) 
27 B(z0,7T0) B(zo,To) 
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Thus 
|f (zo)| < Ceollf lp, where Cz = (ar2)a" (4.5.4) 


ay 
Let now w € 2 and r < R& be such that 


B(w,r) C B(w, R) CQ. 
Then, for every zo € B(w,r) there exists ro, such that 
B(z0,r0) C B(w, R). 
The numbers rp can be chosen to be uniformly bounded from below by 
p=min{R—-r,r}. 
Thus for z € B(w,r) we have the uniform bound 


Lf(z0)| < oapayal le 


It follows that if (fn)nen is a Cauchy sequence in B,(Q), the sequence also con- 


verges pointwise uniformly on sets of the form B(w,r), and hence uniformly on 
compact sets. The limit 


f(z) = lim fi(z), 2 €Q, 


n—-+>oco 


is analytic in 2. We now show that it belongs to 6, and that limy-..0 || fr—f|lp = 0. 
Since (fn)nen is a Cauchy sequence, there exists N such that, for n,m > N, 


[ line) ~ fala) Paady < @ 
Q 
Let m — oo. Fatou’s lemma gives 
| lim inf |fn(z) — fin(z)|?dady < lim int [ lfn(z) — fm(z)|Pdady, 
Q m—-oo m—- oo Q 


and so || fn—f lp < &? forn > N. Hence f = f—fn+ fn belongs to L,(Q, B, dxdy) 
in view of Minkovski’s inequality. Since € is arbitrary we have 


jim |lf — fallp = 0 


which ends the proof of the completeness of B,(Q). 


The boundedness of the point evaluations was proved in (4.5.4). 


Solution of Exercise 4.1.21: 


(1) It suffices to take a nonzero vector hy +1 orthogonal to hy,...,hy. The vector 
xthy-+1 belong to the set (4.1.17) for every x > 0. 
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(2) It suffices to take the unit sphere S = {h € H; ||h||a, = 1}. Since H is infinite 
dimensional it has a countable family (en),en of orthonormal vectors (if H is not 
separable, this family will not be a Hilbert basis). Then 


Co 


So hen)ul? < |All, VRE H, 
n=1 
and so 
lim (h,en)y = 0. 
N—- Oooo 


Thus, the sequence (€n)nen converges weakly to 0, which does not belong to S. 


(3) Let C be closed and convex in H, and let h ¢ H. There is « > 0 such that 
B(h,e)NC = 9, and h is an internal point (see Definition 1.3.2) of B(h,€). By the 
basic separation theorem (see Theorem 1.3.3) there is a (@ priori non continuous) 
non identically vanishing functional on H and c € R such that 


Ref(u) < c, we Bih,e), 
Ref(u) > co ue. 


By Proposition 4.1.23, f can be chosen continuous, and is therefore an inner prod- 
uct by Riesz theorem (see Theorem 4.1.19 for the latter): 


f(u) = (u, hp) 
for a uniquely defined hr € H. The set 
c 
{uen:; lu — h,hp)| < s} 


is then a weakly open neighborhood of h which does not intersect C, and soH\C 
is weakly open and C’ is weakly closed. 


Solution of Exercise 4.2.3: Let . denote the inclusion map from X, into X2, and 
let Oz C Xq be open. Then u~!(O2) is open in X;. To conclude, remark that 


t~' (Oz) => X41 M Op. 


This set is open in X, since 7 is continuous. 


Remark 4.5.1. The preceding exercise holds in fact for general topological spaces. 


Solution of Exercise 4.2.7: As mentioned before the exercise, we focus on (2). In 
view of (1.1.3) it is enough to show that the image of an open ball is open. Let 
bo € B and €9 > 0, and let b € B(bo, €o). By definition of the quotient norm, we 
have a 

||bo = bl < €. 


Thus b € B(by,€0), and so B(by,€0) C q(B(bo,€0)), so that the latter is open in 
the quotient space. 
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Solution of Exercise 4.2.13: We follow the discussion after the statement of Exercise 
1.5.5. Let C and D be as in that discussion. We have (where we use the resolvent 
equation (1.7.4) to go from the first line to the second line; see also Question 
4.2.10): 


Poe (A) ff fc —T)~'(wlg — T)~*dzdw 
= ewe —_ ((2Ig — T)~* — (wig — T)~*) dzdw 
_ eo 
2 (AE) ff cytes ae 


Each of these integrals can be computed using (1.5.3) and we get P? = P. 


Solution of Exercise 4.2.17: Denote by B, the closed unit ball of B;. When T is one- 
to-one it follows from the open mapping theorem (see Theorem 4.2.15) that T~! 
is continuous, and it follows that the image T(B,) = (T~')~1(B,) is closed. Thus 
T(B,) is compact since T is compact. Therefore By = T~!(T(B,)) is compact as 
the continuous image of a compact map. 6, is thus finite dimensional, and hence 
By is also finite dimensional since TJ’ is one-to-one. 


When T is not one-to-one, we adapt the previous argument as follows. Since 
T is continuous the kernel ker T is a closed subspace of 6, and so the quotient 
space B,/ ker T is a Banach space (see Exercise 4.2.7). By definition of the quotient 
topology, the map a 

T(b) =Tb, bEB, 

is continuous, where b denotes the equivalence class of b € B,. It is also one-to-one. 
It is onto since T is onto. As in the previous paragraph the open mapping theorem 
asserts that J’! is continuous and so 


T-1(T(By)) = q(Bi) (4.5.5) 


is compact in B,/kerT, where q denotes the quotient map. We now remark that 
(4.5.5) is the closed unit ball B, of the quotient space. Indeed, if b € B,, then 
b+ ulls, < Wllla, <1. 


l4()Ils,)t0rr = int 
Thus q¢(B) contains the closed unit ball of the quotient space. Conversely, if b € By 
is such that ||q(b)||5,/kerr < 1. Then there exists a sequence w1, u2,... of elements 
in ker T such that 


I 
||b+ unlle, < Ler n=1,2,... 
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Thus the sequence u1,u2,... is bounded in norm, and has a weakly-* convergent 
subsequence, with weak-» limit u (see Exercise 4.1.11). Since T is continuous, and 
in particular weak-* continuous, we have u € ker 7’. The element b+ u has norm 
less than or equal to 1 (as is seen by writing b+ u = b+u,+u-— Up and using the 
Hahn-Banach theorem to compute ||b+ wl|) and so q(b) = q(b+u) € q(B,), that 


is, the closed unit ball of the quotient space contains q(B,). Thus By, = q(B,). We 
can now proceed as in the previous paragraph to show that B,/kerT’, and so Bo, 
is finite dimensional. 


Solution of Exercise 4.2.18: (See also [200, p. 9]). 


(1) By assumption, the function t +> ||X(¢)b|| is continuous for every b € B. It is 
therefore bounded since [0,1] is compact. There exists k, < oo such that 


|X (£)b|| < ky, Vt € [0, 1]. 


The result follows from the uniform boundedness principle. 
(2) The lower semi-continuity of the function 


tr |X(@)|| = sup |X (¢)>| 
beB 


[|b|=1 


follows from item (4) in Exercise 3.4.9 since, by hypothesis, the functions 
t + ||X(t)b|| are continuous. 


Solution of Exercise 4.2.19: We follow the arguments in [114, p. 87]. 
(1) Let g € H. By hypothesis the map 


he (Ah, g) 


is continuous. By Riesz’ representation theorem (see Theorem 4.1.19 above) we 
have 
(Ah, g) = (h, A°g). 


So 
|A*g|| = sup |(Ah,g)| = sup |(h, A*g)|. 
hEH hEH 
|AI<1 |PI<1 


Each of the maps g +> |(Ah,g)| is continuous and so the map (4.2.2) is lower 
semi-continuous. We can now apply Exercise 4.1.14 to conclude that (4.2.2) is 
continuous. So the map g + ||A*g]| is continuous and so A* is bounded, and so 
continuous (see Exercise 4.2.2). It follows that A = A** is continuous. 


(2) Let (hn)nen be a sequence of elements in H which tends weakly to 0. Then, 
for every h € H, 
lim (Ah, hy) = 0, 


noo 
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and so, since A = A*, 
lim (h, Ah,) = 0. 


noo 


Thus (Ah, )nen tends weakly to 0, and A is weakly continuous. One can now apply 
item (1) to conclude the proof. 


Solution of Exercise 4.2.20: One direction is clear. If A is bounded (and so, equiv- 
alently, continuous), the maps 


h + (Ah,g) (4.5.6) 
are continuous and so the adjoint exists and is everywhere defined. The equation 
(Ah, g) = (h, Ag) 


leads then easily to the fact that A* is bounded and has the same norm as A. 


To prove the converse it suffices to apply the uniform boundedness principle 
(see Theorem 4.2.5) to the maps 


where ||g|| < 1. We have 


sup ||TQ(f)l| = ||Afll <00, Wf eH. 
es 


It follows that supjg)<; ||Zql| < oo. This ends the proof since ||Ty|| = || A*g]l. 


We leave the last claim to the reader. 


Solution of Exercise 4.2.23: We just outline the proof. A set of the form 
{T € L(H) such that |(Tf,g)1| < €} (4.5.7) 


where f,g € H \ {0} contains elements such that ||T'f|| is arbitrarily large (take 
for instance T,, = nTp, where g € ker Tj and To f #0), and so cannot be included 
in a set of the form 


{M € L(H) such that ||Mhllx < n} (4.5.8) 


where h € H and 7 > O are pre-assigned. The same conclusion holds, in the 
infinite-dimensional case, for finite intersections of sets of the form (4.5.7). 


Similarly, a set of the form (4.5.8) contains elements such that ||T'f|| is arbi- 
trarily large (take for instance T,, = nTo, where f € kerTp and Tf 4 0), and so 
cannot be included in a set of the form 


{N € L(H) such that ||NV|| <v} 


where v > 0 is pre-assigned. 


This shows inclusions. Strict inclusions will be true only in the infinite- 
dimensional case. 
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Solution of Exercise 4.2.25: Let eo, €1,... be an orthonormal basis of H, and set 


Tr(f) = (Ff, en)1€0- 
Then, ||Z;,|| = 1 for all n, and 


Tr (f) = (f, eo) Hen- 


The sequence (Tn)neNny tends strongly (and hence weakly) to 0 since the Fourier 
coefficient (f,en)7 tends to 0. For the same reason, the sequence of adjoints tends 
weakly (but not strongly) to 0. But 


Talat =F) 80)e 


does not go to 0 weakly. So the product is not jointly weakly continuous when the 
original space is endowed with the strong operator topology. 


We now prove that the product is not jointly continuous neither in the strong 
topology nor in the weak topology, following the hints given at the end of the 
exercise. See [116, Exercise 2, pp. 45-46] and [67, Exercise 7, p. 116] from which 
these hints are taken). 


(a) Take m € H of norm 1 and orthogonal to hi,...,y, and define an operator 

T,, by 
Tyhj =0, jg=1,...,N and T,m=pm, p> 0. 

The operator JT), has a bounded extension to all of H, which we still denote 
by T,,. By construction T,, € W and ||T;,|| > u. Thus, (4.2.4) is in force. 

(b) Assume first that h does not belong to the linear span of the vectors hy, ..., 
hy. By direct construction (or using the Hahn—Banach theorem) we define 
a bounded operator T; on H of norm less than 1 and such that 


Tih; = 0, j=l,...,N and Tih =m. 


By construction T; € W. Assume now that h belongs to the linear span of 
hy, ..., hn, say h= oe zjhi,, where hj,,...,h;, are linearly independent 
and z1,...,z7 € C. Once more using the Hahn—Banach theorem we define a 
bounded operator T; of norm less than 1 on H such that 


Tih; =0, jE {i1,..., 07} and Tih=m. 


(c) Such an operator exists in view of (a). 
(d) By definition of the operator norm there is kg € H such that 


\(ToTyh, ko) | > 1. 


We build a contraction in H such that Tyko = k. 


The previous steps show the lack of continuity of the product when the 
domain is endowed with the strong operator topology and the range with either 
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the strong operator topology or the weak operator Indeed, starting from the weak 
operator topology neighborhood UY of the origin, any strong operator topology 
neighborhood VY of the origin contains operators T, = 737) and T, such that 
T4T, ¢ U. This shows that multiplication is not continuous when the domain is 
endowed with the strong operator topology and the range with the weak operator 
topology. The same conclusion holds when the range is endowed with the strong 
operator topology since the latter is finer than the weak operator topology. The 
same conclusion can be also be obtained directly from (c). 


Remark 4.5.2. The previous example shows in particular that the map T+ T™ is 
not continuous in the strong topology. 


Solution of Exercise 4.2.26: 


(1) Let 6; denote the closed unit ball of L(H). Let h 4 0 € H and consider the 
open covering of B, by the sets 


{T € By; ||(T—V)hAl| < 1}, V € By. 
Assume that there exists a finite covering of Bj, 
{T € B,; |\(T-—Vp)hl| <1}, n=1,2,...,N, 


by such sets. Let wu € H be of norm 1 orthogonal to the vectors V,h,n =1,...,N. 
We define an operator T’ by 


Tex Sy eet 
0 if (e,u) =0, 


where e€ € (0, 1] satisfies 
e> mi 
n=1,2 


|Vinhl|. 
Then, T € B;. On the other hand, 
I(T — Vaal? = + [|Varll? > 1, 


and T does not belong to the given sub-covering and so 6, is not compact in the 
strong topology. That B; is compact in the weak operator topology is a special 
case of item (2) of Exercise 4.1.11. 


(2) That 6, is metrizable in the weak operator topology also follows from Exercise 
4.1.11. We here give a more detailed argument. We need to show that this topology 
can be defined by a countable family of semi-norms on this set. For u,v € H and 
€ € (0,1) we define: 


V(u,v,€) = {T € By; |(Tu,v)| < e}. 
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Let M = (un)nen denote a dense and countable subset of H. We show that 
for every choice of (u,v,e) € H x H x (0,1) there exist (ui,v1) € M x M and 
€1,€2 € (0,1) such that 

V(ui, v1, €1) C V(u,v,€) C V (ui, “1, €2). 
Indeed, let 7 € (0,1) and let u,v, € M be such that 


Ju —wi|| <7 and |ju—vw|| <7. 


Then 


[(Tu, v)| < (Tu — ui), v — 1)| + (TP (u — ur), 11) 
+ |(Tui, v1)| + |(Lui,v — v1)| 
< (Tur, v1)| + 7° + n(\lull + [lel + 2), 


where we have used the fact that ||T'|| <1 and 
lua] < |Jul] +1 and foil < Jol +1. 


Thus (and here we write out the dependence of u; and v; on 7) we have, for 
T € V(ui(), v1 (77), 1), 


(Tu, v)| < (Tua, v1) +0? + n(llull + [lvl] + 2) 
<n +9? +n(\lull + lull +2) 
= 1° +n((lull + lull +3), 


and so: 


V(ur(n), v1(7),) C V (u,v, 7° + (lull + [lll +3). 
By symmetry 
V(u,v,n) C V(ur(n), (7), 177 + (lull + [lel +3). 
Let y(n) = 7? + n (|u| + ||v|] + 3) defined on (0,k), where y(k) = 1. We have 


V(ur(n), 1 (7), @ *(n)) C V(u, v, 7) C V(ur(n), 010), 9(n)). 


(3) The claim follows from the uniform boundedness theorem. See [170, Solution 
of Exercise 113, p. 250]. 


Remark 4.5.3. The set 6; is also metrizable in the strong operator topology. 
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Solution of Exercise 4.2.29: The fact that [ is Hermitian is a direct consequence 
of the polarization formula (1.3.8): For f,g € H we have: 


1s 
Ch, g)n = 7 P(A + 8g), b+ ig) 


3 
1 a 
=F y i*(D(h + ikg),h+ikg)y (since T is positive) 


k=0 
ie 
=F ith + i%g, P(A + 4°9)) 4 
k=0 
id 
= gat (I*(h +i*g), h+i*g) x 


Now if n = 2p (with p € N) we have 
([??h, h)q = (TPA, TPh)y > 0, 


while 
(F2?+1h, h)ay = (PPA), (PPA) ne > 0 


ifn =2p+1. 


Solution of Exercise 4.2.30: The proof follows the arguments in [6, §33]. In the 
arguments f and g denote elements of H. 


(1) The formula 
[fg] = (Af, 9) 


defines a possibly degenerate positive Hermitian form, and so the Cauchy—Schwarz 
inequality holds for it and we can write 


AF, a)? < (AL F)(Ag,9) <(AS, FIAT? 
Setting g = Af we get 


IAFI* < (AF, AIAINAAIP?, 


and so we obtain (4.2.6) by dividing by ||Af||? both sides of this inequality if 
Af #0. Note that (4.2.6) holds trivially if Af = 0. 
(2) From 
Jim (Anf, 9) = (Af, 9): 
we have in particular, for every f,g € H, 


sup |(Anf, g)| < 00, 
neN 
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and the uniform boundedness theorem implies that 


sup ||A;,f|| < oo. 
neN 


Yet another application of this theorem leads to sup,, ey ||An|| < 00. By hypothesis, 
the operator A — A, is positive. We can write (with K = sup, ey ||An|| < 00) 


(A — An) fll S$ VIIA — AnllV (A - An) ff) S VIIAI + KV (A- Andi f), 


and hence the result since 
(3) We follow [6, pp. 98-99]. The polarization formula (1.3.8) gives that the limit 


(Anf, 9) 


lim 
noo 
exists for all f,g © H. The uniform boundedness theorem applied to the maps 


g+> (9, Anf) 


implies that sup,,cy ||An/f|| < co. That same theorem now applied to the maps 


fr |lAnfl 


implies that K = sup, ey ||An|| < oo. Applying inequality (4.2.6) to A, — A, with 
m > n we have 


| Amf — Anfll < | Am — Anl “Vv (Amf — Anf, f) 
<< V || Arn “VV (Amf —_ Anf, f) 
< VK V(Amf — Ant, f), 


which shows that A,, converges strongly to some everywhere defined operator A. 
It remains to show that A is linear and bounded. Linearity is clear from the weak 
convergence, and A is positive and hence self-adjoint from (4.2.7). By Exercise 
4.2.19, the operator A is then bounded. 


Solution of Exercise 4.2.31: Recall (see for instance [CAPB, Exercise 4.4.4, p. 158]) 
that 1 — z corresponds to setting a = - and replacing z by —z in the power series 
expansion 


fa(z)=1+)> Se (4.5.9) 


It follows that 
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From the equality (f1 (z))? = 1 —z and comparing coefficients in the power series 
expansions, we obtain 


2an = S- Aman—m; n= 2, 3, ams (4.5.10) 
Furthermore )-~~ 


The operators Dy are selfadjoint in view of Exercise 4.2.29. They are positive 
since J —T is a contraction and 


na1 an = 1. 


N 


N 


n=1 


for h € H of unit norm, and converge in norm since 


N+P N+P 
|Dv+e—Dnll=|]]) 45> an-T)"||< So an, N,PEN. 
n=N+1 n=N+1 


Taking into account equalities (4.5.10), (and since 2a; = 1) we have 


N N WN 
T- Dy =P-(1-2)-an(I-1)"+ 0 Yo auay (I -T)"*") 


n=1 : u=1lv=1 - 
=T-(1-(1-T)) +2) a,(f-1)” — Yi (2 amen m= rye 


l<u,v<N 
2N 
=— aS ( » tnt) (I—-T)”. 
n=N-+1 *S u+v=n 
l<u,v<N 
From (4.5.10) (and since a; = $) we have 
>: Ay dy < 2an <1, 
utv=n 
l<u,v<N 
and we have = 
IT-Drll< So |e-TI". 
n=N+1 


This last expression goes to 0 as N —+ oo since the series )>~_, ||[—I’||” converges. 
Hence X = limy_,., Dy satisfies X? =T. 
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Solution of Exercise 4.2.34: It suffices to write 
1 co 
= i e Jee ot dg 
jtk+l1 0 
and to note that the functions 7 1 e~/* 
in L2(Ry,e-*dz). 


,j =0,...,N, are linearly independent 


Solution of Exercise 4.2.38: We have 
(Pu, u)a = ||WPull3. 


Thus ker! C ker VP. Conversely, if /Pu = 0, then Tu = VI(Vru) = 0, so that 
ker D ker VT. 


Solution of Exercise 4.2.39: Let \ ¢ o(p(T)) (that is, \ € p(p(T))). There exists a 
bounded operator B such that 


B(p(T) — AL) = (p(T) — ANB =I. (4.5.11) 


By the fundamental theorem of algebra (see [CAPB, §13.6, p. 470] for an elemen- 
tary proof not using Liouville’s theorem), there exists u € C such that A = p(w). 
Let p(z) = “p-o az”. Writing (see for instance [CAPB, p. 53]) 


p(T) — p(u) = (T—ul)V = V(T —- ul) (4.5.12) 


where . 
n k—1 
ySa (Sen), 
k=1 £=0 
we obtain from (4.5.11) and (4.5.12) that 
BV(T —ul) = (T-ul)VB=T. 
But BV = VB since 
BV = BV(T —ul)VB = (BV(T —ul))VB=VB 


and hence (T — u/) is invertible. Since A=p(u) € p(p(T)) we have u€ p~*(p(p(T))) 
and so: 
p~*(e(p(L))) C p(Z). 


But p(p(T)) = C \ o(p(T)), and by (1.1.2) we have 


Pp '(p(p(T))) = C\ p*(e(p(T))), 


and so: 
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and 
o(T) Cp*(o(p(T))). 
By (1.1.5) with U = o(T), we have 


p(o(T)) C o(p(T)). (4.5.13) 


To prove the converse inclusion, let A € mis )) and let u be such that p(w) = 2. 
Then p(u) € See (T)). Thus p(u) ¢ p(o(T)) and u ¢ o(T). So wu belongs to 
p(T). Let wi,...,un (counting multiplicities) be such that p(w) = A. Then 


N 
p(t) -A=c- |] (w@- ug) 


k=1 


for some c € C \ {0}. Thus, 


N 
p(T)-A=c:- [[@ - ws) 


1 


> 
Il 


is invertible since every operator T — uxJ is invertible. So \ € p(p(T)). So we have 


C\ p(o(T)) C p(P(L)), that is, o(p(T)) C p(o(T)), 


which, together with (4.5.13), ends the proof. 


Solution of Exercise 4.2.40: We first check that (4.2.11) defines a norm, induced 
by the inner product (4.2.12). We have that 


(1 — m)ulla = 0 


if and only if wu € kerT, that is, if and only if Tu = 0. This is equivalent to 
VTu = 0 in view of Exercise 4.2.38. Thus, condition (3) in Definition 4.1.1 holds. 
In particular, (4.2.11) is well defined, and is the same for u,v € H such that 
VTu = VVv. The other conditions in Definition 4.1.1 follow from the fact that 
|| - |laz is a norm. That (4.2.12) defines an inner product follows from the fact that 
the norm || - ||7, is itself induced from an inner product. 


We now check the completeness of ran VT with the associated norm || - ||p. 
Let (VPun)nen be a Cauchy sequence in this norm. By definition, ((I —7)un)nen 
is a Cauchy sequence in H. Since H is complete, there is v € H such that 


oe 


in the topology of H. By continuity of (J — 7) we have 


(I—n)v = (I-77) lim (IL-7 )up, = lim (I—7)(I—)un = lim (I —T)un =v. 


noo n—-+co noo 
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Hence 
Jim ||VPu, — VPo| = tim |I(1— mun — (0 moll 
= Tim (mun — oll = 0, 
which proves the completeness of ran VT in the norm || - ||p. 


Solution of Exercise 4.2.41: The proof proceeds in a number of steps which we will 
not discuss in detail: 


STEP 1: Let i; denote the injection map from H, into H. Then i;(H1) endowed 
with the norm ||i;(h1)|| = ||Ailla, is equal to ran ./i177. 


STEP 2: The space ran ,/1y, — 1,7} answers the requirements of the exercise. 


STEP 3: There is only one space which answers the requirements of the exercise. 


Solution of Exercise 4.2.44: Let h,k © H. We have 


(Méh, lc = (h, Mp1) 
= (h, k) x, 


so that 
Mgh = (h,k)q. 


This last equation can also be rewritten as (4.2.16). 


Solution of Exercise 4.2.48: Writing 


3a. +T) C*\ (In, 0) ($n +T) Tn) (In. 0 
CT CC*} \0 C T Ty, 0 Cr)’ 


we see that it is enough to check that the operator 


Ge a) ) 
T Li, 


has a positive real part. But 
1 5 (Lh: + T) Tn, 4 $ (Tn, 1 T) Tn, : 
2 T In, T Iu, 


sl, +7) Ft, 


= Gy 2) a Pa): . & aE 
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where 


1 1 P 
a= q (2h +T74+T* — (dy, +T*)Uu, +T)) = ri (In, —T*T) > 0. 


The result follows. 


Solution of Exercise 4.2.50: 


(1) It suffices to consider the space 
{O}xH={(O,h) ©CHxXH,hEH}, 


where H. is some Hilbert space different from {0}. 


(2) Let R C H xG be a linear contractive densely defined relation, where H and 
G are two Hilbert spaces. In view of (4.2.19), 


(0.g)€e€ R= g=0 


and we can define a (possibly non linear) densely defined operator T by Tf = g 
for (f,g) € R. Since (Ai fi + A2fe,A1g1 + A2g2) € R for every 1,2 € C and 
(f1, 91), (f2, 92) € R we have 


T(Aifi + A2 fe) = A1gi + A2g2 = MT fi + A2T fa, 


and thus T is linear, with dense domain. 


It remains to show that T extends to an everywhere defined contraction. This 
is done by setting Th = limn+.0 Thn, where for h € H the elements hy, ho... in 
the domain of T are such that limp... hn = h. It is easily shown that the limit 
does not depend on the given sequence and that the operator so extended is a 
linear contraction. 


Solution of Exercise 4.3.4: (see [6, pp. 156-157]) We consider only the operator 
Q@ and leave the case of P to the reader. Set Dom(Q) to be the space of ab- 
solutely continuous functions in L2(R,6,dx) with derivative in L2(R,6,dx). Let 
f € Dom (Q) and let a,b € R. Integrating by parts we have 


b a b 
/ f'()F Bat = |f(0)/? — [fal - : OF. 


By the Cauchy-Schwarz inequality both f’f and its conjugate ff’ belong to 
L,(R, B, dx). Thus letting b + +00 we see that limp_,+.. | f(b)| exists, and simi- 
larly limg_+—co | f(a)| exists. Since f is in L2(R,B, dx), these limits are equal to 0 
and we have 


[ rorwa=— [ oF ;e, (4.5.14) 
R R 
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and so @ is Hermitian on Dom(Q). We now show that Q is self-adjoint. Let 
g € Dom (Q*) and let h = Q*g. We have 


[iroamae= f reonma, Vf € Dom (Q). (4.5.15) 
R R 


Take now f to be with compact support (say inside [a,b] for some real numbers a 
and b, with a < b). Since f(a) = f(b) = 0, integrating by part the right-hand side 


of (4.5.15) leads to 
7 [ ri) (/ h(u)du + «) dt 


[ sora = Lr (/ h(u)du + «) : 
7 LO (/ nodes) dt 


where K is an arbitrary constant. Hence (4.5.15) becomes 


a if’ (t)g(t)dt — : f'(t) (/ h(u)du + «) dt (4.5.16) 


for all such functions f, and so 


t=b 


[ f(t) (iso + ie h(u)du + «) dt=0, VK EC. (4.5.17) 


Take now 


b : v 
G4) J) (-ig(v) owe a rae 


and 

f (—ig(v) + J” h(u)du) dv 
b—a 

Then, f(a) = f(b) = 0 and plugging this f in (4.5.17) gives: 


K=Kj=-— 


b t 
1 | — ig(t) +f h(u)du + Ko|?dt = 0. 
Hence, 
t 
—ig(t) +f h(u)du+ Ko =0, Vt € [a, b}. 


Thus g is absolutely continuous, and h = ig’ (and Ko = ig(a)). This ends the 
proof since the interval [a, b] is arbitrary. 
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Remark 4.5.4. With f as above, set n(t) = —ig(t) + { h(u)du, so that 


b 
PO=80. wt Wx Ja m(v)do 


If we set K = 0 in (4.5.16) we obtain 


b b 
[ imPae= | f n(t)de|?. 


The equality case in the Cauchy—Schwarz inequality leads to the conclusion that 
n is a constant. 


Solution of Exercise 4.3.5: In the finite-dimensional case P and Q can be seen as 
matrices in C’*% for some N €N, and the result follows from the fact that 


Tr (QP) = Tr (PQ), 
so that (4.3.2) would imply 
0=Tr (QP— PQ) =Tr In =N, 


where N is the dimension of the space where the operators P and Q act. This 
argument will not work in the case of a general Banach space, and one can proceed 
as follows: Assume that there exist bounded linear operators P and Q in the 
Banach space # (with norm || - ||) such that (4.3.2) holds. Then an easy induction 
shows that 

OP — PO" ain £10", 2=0,4,00: (4.5.18) 


and so, 
(n+ 1)Q"|| < 2]Q”||- Pll - Ql], 2=0,1,... (4.5.19) 


where we have used ||Q"*!P]| < ||Q™|| - || P|] - ||Q|| and similarly for ||PQ"*+|. 
Equation (4.5.18) implies in particular that there does not exist n € N such that 
Q” #0 and Q™t! = 0, and therefore Q” 4 0 for all n. Thus (4.5.19) implies that 


(n+1) <2||PI]-lQ]], n=0,1,... 


which is impossible. 


Remark 4.5.5. We note that the proof shows in fact that equality (4.3.2) is im- 
possible in a normed algebra. 


Chapter 5 


Locally Convex Topological 
Vector Spaces 


Locally convex topological vector spaces form an important class of topological 
spaces. We have already seen some examples in the previous chapter. This chapter 
is motivated in part by the study of the space of functions analytic in a given open 
set and of its dual, and by the study of spaces of test functions and of distributions 
(for instance the Schwartz space and the space of tempered distributions). For 
general references on topological vector spaces we refer to [146, 251, 307], and to 
the book [202] for counterexamples in the theory. 


5.1 Topological vector spaces 


Let V be a vector space (over the complex numbers, or the real numbers, endowed 
with the usual topology), endowed with a topology. It is called a topological vector 
space if the maps 

A,v) Av, CxV— FY, (5.1.1) 


(or from R x V into VY), and 
(u,w) oe vutu, VxV>Y, (5.1.2) 


are continuous with respect to this topology, and when the domain spaces are 
endowed with the product topology. 


In a vector space one can define the counterpart of Cauchy sequences, namely 
Cauchy filters, as follows (see for instance [307, Definition 5.1, p. 37]). For filters 
see Definition 3.1.18. 


Definition 5.1.1. A filter in a topological vector space is called a Cauchy filter if 
for every neighborhood N of the origin there is a subset MW of the filter such that 
M-MCN. 
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We have recalled the notion of convergent filters in Definition 3.1.18 (see [307, 
p. 10]). A subset of a topological vector space is complete if every Cauchy filter 
converges. Important for the sequel is the following fact (see, e.g., [307, Proposition 
5.3, p. 38]): 


Proposition 5.1.2. A complete subset of a Hausdorff topological vector space is 
closed. 


The following question is related to the notion of completion. It is of partic- 
ular importance in the setting of signal processing. See [131] and the book [132, 
p. 176] of Feintuch and Saeks for more information on this exercise and on the 
notion of extended resolution space and its applications to feedback systems. 


Question 5.1.3. Let t © R. The function 


OL. fw)? ) 7 (5.1.3) 


is a semi-norm on the Lebesgue space Lo(R, B,dx). Characterize the completion 
of L2(R,B,dx) with respect to the topology defined by the family of semi-norms 
(5.1.3). 


Remark 5.1.4. The topology defined by the above family of semi-norms is called 
the resolution topology, and is in fact metrizable (see [130, Chapter 5]). The ex- 
tended resolution space is hence a Fréchet space (see Definition 5.2.8 below). 


Remark 5.1.5. The following result seems trivial, but its proof takes full advantage 
of the continuity of the operations in a topological vector space. A (maybe too 
short) proof is given in [183]. Another proof follows from [307, Theorem 9.1, p. 
79| in Treves’ book. See Corollary p. 80 there. We here follow the proof given in 
Narasimhan’s book; see [242, p. 41]. In that book, the fact itself is used in the proof 
of a result needed in the study of the closedness of a certain space of differential 
forms. See Question 5.3.3. This closedness property in turn is used there in the 
proof of Serre’s duality theorem (see [242, p. 47]). 


Exercise 5.1.6. A finite-dimensional subspace (say V) of a Hausdorff topological 
vector space (say, W) is closed. 


Hint: (following [242, p. 41]) Define a natural algebraic isomorphism T between 
C%, where N = dimV, and Y, which is moreover continuous (here enters the 
hypothesis that W is a topological vector space). For every € > 0, the image of 
the sphere of radius € in C% is compact, and hence closed, in W. Use this fact to 
show that T is a topological isomorphism, and to conclude. 


Remark 5.1.7. It is proved in [307, Theorem 9.1, p. 79] that any finite-dimensional 
topological vector space is topologically isomorphic to C’ for some N € N, and 
Exercise 5.1.6 is then presented as a corollary of this result. Here we give a direct 
proof. 
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The continuity of the vector space operations forces special properties of the 
neighborhoods. Recall that absorbing and balanced sets were defined in Definition 
4.1.2. We only prove part of the first claim in the next exercise, and send the 
reader to [307, pp. 21-25] for more details for the other items. 


Exercise 5.1.8 (see [307, p. 21, and Proposition 3.1 and Corollary, p. 24]). Let V 
be a topological vector space. Then: 
(1) Every neighborhood of the origin is absorbing, and contains a balanced neigh- 
borhood. 
(2) Every neighborhood contains a closed neighborhood. 
(3) There is a basis of neighborhoods of the origin made of closed balanced sets. 


Although convexity is not mentioned in the previous exercise we already give 
the following definition: 


Definition 5.1.9. (see for instance [307, Definition 7.1, p. 58]) Let V be a topological 
vector space. An absorbing balanced closed convex set is called a barrel. 


One is interested in topological vector spaces in which the origin has a basis 
of neighborhoods made of barrels (these will be the locally convex topological 
vector spaces). A smaller and important class is the one for which every barrel is 
a neighborhood of the origin. These are called barreled spaces. These spaces are 
particularly important in the context of the Banach—Steinhaus theorem. See [307, 
Chapter 33]. 


In connection with Question 4.1.6 we mention (see, e.g., [251, pp. 6-7]). 


Theorem 5.1.10. A locally convex topology can always be defined by a family of 
semi-norms, namely the semi-norms continuous with respect to this topology. 


Not every vector space endowed with a topology is a topological vector space, 
as is illustrated by the following counterexample, also taken from Tréves’ book; 
see [307, p. 25]. 


Question 5.1.11. Consider the set of formal power series with complex coefficients 
Ci[X]] and the family of spaces 
M, = X"C{[X]], n=0,1,... 


Then: 
(1) The family M,, defines a basis of neighborhood of the origin for a given 


topology. 
(2) The space C[[X]] ts not a topological vector space in this topology. 


Hint: The sets M,, are not absorbing for n > 1. 


The definition of a topological vector space is too general, in the sense that 
the topological dual of the space may be reduced to the zero functional. 
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Normed spaces and Fréchet spaces (see Definition 5.2.8 below) are particular 
instances of topological vector spaces. The topology of a normed space (resp. of a 
Fréchet space) is defined by a norm (resp. by a countable family of semi-norms). 
More generally: 


Definition 5.1.12. The topology defined by a family (countable or not) of semi- 
norms in a given vector space VY is the coarsest topology (that is, the smallest 
topology) on VY with respect to which all the semi-norms of the given family are 
continuous. 


Definition 5.1.13. A vector space whose topology is Hausdorff and is defined by a 
family of semi-norms is called locally convex. 


Equivalently, a vector space is locally convex if it admits a basis of neigh- 
borhoods of the origin which are convex. In fact, it has a basis of neighborhoods 
consisting of sets which are much more structured than convex sets, namely barrels 
(see Definition 5.1.9 for the latter). 


Not every topological vector space is locally convex, as is illustrated by the 
following example, taken from [183, Example 2, p. 86]. See also Question 3.1.21. 


Exercise 5.1.14. The space C[0,1] of all continuous real-valued functions defined 
on [0,1] endowed with the topology defined in Question 3.1.21 is a topological vector 
space which is not locally convex. 


Hint: Following [183], show that no convex set lies between two sets of the form 
V.(0). To that purpose, consider open subsets I and J of [0,1] such that J ¢ I 
and build functions which are in modulus less than € on J \ J and greater than ne 
on J, where n is the number of connected components of I. 


The following question illustrates the fact that barrels appear in a natural 
way in the theory of locally convex topological vector spaces. 


Question 5.1.15. Let p be a continuous semi-norm in a topological vector space V. 
Show that the set 
{veEV: piv) <1} 


is a barrel. Conversely, any given barrel is defined as the closed unit ball of a 
uniquely defined semi-norm. This semi-norm is continuous if and only if the given 
barrel is a neighborhood of the origin. 


In the previous question, the semi-norm associated with the barrel B is called 
its Minkowski gauge (also called Minkowski functional) 


pa(v) = inf {t such that v € tB}. (5.1.4) 


See for instance [257, p. 128], [277, p. 733] for the latter. 
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In view of Question 5.1.16 we mention (see Exercise 5.4.2) that the dual of 
a (non-trivial) locally convex space is never trivial. 


Question 5.1.16 (see, e.g., [120, p. 422]). A convex subset of a locally convex topo- 
logical space is V'-closed if and only if it is closed. 


Definition 5.1.17. A subset A of a topological vector space is called bounded if for 
every neighborhood V of the origin there exists a positive number M > 0 such 
that 


AC MV. (5.1.5) 


The following exercise exhibits an important difference between normed 
spaces and general locally convex topological vector spaces (see, e.g., [183, Propo- 
sition 2.6.1]). See Exercise 5.2.12 for an illustration. 


Exercise 5.1.18. In a locally convex topological vector space whose topology is de- 
fined by an infinite number of norms, neighborhoods of the origin are not bounded. 


Definition 5.1.19. A Montel space is a locally convex topological vector space which 
is Hausdorff and barreled, and in which every bounded set is relatively compact. 


See Remark 5.2.14 in connection with the previous definition. 


Definition 5.1.20. A locally convex Hausdorff space Y is a Schwartz space if for 
every balanced closed convex neighborhood U of 0, there exists a neighborhood V 
of the origin with image in Vy precompact (and Vy defined from the semi-norm 
associated with U). 


5.2 Countably normed spaces and Fréchet spaces 


The topologies of Banach and Hilbert spaces are defined by a single norm. We 
now consider the case of vector spaces whose topology is defined by a countable 
family of norms or, in general, of semi-norms. See Definition 4.1.1 for the latter. 


Exercise 5.2.1. Let V be a vector space and let (Dn)nen be a countable family of 
increasing norms on V: 


n<m => prlv)<pm(v), veEV. 


Describe the smallest topology with respect to which all the py are continuous. 
Show that V endowed with this topology is metrizable and locally convex. When is 
VY complete? 


Completing a given space endowed with a number of norms requires a condi- 
tion on the norms, called compatibility. The following definition and the ensuing 
example are taken from [166, p. 13]. 
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Definition 5.2.2. Let V be a linear vector space. Two norms on Y are called com- 
patible if, given a sequence (vn)nen which is a Cauchy sequence with respect to 
the two norms, it converges to 0 with respect to one of the norms if and only if it 
converges to 0 with respect to the second one. 


Such norms are also called pairwise coordinated; see [183, p. 156]. 
Exercise 5.2.3. Show that the norms in Exercise 3.9.26 are not compatible. 


Hint: (see [166, p. 13]) It is enough to construct a sequence of functions converging 
uniformly to 0 but such that the values f/ (0) all coincide with some given nonzero 
number. 


The following question also follows [166, p. 13]. It exhibits the importance 
of compatible norms, and arises in the construction of a complete space from a 
countable set of (say increasing) norms p1,p2,... given on a pre-assigned vector 
space VY. 


Question 5.2.4. Let p,,p2 be two norms given on the vector space V, and assume 
that py < po and that p, and pz are compatible. Let V; and V2 be the respective 
completion of V with respect to p, and pz. Let (Un)nen be a Cauchy sequence with 
respect to pz, with respective limits lg € Vo, and (; © V,. Then, the map lz > &4 
is linear, continuous and one-to-one. 


The following example is due to J. Gérniak, and is an example of a topological 
vector space which does not have the factorization property, that is of a topological 
vector space in which not every positive operator (see Definition 5.5.1 for the 
latter) from V into its anti-dual can be factorized via a Hilbert space. See the 
papers [162, 161, 160] of Gérniak and Weron. In the statement recall that a subset 
K of the integers has density zero if 


km COPA N{1,---n}) 


noo nm 


= 0. 


The density zero hypothesis is not needed in the exercise itself, but in its follow-up 
which exhibits a continuous operator from Y into its anti-dual with no factoriza- 
tion. See Exercise 5.5.6. 


Exercise 5.2.5 (see [160, p. 70]). Let V denote the vector space of sequences z = 
(Zn)nen of complex numbers indexed by the integers, and with at most a finite 
number of nonzero elements, and let px, denote the semi-norm 


nek 


where K CN has density zero and where M = (Mn)nen is a sequence of non- 
negative numbers. Characterize the bounded sets for the topology defined by these 
semi-norms. 
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Hint: Let A be a bounded set. Show first that there exists rn € N such that 
ace A =a, =0 for n>n,. 


Remark 5.2.6. We note that a finite sum of semi-norms of the form (5.2.1) is of 
the same form. Thus for every finite family q1,...,q@,¢ of semi-norms of this form 
the semi-norm gq = i qj is a semi-norm of the same family such that 


q(z) <a(z), g=l,...,M. 


By (for instance) [251, p. 7] a basis of neighborhoods of the topology defined by 
the semi-norms (5.2.1) is made of the open balls defined by the semi-norms, that 
is of the sets of the form 

{z Ey; pK,M(z) < e} 


where € > 0. 


Question 5.2.7. Let F be a countably normed space, with topology defined by the 
semi-norms (Dn) neNn- 


(1) Show that A C F is bounded if and only if the following condition hold: 


Yn EN, IM, >0, Vf € A, nlf) < Mn. 


(2) Assume that the topology of F cannot be defined by a single norm. Show that 
any bounded set is nowhere dense. 

(3) Find a condition for F (endowed with the above topology) to be a normed 
space. 


See for instance [167, p. 56] for the preceding question. 


Definition 5.2.8 (see, e.g., [307, Chapter 10, p. 85]). A locally convex topological 
vector space which is metrizable and complete is called a Fréchet space. 


Remark 5.2.9. Let F be a Fréchet space. Since the space is metrizable, it is enough 
to check completeness using sequences. Furthermore, assume that d, and dz are 
two metrics which define the topology and for which F is complete. Since a con- 
tinuous and onto linear map between metrizable (not necessarily locally convex) 
vector spaces is an isomorphism (see for instance [79, Corollaire 1, p. EVT I.19]), 
the corresponding metric space structures are isomorphic. 


In the definition of a metric space, EF need not be a vector space. The case 
when £ is a vector space over the field of complex numbers (and then we use the 
notation V rather than F) plays an important role. An important example in this 
book, V is the space H(Q) of the functions holomorphic in the open set 2 C C, 
endowed with the metric 


[oe} 


iio= > pe. f.9 € HQ), (5.2.2) 


n=0 
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where Ko C Ky, C -:-- is an increasing family of compact sets which cover 2. 
We will also sometimes consider the space C(Q) of functions continuous in the 
open subset 2. Note that (5.2.2) is still a metric on C(Q) in view of (4.1.5). 
This topology is independent of the given choice of sequence K,, and will be the 
topology associated with C(Q) and H(Q). In the next exercise we illustrate this 
point for Q = D, the open unit disk, and K, = {z € C; |z| < rz}, where (rn) neny 
is a strictly increasing sequence of positive numbers in (0,1) with limit 1. The 
result holds for every open (not necessarily connected) set 2, when one considers 
an increasing sequence of compact sets (with non-empty interiors) covering 2. 


Exercise 5.2.10. Let (Tn)nen, be a sequence of numbers in (0,1) converging to 1, 
and let dn(f,g) = max|z\<r, |f(z) — g(z)|, where f,g € C(D). Let 


1 di(f.g) 


d(f,g) ~ Le TF dnl fg)’ 


f,g €C(D). 


Show that the sequence (fp)pen, converges uniformly on compact subsets of D to 
the function f if and only if 


jim d(fy, f) = 0. (5.2.3) 


Another important vector space whose topology is defined by a countable 
family of norms is: 


Definition 5.2.11. The Schwartz space is the space of C° functions f such that, 
for all p,g € No, 
lim a? f(x) =0, 


ZL rCo 


endowed with the norms 
= p £(@) 
IFllog = max |x? £ (w)|, 


We will denote by .% the space of Schwartz functions and by .%g the space 
of real-valued Schwartz functions. The strong dual of .%g, that is, the space of 
(real-valued) tempered distributions, will be denoted by -“{. See Exercise 7.2.19 
for a related exercise. 


We now give an illustration of Exercise 5.1.18 using the Schwartz space. 


Exercise 5.2.12. Show that the set 
{s € Y; max |s(x)| < i} 
xzER 


is not bounded in the Schwartz space. 


Question 5.2.13. A Fréchet space is barreled. 
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Hint: One uses Theorem 3.9.12 and proceeds as follows. The given space, say X, 
has a basis of neighborhoods made of barrels. Let B be such a barrel. Each of the 
sets nB is closed and X = U°2,(nB). At this stage one uses the fact that X is a 
Baire space (see Theorem 3.9.12) to insure that one of the closed sets nB has a 
non-empty interior. See [307, Proposition 33.2, p. 346] for more details if need be. 


Remark 5.2.14. In the setting of Fréchet spaces, Gelfand and Shilov called Montel 
spaces perfect. 


Theorem 5.2.15. Assume that V is a complete countably normed Hilbert space, 
V=M21Vn, and that for every n there exists m > n such that the injection is 
compact. Then, V is a Montel space (in fact, V is a particular case of a Schwartz 
space). 


Remark 5.2.16. The terminology is a bit unfortunate, but the Schwartz space of 
rapidly decreasing functions is an instance of a Schwartz space. 


5.3 Operators in countably normed spaces 


We prove only (2) of the following exercise. 


Exercise 5.3.1. 


(1) Show that a linear operator T from the countably normed space V (whose 
topology is defined by the semi-norms p,p2,...) into the countably normed 
space YW (whose topology is defined by the semi-norms qi, q2,-.-) 18 contin- 
uous if and only if for every norm qn there exist a finite number of norms 
Pkiy-++3Pk, and a number Kk > 0 such that 


Qn(Tv) < K max {pz,(v),..-,pr,(v)}, Woe V. (5.3.1) 
(2) Assume that the norms are increasing: 


Pn(v) = Baie), and Gn (w) < Qn41(w), hc 1,2,..., 


for allv € V and w € W. Express the fact that a linear operator T is 
continuous from V into W. 

(3) Show that a linear operator in a countably normed space is continuous if and 
only if it is bounded. 


Exercise 5.3.2. Show that the operators 


Pf(z)=af(z) and Qf(x) = f'(2) 
are continuous from SY into itself. 


We note that P and Q satisfy the identity (4.3.2) 


QP-PQ=I 
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on .”. In Exercise 5.6.4 below one is asked to prove that the operators P and Q, 
this time acting on the space H(Q) of functions analytic in the open set 2 (with the 
topology defined as in Exercise 5.6.3), are continuous. This is another example, of 
particular importance in the setting of the present book, of a Fréchet space where 
there exist continuous operators satisfying (4.3.2). On the other hand, recall that 
such operators do not exist in a normed space. See Exercise 4.3.5 above. 


The following result is used in particular in [242, §8, p. 41] in the study of 
spaces of differential forms. See also Remark 5.1.5 in that respect. 


Question 5.3.3. Let T be a continuous map from the Fréchet space F, into the 
Fréchet space Fy. Assume that the quotient space F2/T(F,1) is finite dimensional. 
Show that the image of T is closed. 


We conclude with an example of a countably normed space of entire functions, 
which appears in [41]. See Remark 7.8.2. The space was first introduced in the 
paper [314, §2] of van Eijndhoven and Meyers, and is used in the theory of coherent 
states; see [8]. The union of the Y, was introduced by Gelfand and Shilov [150] in 
an equivalent way, as the space of entire functions f for which there exist positive 
numbers a,b and c (depending on f) such that 


lf(z)| <cemo +" ze. 


See [314, $4] for more information. The intersection of the Y, was studied in [41] 
and its dual is an example of an algebra with a certain inequality; see Exercise 
5.4.8. 


Question 5.3.4. Let p © N and denote by Y, the Hilbert space of entire functions 
f such that 


2 oS iy ae ye 
Cy ff |f(2)\Per =?” 1-2?" drdy < c, 
Cc 
where 
Ql-p 
PJ a — 27”) 
Show that Y contains non-trivial functions and that N14 is a Fréchet space. 


The following result is used in [242, p. 41] in the study of spaces of differential 
forms. See also Exercise 5.3.3. 


Question 5.3.5. The quotient of a Fréchet space by a finite-dimensional space is a 
Fréchet space when endowed with the quotient topology. 


The following result is taken from [114, (12.16.3), p. 84] (but of course has 
a much longer history). See Exercise 4.1.14 and the discussion preceding it. The 
notion of lower semi-continuous functions has been recalled in Definition 3.4.7. 


Question 5.3.6. Every lower semi-continuous semi-norm in a Fréchet space is con- 
tinuous. 
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5.4 Dual of a Fréchet space 


We first recall that the dual of a topological vector space may be trivial, as is 
illustrated from the following example taken from Khaleelulla’s book [202, 6, p. 14]. 


Question 5.4.1 (see (202, 6, p. 14]). Show that the space Ly/2[0,1] (endowed with 
an appropriate topology) is a topological vector space, with trivial dual. 


Hint: The topology is defined by || f||1/2 = Ip /|f(t)|dt. The latter is not a norm. 


Question 5.4.2. Show that the dual of a locally convex topological vector space is 
not trivial when the space is itself not trivial. 


Question 5.4.3 (see [150, p. 34]). Let F be a Fréchet space, with topology defined 
by the semi-norms p,,.... The linear map belongs to the dual F' if and only if 
there existn € N and C, > 0 such that 


lp(v)| < Crllullan, Vue F. 


For the following question, see for instance [257, p. 134]. It is set in one 
variable, but the result holds for functions and distributions of n real variables. 


Question 5.4.4. Show that the Schwartz space / is continuously included and 
dense in SY! in the o(.4', SY) topology. 


Question 5.4.5 ((312, Chapter 1]). Show that the space RN endowed with the metric 
(3.9.3) is a Fréchet space and that its dual is R}, where Ro denotes the space of 
sequences of real numbers indexed by N and with only a finite number of nonzero 
entries. 


The following exercises are taken from the joint work of the author with Guy 
Salomon, see [41, 42, 43], where a new class of topological algebras is defined and 
studied. These algebras, called strong algebras, are a generalization of a space of 
stochastic distributions originally introduced by Yuri Kondratiev. See [182, p. 28] 
for the latter. 

The proofs are based on iterated use of the Cauchy—Schwarz inequality. We 
give some hints, but it seems difficult to be more helpful without giving away the 
whole argument. 


Exercise 5.4.6. Let (where the cn, are complex numbers) 


a= {¢ = (Cn)neNo 3 )_(n +1) lenl? < ~| , peEN, (5.4.1) 


n=0 


and 


lel-p = (0 + 1a | 


n=0 
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Leta € K_q andb€ K_, with p,q € N such that p—q > 2. Let axb denote the 
convolution of the sequences a and b: 


(ax b)n = So Gna n=0,1,... 
u=0 
Show that ax b € K_2p and that 
jax b||-2» < Ap — a)llall-qlbll_-p. (5.4.2) 


where 


A(p— 4) = (d0 + yen) , (5.4.3) 


n=0 


Hint: When computing ||a « b||_2,, use the inequality 


(u + 1)?(v +.1)?(n—ut1)?(n—v41)? < (n+1)” (5.4.4) 


valid for integers u,v € {0,...,n} to bound terms of the form 
|@ay| > [Gel * [Gna + [Baal 


The Cauchy—Schwarz inequality is also applied a number of times to get estimates. 


Remark 5.4.7. The space Up° Kp, with K_, defined by (5.4.1), is the space of 
tempered distributions. 


Exercise 5.4.8. Let a@ = (Qn)nen, be a sequence of strictly positive numbers such 
that 


Antm 2 AnAam, VWn,meNo, (5.4.5) 

and such that ™ 
x, a? < 00 (5.4.6) 

n=0 


for some dE N. Let (where the cn are complex numbers) 
K_,(a) = {« = (Cn) nENo Da a, “le = ~| , peN, (5.4.7) 
n=0 


and 


IIell-p = (>. oe) (5.4.8) 
n=0 


Let a € K_q(a) andb € K_,(a) with p,q € N such that p—q > d. Let axb denote 
the convolution of the sequences a and b. Show that axb € K_,(a) and that 


Ila * bl|_p < A(p — g)|lal|—qllOll-p, (5.4.9) 
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where 


A(p—q) = (>: ce) (5.4.10) 


n=0 


(which is finite in view of (5.4.6)). 


Hint: Now (5.4.4) is replaced by 


Dt oe (5.4.11) 


PP 
Ay AMyAn—wln—v > 


Note the difference of the power (2p instead of 4p) with the right-hand side of 
(5.4.4). 


Remarks 5.4.9. 


(1) A sequence of positive numbers satisfying (5.4.5) is called superexponential. 
The case a, = 2” corresponds to the (dual) of the spaces considered in 
Question 5.3.4. Inequality (5.4.9) was proved in [41]. 

(2) The sequence a, = (n+1),n = 0,1,2,... is not superexponential, but rather 
subexponential since 


(n+1)(m+1)=nm+n+m+1>(n+m+1). 
Note that to get (5.4.4) (and so to prove (5.4.2)) one uses in fact the property 
(n+1)(m4+1) < (n+m+1)’. 


(3) Inequalities (5.4.2) and (5.4.9) are of a totally different nature. Using the 
first one, one cannot obtain useful bounds for the norms of the elements 
a*”. On the other hand, inequality (5.4.9) implies in particular that Vn € N, 
a*” € K_»—-a(a). Moreover, 


|a""llp+a < A(@)" lal. 


This last inequality suggests that one can define a functional calculus in the 
space Up? 9K _»(a@). Inequalities of this kind seem to have been first found by 
Vage in the setting of a space of stochastic distributions. See [311]. 


In the following question we describe the set of stochastic distributions just 
alluded to, and introduced by Yuri Kondratiev. See [182]. We denote by ¢ the set 
of sequences of elements in No, indexed by N, and with at most a finite number of 
nonzero entries (thus, € = @; with J = N in the notation defined in the proof of 
item (2) of Exercise 7.1.17). We set (see [182]) for a € &: 


(2N)° — 9m, (2 F 2)% . (2 . 3)°3 nae 
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Question 5.4.10. Define for p= 1,2,... 
K_p = | oe ; Ifllp = 0 fal? (QN)P* < ~| ; 
ace 


Show that for p> q+ 2, there exists a finite constant A(p,q) such that 


If gly SAW, QIflly-lIglla, VA € Kp and g € Kg. (5.4.12) 


Remark 5.4.11. (5.4.12) is called Vage’s inequality. 


5.5 Positive operators 


We met earlier the notion of a positive matrix (see Definition 1.6.1) and of a 
positive operator in a Hilbert space (see Definition 4.2.28) and in Banach space 
(see Remark 4.2.37). The latter definition still makes sense for general topological 
vector spaces. 


Definition 5.5.1. Let V be a topological vector space and let V* denote its anti- 
dual, that is the space of continuous anti-linear functionals. The linear operator 
M from Y into Y* is called positive if 


(Mv, v)yyx 20, Vue V. 


Exercise 5.5.2. Let H be a Hilbert space, let V be a topological vector space (with 
anti-dual denoted by ¥*) and let T be a continuous linear from V into H. Let T* 
be defined from H into V* by 


(T*h, b) yy = (h, Tb) x. 
Show that the operator M = T*T is linear and positive. 
Remark 5.5.3 (see also (7.4.4)). The adjoint map T”’ from H’ into V’ is defined by 
(T’ (en); 6) yy = vn(Td) = (Tb, h)n, VheH and bey, 
where y;, € H’ is uniquely defined by h € H using Riesz’ theorem: 
(Pr Un n = (u,b). 

Hence the operators T’ and T* are related by 

(T*h, b)y«y = (T'(n), by y = (h, Tb) 1. (5.5.1) 


The converse to Exercise 5.5.2 will not hold in general. A continuous positive 
operator need not admit a factorization via a Hilbert space. Such a factoriza- 
tion will always hold in spaces with the factorization property. To motivate the 
definition, we begin with an easy question. 
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Question 5.5.4. Let V be a topological vector space (with antidual V*), and let 
M be a positive operator from V into V*. Assume that M = T*T, where T is a 
continuous operator from V into a Hilbert space H. Then the map 


ur (Mv, v) (5.5.2) 


is continuous. 


The continuity of the application (5.5.2) was singled out by J. Gérniak to 
characterize locally convex topological vector spaces V in which all continuous 
positive operators from V into V* can be factored via a Hilbert space; see [161, 
Theorem (1.7), p. 71]. Such spaces are called spaces with the factorization property. 
Gorniak in fact considered antilinear operators from V into Y’, but the situation 
is equivalent. For real spaces (which form an important family of examples), the 
two approaches trivially coincide. An example of a space which does not have the 
factorization property (also due to Gorniak) is given in Exercise 5.5.6. We first 
mention that important families of spaces, such as Banach and nuclear spaces, do 
have the factorization property. It is interesting to note that the intersection of 
these two families consists of finite-dimensional spaces. 


Question 5.5.5. Let B be a Banach space and let M be a linear positive operator 
from B into B*. 


(1) Show that M can be factorized via a Hilbert space. 
(2) Show that the result still holds when B is replaced by a space having the 
factorization property (that is, a space for which (5.5.2) holds). 


Hint: Show that the range of M endowed with the Hermitian form 
(Mu, Mv) = (Mu, v)B«,6 


is a pre-Hilbert space. Let H denote its closure and let i denote the map i(u) = Mu 
from B into H. Using the factorization property in the second case (and directly 
in the first case), the equality 


li(w)lla, = (Mu, u) B+ 


shows that 7 is continuous. Compute its adjoint to conclude. 


Exercise 5.5.6. Let V be as in Exercise 5.2.5. Show that the natural injection map 
from V into Y* (the latter endowed with the strong topology) is continuous and 
positive, but that it cannot be factored via a Hilbert space. 
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5.6 Topology of the space of analytic functions 


Banach spaces and Hilbert spaces of analytic functions play an important role in 
functional analysis; see for instance [84, 121, 126, 180, 206]. Banach spaces are 
complete topological vector spaces whose topology is defined by a single norm. 
When one considers the space H(Q) of all functions analytic in a given open set 
Q, the appropriate structure is more complicated. The topology is defined by a 
countable number of norms, and we have a Fréchet space (that is, a metrizable, 
complete, locally convex, topological vector space; see Definition 5.2.8 and [307, 
p. 95]). As shown in Exercise 5.2.10 for the case of D, the metric space structure 
is such that convergence is equivalent to uniform convergence on compact sets. 
In particular, the underlying topology can be characterized by convergence of 
sequences. 


Exercise 5.6.1. Let Q be an open subset of C, and let (fn)nen denote a sequence 
of functions analytic in Q and converging uniformly on compact subsets of Q to a 
function f. Show that f is analytic in Q. 


Question 5.6.2. 


(a) Show that an open path-connected subset of the complex plane is connected. 
(b) Show that a connected open subset of the complex plane can be written as a 
union of increasing compact connected sets Ky, Ko,... such that 


fo} 
RyRy WS Bice: 


For (b) above see for instance [144, Lemma A.20, p. 372]. 


Let 2 be open and connected, and let (Kn)nen be a sequence of compact 
sets as in (b) of Exercise 5.6.2. The maps 


If lln = max Fak. at 2 3. 


define norms in H(Q). 


Question 5.6.3. Describe the smallest topology for which the norms ||-||n are contin- 
uous. Show that this topology is metrizable, and hence that H(Q) endowed with this 
topology is a Fréchet space. Show that a sequence of elements in H(Q) converges 
in this topology if and only if it converges uniformly on compact subsets of Q. 


Exercise 5.6.4. Let Q be open and connected. Show that the operators 


Pf(z)=zf(z) and Qf(z) = f'(2) (5.6.1) 


are continuous on H(Q). 
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The continuity of the operator f 4 f’ on H(Q) is used in particular in the 
proof of Riemann’s mapping theorem; see for instance [95]. 


Other important examples of Fréchet spaces include the Schwartz space Y 
of rapidly vanishing smooth functions, see the definition above Exercise 5.3.2, 
and various other spaces which play the role of test functions in the theory of 
distributions. The duals of these spaces and their topologies (in particular the 
strong and weak topologies) play a key role in various problems. 


Since H(Q) is a complete metric space, Baire’s category theorem asserts that 
it is a second category space. For the following question, where a result of Kierst 
and Szpilrajn is presented, see the discussion after (3.2.1). 


Question 5.6.5. The set of functions analytic in the open unit disk and which have 
a radial tangential limit (possibly infinite) at at least one point on the unit circle 
is a first category set. 


Now that we have a topology structure on H(Q) we can ask various questions 
relative to this topology. For instance: 


(1) What are the bounded subsets (see Definition 5.1.17 for the latter) of H(Q)? 
(2) What are the compact subsets of H(Q)? 
(3) What is the dual of H(Q)? 


Surprisingly, the characterization of compact subsets of H(Q) drifts us away 
from classical paradigms of functional analysis, and plays a key role in a proof of 
Riemann’s mapping theorem. 


Exercise 5.6.6. Characterize the bounded subsets of H(Q). 


Question 5.6.7. Let as above 2 C C be open and connected, and consider now a 
countable set {zo, 21,...} dense in Q, and let Ky, = {z0,...,2n}. Note that the 
interior of Ky, is empty, and that the union of the K,, is different from Q. Show 
that the corresponding semi-metric d is a metric, and characterize the convergence 
in this metric in the spaces C(Q) and #/(Q). 


Consider a sequence of functions (fn)nen which converges uniformly on com- 
pact subsets of D to a function f. Then, f is also analytic in D (use for instance 
Morera’s theorem to see that; see Exercise 5.6.1 if need be), and Cauchy’s formula 
applied to f, — f, 


fA? (0) - f(0) fn(6) — £@ 
p! Qn a Cpt a 


where r is any fixed number in (0,1) implies that 


lim f”(0) = f(0), p=0,1,... (5.6.2) 


n—->oco 
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The following exercise is taken from Cartan’s book, see [95, Lemma 2, p. 167], 
and concerns the converse statement: When does (5.6.2) imply uniform conver- 
gence on compact sets? The original statement speaks of a bounded set in H(Q). 
Since H(Q) is a metric space, item (2) shows that a bounded and closed subspace 
of H(Q) is compact. 


Exercise 5.6.8. Let (fn)nen be a sequence of functions analytic in the open unit 
disk, and bounded by 1 in modulus there. 


(1) Show that (fn)nen converges to f uniformly on compact subsets of the open 
unit disk if and only if (5.6.2) holds. 

(2) Show that (fn)nen admits a subsequence converging uniformly on compact 
subsets of the open unit disk. 


Question 5.6.9. Using the previous result prove that 


lim (1— =) =e, ze€C. (5.6.3) 


n> oco ( n 


Exercise 5.6.10. Let q € D \ {0}. Show that the series 


=o 


neZ 
n¥#0 


5.6.4 
q” ( ) 


converges in the open ring |q| < |z| <1. 


The derivative of the Laurent series (5.6.4) is equal to 


ae 
neZ 1— q” 
n#0 


and converges uniformly on every closed subring of |g| < |z| < 1. Let now r € (0,1). 
Series of the form 


appear in particular in the computation of the Bergman kernel for the annulus 
r < |z| < 1. More precisely, see [70, p. 10], the Bergman kernel of the annulus 
r <|z| <1 is given by the formula 


1 1 n(z@)” 
oo : 5.6.5 
2rzwlnr . 120 y 1— rn ( ) 


n#0 


This sum can be written in terms of the Weierstrass function: 


p(inz)=-7 + 2p"), 
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where ¢(z) is a Weierstrass function with periods T; = im and T2 = Inr, and 


where 7, is some complex constant. 


In relation to the above, and in relation to elliptic functions, we mention the 
following (see [315, p. 66]). We set for fixed r € (0,1): 


PAu 
CT Se per 
neZ 


to be the Jordan—Kronecker function. 


Question 5.6.11. Show that 


f(a, 2) f (0, 2) = 2f (ab, 2)’ + fab, 2)(p1(@) + pi(b)) 


where 


5.7 Normal families 


The completeness property of the space H(Q) of functions analytic in an open set 
Q endowed with the topology defined by the norms (4.1.4) is referred to also as 
the normal family theorem (for analytic functions). We refer for instance to [4, p. 
220] for more on the normal family. 


Question 5.7.1. Let QD be an open subset of C. Show that the unit ball of H(Q) is 
compact. 


Exercise 5.7.2. Let Q; and Q2 be two open subsets of C and assume that 01 C Oe. 
Show that the restriction map from H®(Q2) into H°(Q1) is compact. Is it onto? 


Question 5.7.3. Let R © (0,1) and let Dr denote the open disk centered at the 
origin and of radius R. Show that the natural injection from H(D) into H(Dp) is 
compact. 


The following result is one of the keys to a proof of Riemann’s theorem. 


Question 5.7.4. The sequence of functions (fr)ken of H(D) converges in the topol- 
ogy of H(D) if and only if 


Yin € No, lim FOO). 
00 
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5.8 The dual of the space of analytic functions 


Exercise 5.8.1. Let y be a continuous linear map from H(D) into C. Show that 
there exist R € (0,1) and C > 0 such that 


lp(z")| < CR", n=0,1,... (5.8.1) 
Conversely, given a sequence of numbers (bn)nen, such that 
lbn] < CR", n=0,1,... (5.8.2) 
with R € (0,1) and C > 0, show that the formula 


of) = So anbn; (5.8.3) 
n=0 


where f(z) = >>-.9 an2", defines a continuous functional from H(D) into C. 
Question 5.8.2. Characterize the topological dual of H(Ar), where Ar is the an- 
nulus defined by (2.1.14): 

Arp ={zEC;3l<|z| < R}. 
Question 5.8.3. Characterize the topological dual of the space of entire functions. 


Hint: Consider the space of germs at the origin. To that purpose, recall the follow- 
ing: Let a € C. Consider the set of pairs (V, f) where V is an open subset of the 
complex plane which contains a, and f is analytic in V. Say that (Vi, f1) ~ (V2, fo) 
if there is an open set V3 containing a and such that 


V3 CV, NVe and fila) = fo(x), x € V3. 


This defines indeed an equivalence relation, and the equivalence classes are called 
germs at a. 


5.9 Solutions of the exercises 


Solution of Exercise 5.1.6: Let v1,...,vy be a basis of VY. Since W is a topologi- 
cal vector space the vector space operations are continuous and so the algebraic 


isomorphism 
N 


T(z1,...,2N) = ‘> Bethy, 


n=1 
from C% onto V is continuous. We now show that T~! is also continuous. Let 
€ > 0. The sphere 


N 
S. = {levenren) €OM, Slee =<| 


n=1 
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is compact and so is its image under T in W. Furthermore, 0 ¢ T(S,). Recall that 
a compact set is closed and so T(S,) is closed in W, and there is a neighborhood 
of the origin, say N., such that 


T (Se) M Ne = 0. 


Thus NV. c T(C% \S,). The latter has two connected components, the one which 
contains the origin being T(B,), with 


N 
B= Greeenv eos Sila cet 


n=1 


(recall that the continuous image of a connected set is connected; see Theorem 
3.4.11). By taking the connected component of N. which contains the origin we 
may assume N, connected. Furthermore we note that 


N. CT (Be), 


since 0 belongs to both sets and both sets are connected. It follows that 


N 
THN Ve {lee ec; lea? < a 


n=1 


and so T~! is continuous. Thus C% and V are topologically isomorphic, and hence 
Y is complete and so closed in W. 


Solution of Exercise 5.1.8: We denote by V(0) the set of neighborhoods of the 
origin in V, and by V a given element of \V(0). 


(1) The map (A,v) + Xv is jointly continuous. In particular it is separately 
continuous, and for any given v € VY the map A + Av is continuous in the 
variable A. Thus for any neighborhood V of the origin there is € > 0 such that 


|A;}<e => AWE. 
Taking any a € (0,€) we have 
lA; <a = AWEY, 


and so V is absorbing. 


Recall that a basis of neighborhoods of the origin for the product topology 
of C x Y consists of sets of the form B(0,p) x W, where W is a neighborhood of 
the origin in Y. Since the product is continuous at the point (0,7) with « € V 
there exist p,; > 0 and a neighborhood of the origin W, such that 


z€B(0,pr) and weW, = wey. 


Each of the sets p,W, € N(0) and is included in V. Thus, the set Urey pxWz 
answers the question. 
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Solution of Exercise 5.1.14: The joint continuity of the addition at the point 0 
follows from the inclusion 


Vej2,n/2(0) + Ves2,n/2(0) © Ve,n (0). 


The joint continuity of (A, f) > Af is proved similarly. 

We now show that C[0,1] endowed with the given topology is not locally 
convex (and in particular the sets V-/2,/2(0) are not convex). We follow the ar- 
gument in [183] (outlined in the hint to the exercise) to show that no convex set 
X lies between two sets of the form V-~,,,(0). 


Let Ve, 7, (0) C X C Veg no (0), and let 
T=UR gh C (0,11, 


where the J; are open intervals, each of them of length less than 7,, and of total 
length strictly greater than 2. For i = 1,...,n, let J; be an open interval such 
that J; ¢ I;. In particular the length of J; is less than 7. There exist continuous 
functions f1,..., fn € Vey, Such that 


eo={9 ee 


2neég, t € Jj. 


The function ar & is greater in modulus than €2 on an open set of length greater 
than 72 and in particular will not belong to V.,.,,(0). Thus 7”, £ ¢ X. 


i=l n 


Solution of Exercise 5.1.18: Let V be the underlying space, and let V be a neigh- 
borhood of the origin. It contains a set of the form 


at {v ey ; Pu(v) < Gals 


where pj,..-,Pm belong to the set of semi-norms defining the topology of V. Let 
now q be another such norm and let « > 0. Assume that V is bounded. Then there 
exists k > 0 such that 

Vck{vEYV; qv) <e}, 


and so , 
mi (vey; Pulv) < Seve; q(v) <e}. 


The topology of Y is therefore defined by a finite number of semi-norms, and hence 
by one semi-norm. 


Solution of Exercise 5.2.1: A basis of open neighborhoods of the origin is given by 
the sets of the form 
Miz {v € V; pn, (v) < ei}, (5.9.1) 
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where m varies in N, n1,...,%m € N, and €1,...,€m are all strictly positive num- 
bers. Any such neighborhood contains the open neighborhood 


{vu EV; png (v) <0}, 
where no = max {n1,...,%m} and € = min {e1,...,€m}. Thus the sets 
{ve V;pr(v)<e}, neEN, €>0, 


also form a basis of neighborhoods of the topology. 
We now show that the above topology is metrizable, with the metric 


1 pr(v—w) 
d = — —_—_—_—_—.. 9.2 
(v, w) 2 ie w) (5.9.2) 
We set for r > 0 
Ba(0,r) ={v €V;d(0,v) <r}. 
It is enough to show that 
(a) for every M € N and € > 0 there exists r > 0 such that 


Ba(0,r) c {vu €V; pu(v) <€}, 


and that, conversely, 
(b) for every r > 0 there exist M and € as above such that 


{v © V; pu(v) < €} C Ba(0,r). (5.9.3) 


We first prove (a): Let us take r such that 2” r < 1. The condition 


implies in particular that 


or equivalently 
ay 
1-2Mr° 


This last expression will be less than € as soon as 


pa(v) < 


Qi —-. 

r< baz 
We now prove (b). Consider a ball By(0,1r). Since the distance d (defined by 
(5.9.2)) is bounded by 1, it is enough to consider the case r < 1. Let M € N be 


such that 


Co 


1 
SS. eo 


n=M-+1 
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Since the norms are increasing and since the function u tH 


moreover have that 
M 


2-1 + pp (v) ~ 1+ pa(v) 2 


n=1 


Chose € > 0 such that 


Then, for pyr(v) < € we have that 


3 os ux (Ge 


€ ‘3 ae ere ae 
l+e 2 QM 2 


U 


1 
ota 


1 1 
_pu(v) (Gro )<$. 


1 + pm(v) 


For such e, (5.9.3) is in force. 
Solution of Exercise 5.2.3: Following the hint, take 
fn(t)=—e"™, te (0,1). 


Then 


Thu 1S Increasing, we 


i; 


and so || fn — fmlla = ||fn — fmll2, and (fn)nen is a Cauchy sequence with respect 
to the two norms. It converges to 0 with respect to the first norm. It does not 


converge to 0 with respect to the second norm since 


Ilfnll2 =e". 


Solution of Exercise 5.2.5: Let A C V be a bounded set. We follow the hint, and 
assume by contradiction that there exists a strictly increasing sequence of integers 
n1,N2,... (which we can suppose of density zero) such that 


Vm €N, Ja € A, such that af” 40. 


Consider the semi-norm 


and the corresponding neighborhood V = {z € V ; p(z) < 1}. Since 


p(a™) > tm, 


the boundedness condition (5.1.5) cannot hold. 
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Consider now the semi-norms p,(z) = |z,|. Since A is assumed bounded 
there exists for every n € N a number M,, > 0 such that 
AC My -p;,"(0,1). 


Hence 
Cn = {|Zn|, z © A} 


is bounded. Combining with the beginning of the argument we see that there exists 
an integer N4 and a constant K such that 


acA = |a,|<K and a,=Ofor n>WNy. 


Conversely, any such set is bounded. 


Solution of Exercise 5.2.10: We note that d is indeed a metric. Each of the d,, is 
only a semi-norm on C(D), but d(f,g) = 0 if and only if f = g since the K,, cover 
all the open unit disk. 


To prove the second claim, we first assume that (5.2.3) is in force. Let « > 0 
and N € No preassigned. There exists 7 > 0 such that 


N 
2a n<il and j=2, -* 


Given 7 as above, there exists P € N such that: 
p> P= df, fo) <n, 


and in particular 


23 dn(f, fe) 
2N 1+dn(f, fp) 
which implies dy (f, fp) < €. 


<n, 


Conversely, assume that the sequence (f,)pen, converges to f uniformly on 
compact subsets of D. Fix « > 0. There exists N € No such that 


Qn 2? 
n=N+1 


and in particular 
co 


‘S eo dn(f, te) < € 
are 2° 14+dn(f, fp) ~ 2 
Moreover, there exists P € No such that: 
p> P= dlfifo)<so me, 0 =041,...,N. 


NET)’ 


Thus, for p > P, we have that d(f, fp) < €. 
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Solution of Exercise 5.2.12: The set 

{s € Y ; max|s’(x)| < i} 

xceER 
is an open neighborhood of the origin. Should the set 
V= {s € SF; max|s(x)| < i} 
«zeR 
be bounded there would exist an M > 0 such that 
{s € Y; max|s(xr)| < i} Cc M{s € SF ; max|s’(x)| < i}, 
ceER zeER 


This is not possible since the set V contains functions with first derivative ar- 

bitrarily large in absolute value at the origin, as is seen by taking the functions 
2 7 

LH fm(x) = ze0m , which belong to V for every m > 0. We detail the compu- 


tation for the convenience of the reader. We have 


fi,(c) =—mae~™™ and f(z) =me~™™ (—1 + 222m). 


Hence the extrema of f/, is at the points +,/ — and are both equal in absolute 


value to 
4] se p 


Solution of Exercise 5.3.1: As mentioned before the exercise, we prove only the 
second item. Since the semi-norms are ordered, a basis of neighborhoods of the 
origin in Y is given by the sets 


{vu EV; pn(v) <e}, e€>0, 


and similarly for W. Thus, a necessary and sufficient condition of continuity for 
the linear operator T is: 


Vn EN and Ve>0, ImeEN and 7 >0, such that 
T{veV; pm(v) <n} Cc {wew; gn(w) <é}. 


Solution of Exercise 5.3.2: From 


(xf (a)) = af (x) + af (2), 
we obtain 
IPF llp.a SF llp+t.¢ + all fillp.o- (5.9.4) 


Let now 


W={fe; If 


ee ae eee ge 
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with N EN, p,q; © No and e; > 0 fori = 1,...,.N, be an open neighborhood of 
the origin. Then, with 
€&j 


PUN), 
24: 


é 
pitla < 5 and II f piso S 


vafrexilf 


we have PY C W, and so P is continuous. 


The continuity of Q is proved in a similar way, using 


QF llp.q = lf llp.a41- 
Solution to Exercise 5.4.6: Let r © N. We have 
foe) n 2 
lax bd]? = 5 |S— aubn—u| (n+ 1)-?” 
n=0!u=0 


ay (>: lau] - ba] Gi” (5.9.5) 
=0 \u=0 
~ 2, ( > |u| + |@v] + |bn—ul « Pn} Co emee 


n=0 \u,v=0 


Since the quantities u+1,v+1,n—u+1 and n—v+1 are all greater or equal 
to 0 and less or equal to n + 1 for u,v € {0,...,n} we have: 


(u + 1)?(v +:1)?(n—u+1)?(n—v +1)? < (n41)”. (5.9.6) 
Hence, 
(n+1)~*? = (u+1)-?(v +1)? (n—u4+1)?(n—v4+1)? 
x (w+ 1)P(v +1)?(n — ut 1)?(n—v +1)?(n4+1)-” 
<(ut1)P?(vt1) P(n-—utl1)Pn-v41)”. 


Thus, (5.9.5) becomes with r = 2p: 


lax bl? op < do ( do laul(u + 1)? - [av|(v + 1)”. 


n=0 \u,v=0 


-|bn—ul(n — 4+ 1)-? « |ba—ol(n — 0 +:1)-”) 


= 3 \ay|(u + 1)~? - Jay|(v + 1)7? x (5.9.7) 


u,v=0 


x [So [bn-ul(m — w+ 1)? |bp—ol(n — 0 +1)” 


nN>U,v 


276 


Chapter 5. Locally Convex Topological Vector Spaces 


The Cauchy—Schwarz inequality gives 


D> [bn-ul(e— w+ 1)? Pol (n — 9 + 1)? 


nN>U,v 
< 
n>U,v 
< |lb|/2, 


Thus (5.9.7) becomes 


lax bl|- op < <(> 


de laul = |aol(u + 1)? +1)? = (> Ay |(u + rv) 


But 


u,v=0 


where A(p—q) is given by (5.4.3), which is finite for p—q > 2. Hence the result. 


i i 
2 


D> nun — w+)? | | SO [bn—vP(n- 0 41)-” 


nN>U,v 


S> Jaul(w+1)-? : |ay|(v + v) -|O[2.p- (5.9.8) 


u,v=0 


u=0 

— (> du|(u + 1)~4(u + o-) 
u=0 

< (> dy |? (u + -*) (do +4 >) 
u=0 u=0 

= |lal|2.,(A@ — 9)’, 


Solution to Exercise 5.4.8: The proof goes along the lines of the arguments in the 
previous exercise, but this time (5.9.6) is replaced by an inequality taking into 
account (5.4.5). More precisely we have for r € N: 


lla d||?,. = 


From (5.4.5) we have 


an 


n 2 
s AuOn—u 


u=0 


oe) 
n=0 


2) b> Jeu) [n— se a (5.9.9) 


n=0 


-E(> |a..| - |a,| - [Pas as| * lbn— ) Se 


n=0 \u,v=0 


aPaPa? jae, <a®?, (5.9.10) 


n—-vV — 
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and thus: 


Ge =a; Pa ms are n 


PaPaP_ab —2p 


<a Paysage On 


Hence, (5.9.9) becomes (with r = p; recall that in the previous exercise one had 
to choose r = 2p): 


co n 
Jaxdl2, <3 ( 3 laula?  lavlag? 
n=0 \u,v=0 
% [Orin ne |e ay . Peele a) 


= > Jaulaz? + |aylas? (5.9.11) 


u,v=0 


x ‘> |Pn—ulon ey * |bn—vlan2y 


nN>U,v 


The Cauchy—Schwarz inequality gives 


ble 
NR 


S- [ba ci Oe u = |Da lige vs 3 [ba al Oe me x |bn— al Op me 


n>U,v nN>U,v nN>U,v 
< |[blI7, 
Thus (5.9.11) becomes 
ljaxd|2, < ( > Jules? ni BI|2, (5.9.12) 
u,v=0 


But, as in the previous exercise: 


Co Co 2 
‘> ll -fslosag® = (0 clos?) 


u,v=0 
2 
—d,9-P 
Ay ty 
u=0 


(Kone) (Garr) 


= |lall?,- (Alp 9)’, 


where A(p—q) is defined by (5.4.10), and is finite in view of (5.4.6) since p—q > d. 
The result follows. 


I 

a 
Ma 
Gy 


IA 
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Solution of Exercise 5.5.2: The claim follows from the very definition of T™. 


Solution of Exercise 5.5.6: The strong topology in V’ is defined by the bounded 
sets in V. More precisely, a basis of open sets is given by sets of the form 


{u EV’; eae \(u, Z)vrv| < cS , (5.9.13) 
ZzE 


where B is a bounded set in V. Using Exercise 5.2.5 we know that B is included 
in a set of the form 


{z €V, |zn| < c for n =1,...,no and z, = 0 for n> no}, (5.9.14) 


where c > 0 and ng EN. 


With these definitions out of the way we prove that the natural map (the 
canonical inclusion) 


(I(v))(w) = S "wnt, v,w EY, (5.9.15) 
neN 


indeed sends Y into Y*, that it is continuous and positive, but that J cannot be 
factored via a Hilbert space. 
STEP 1: I sends V into Y*. 

To prove this claim, let v € V and let A denote the support of v. We have 


Z(v)(w)| = |S wnt] < Mp(w) 


near 


where M = °,,¢, |Un| and p(w) = donc, |Wn|. The semi-norm p belongs to the 
family of norms defining the topology, and the continuity of I(v) follows. 
STEP 2: I is continuous V into Y*. 

Let N’ be a neighborhood of 0 € Y*, which we will take of the form 


N'={peEV™ : |v(un)| < € forn =1,...,No,and |un| <c}, 
for some preassigned € > 0, No € N and c > 0. Let now 
N= {enn eV: a lun | < ‘} 
n=1 
Then I(N) Cc N’, and hence the continuity of the map I. 
STEP 3: The map I is positive. 
This follows from (note that we replace V’ by V*) 


(I(v),v)v+v = > lea. 


neNn 
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Assume now by contradiction that J = J*J, where J is a linear continuous 
operator from VY into some Hilbert space H. Then, the equality 


Yo len? = 10, oY ve,y = (I*I0, ove v = | Jolli 
n=1 


would imply that the map v +> S7°~_, |v, |? is continuous from V into R. But this is 
not the case. To see this take any semi-norm px, and any number t > 0. Choose 
z € VY such that z,, = 1 for some no ¢ K and z,, = 0 otherwise (such no exists 
since K has density 0). Then 


co 


lar Hl Spee) =6. 


n=1 


In view of Remark 5.2.6, this shows that the semi-norm ,/)7,_, |2n|? is not con- 
tinuous in V. See also [251, p. 7]. 


Remark 5.9.1. We note that, in the previous exercise, not every set of integers 
can be chosen. The case K = N (which, of course, has not density 0) leads to 
p(z) = S37~, |zn| and the function \/37~, |zn|? is clearly continuous with respect 
to this norm. We note that sequences of zero density rather than sequences with 
finite support are used in the definition of the norms to get a topology as small as 
possible on so. Finally we remark that the space V in the previous exercise plays 
a key role in the theory of sequences spaces. See Ruckle’s book [262, Chapter 3, 
Section 3]. 


Solution of Exercise 5.6.1: The limit f is continuous since the convergence is 
uniform on compact subsets of Q. Since analyticity is a local property, it is enough 
to show that f is analytic in any open convex subset, say EF, of 2. Let A be a 
triangle inside F’, with oriented boundary OA. For every n € N, Cauchy’s theorem 
implies that 

fr(z)dz = 0. (5.9.16) 

OA 

Since 0A is a compact subset of Q, the uniform convergence of the sequence 
(fn)nen on OA allows us to interchange limit and integral in (5.9.16) and write 


0= lim Fn(z)dz = (lim fr(z))dz = i f(z)dz. 


Morera’s theorem allows us to conclude that f is analytic in EF, and hence in all 
of 2. 


Solution of Exercise 5.6.4: The space H({Q) is metrizable. So, in view of Exercise 
3.9.22 it is enough to consider sequences to prove continuity. Furthermore, we use 
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the characterization of the topology of H(Q) given in Question 5.6.3. Let thus 
(fn)nen be a sequence of functions analytic in 2 and converging uniformly on 
compact subsets of to the function f (which is analytic, as is well known and 
follows for instance from Morera’s theorem; see the previous exercise). Let K Cc Q 
be a given compact set and let Ky be another compact set such that 


K Chic Ki, CQ. 


(See Question 5.6.2 for the latter.) Then K Cc UN_,B(zu,€u) C Ky for some 
NEN, 2,...,2n € K and €,...,€n > 0. We have 


Wa-PO=sef | Mead, re Bewe) 


and thus, with « = min {e1,...,en}, 


1 
/ / 
_ <u = 
maxx |f,(2) — f"(@)| < = max fale) — FL 
and hence the continuity of the differentiation. Continuity of multiplication by z 
is proved similarly by writing 


1 
2fn(z) — 2f(2) oe 


Dri 


Cfn(Q) — (0) 
¢-2z 


d6, z€ B(Zu,€u). 


Solution of Exercise 5.6.6: (see [95, p. 165]) Since a basis of neighborhoods of 
the origin consists of sets of functions uniformly bounded on a given compact, it 
follows that a set is bounded if and only if its elements are uniformly bounded on 
compact subsets of 2. 


Remark 5.9.2 (see [95, Proposition 1.1, p. 165]). Cauchy’s formula implies that 
the operator of differentiation sends bounded sets into bounded sets. This is of 
course not surprising since H(Q) is a metric space and f +> f’ is continuous. 


Solution of Exercise 5.6.8: 


(1) We follow [95, p. 168]. Conditions (5.6.2) follow from the assumed uniform 
convergence on compact subsets and from Cauchy’s formula, and do not require 
the condition that the functions be bounded in modulus by 1 in the open unit disk. 
Under this condition we now prove that the sequence (f,)nen converges uniformly 
on compact subsets to f. Let r € (0,1). Cauchy’s formula 


ry ani p=, 1... 


fa? (0) 1 fal) 
I. cert a 
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() 
implies that the numbers LO) are uniformly bounded by + in modulus, and so 
p! ry 


om 

(p) : 
are the limits Po. Since r is arbitrary in (0,1), these various numbers are in 
fact bounded by 1 in modulus: 


(p) 
A <1. ee Oi Lis, (5.9.17) 
p! 
and ) 
P)(O 
2 Oca, p=0,1,.... (5.9.18) 
Pp: 


Fix now r € (0,1). Then (5.9.17) and (5.9.18) allow us to use the dominated 
convergence theorem (certainly too heavy a tool here), or an €/3 argument (which 
we leave to the reader), to show that 


Sf? 0)» _ $ F(0) 


yo lelsr 


p=0 7 
which ends the proof of (1). 


(2) Inequalities (5.9.17) are still in force. The diagonal process will provide a 


() 
subsequence of integer numbers for which all the limits lim, f — exist. We 
refer the reader to Cartan’s book [95] for more details. 


Solution of Exercise 5.6.10: Since |g| < 1, there exists no € No such that 


1 
n> no => |q|" < 3 (5.9.19) 


and therefore, for n > no we have 


z 
< = 2|z|”. 5.9.20 
rea =ia—r t=2 eee 
Let now n € {...,—2,—1}, and write m = —n. Since z 4 0 we can write: 
ge _ (qz—1)™ 
1—q — qv —1 
and for no as in (5.9.19) and m > no we have 
n —1\m 
2) 8 | olge-3m = alge". (5.9.21) 
t= qr q” —] 


The sum for positive n’s converges in |z| < 1 in view of (5.9.20), while the sum 
for negative n’s converges in |g] < |z| in view of (5.9.21). These same bounds 
show that the convergence is uniform in every closed ring ry < |z| < ra with 
lqi<ri <7rg<l. 
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Solution of Exercise 5.7.2: Let » denote the restriction operator from H™(Q2) into 
H@~(Q1). To show that « is compact we will show that the image of the closed unit 
ball in H°(Qz2) is relatively compact in #°(Q1). It is enough to show sequential 
compactness since H®(Q)) is a metric space. Let (¢(fn))nen be a sequence of 
elements in the image o(H®(Qz2)), where the functions f, belong to the closed 
unit ball of H°°(Q2). By Montel’s theorem, there exists a subsequence (fn, )ken of 
the sequence (f,)en which converges uniformly on compact subsets of Q2, and in 
particular in 01, to a function f € H®(Q2). Thus 


Jim sup |fax(2) — F(2)| = 0. 
© rE] 
But 
sup | fn. (2) — f(z)| = sup |e(fni)(2) — (f)(2)I- 


z€Qy zEQ2 
It follows that u(f) belongs to the closed unit ball of H°(Q2) and is the limit of 
the functions 1(fy,,) in the norm of this space. 


The restriction map is not onto since there exist functions analytic in Qy 
which do not have an analytic extension to Q2. 


Remark 5.9.3. When Q»2 is connected, v is one-to-one and one can also resort to 
the open mapping theorem (see Theorem 4.2.15) to show that vz is not onto. If it 
was onto, the open mapping theorem would imply that .~! is continuous and so 
the identity map from H®(Qz2) into itself would be compact. This cannot be since 
the space is infinite dimensional. 


Solution of Exercise 5.8.1: By definition of a continuous linear map between Fréchet 
spaces there exist R € (0,1) and C > 0 such that 


le) S C max [/(2)h 


We obtain condition (5.8.1) by taking f(z) = 2", n =0,1,.... 

Conversely, let (bn)nen, be a sequence of complex numbers subject to (5.8.2). 
We note that (5.8.3) makes sense for every f € H(D) when (5.8.1) is in force. 
Indeed, let 


f(~i= a One” 
n=0 


be the Taylor series of f at the origin. It has radius of convergence at least one 


and so the series 
[o.e) 
S- any(z”) 
n=0 


converges absolutely since 


| So any(z")| < d> lanl - lez") SC >= |an|R" < 00 for R€ (0,1). 
n=0 n=0 


n=0 
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As in the solution of item (2) of Exercise 2.3.4 we define a function g by (2.8.10): 


It holds that 


(We), (if gars 
=e z a= " (a lovn ae ) 


It follows that 


since 
1 
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2-1 9(z)dz = bd). (5.9.22) 


(Use once more the dominated convergence theorem if need be to prove (5.9.22), 
but this is just the formula for the negative coefficients in a Laurent series; see, 
e.g., [CAPB, (7.1.1), p. 318]). Thus 


lo(f)| < C max |f()| 


with C = max),|—R, |g(z)|, and y is continuous. 


Chapter 6 


Some Functional Analysis 


Functional analysis and complex variables interact in numerous places. In this 
chapter we picked out some instances of these connections. We first discuss the 
Fourier transform and the Stieltjes integral. Then, we focus on some density re- 
sults. We also discuss the Hankel transform and realization of analytic functions. 


6.1 Fourier transform 


Recall that the Fourier transform of a function f € Li(R,B,du) is given by 


n~ 


foH= i et F(u)du. (6.1.1) 
R 
Note that other definitions are possible, such as 


? e 2miut F(u)du, (6.1.2) 
R 


= [ e-™ F(u)du, (6.1.3) 


(see Remark 6.4.2 in connection with this definition), or 


= et F(u)du. 
Each of these definitions has its own advantages and disadvantages in computa- 
tions. A very interesting characterization of the Fourier transform is given in [54, 
Theorem 1.3, p. 36] by Artstein-Avidan, Faifman and Milman. Their result is given 
in RY. For N = 1 it reads as follows (note that neither continuity nor linearity 
are assumed in the statement): 
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Theorem 6.1.1 (S. Artstein-Avidan, D. Faifman and V. Milman). Let F' be a 
bijection from the Schwartz space into itself such that 


F(f«g) = F(f)F(g), 


where x denotes convolution. Then, there is a diffeomorphism x of the real line 
such that 


(FAO = fF Flu)du or (F(A) (E) = f en Priee Flu)du. 


R 


The Fourier transform extends (up to a factor Tx) to a unitary map from 


L2(R, B, du) into itself, 


14 
= — : 6.1.4 
where we have denoted by || - ||2 the norm in L2(R, 6, du), with inverse given by 
rd 1 wut 
f(u) = — | e™ f(tjdt, (6.1.5) 
27 R 
when f is summable. It holds that 
Ilfll2 = V2n||fll2, (6.1.6) 


and this allows us to extend the inverse Fourier transform to all of L2(R, B, du). 
See item (3) of Exercise 6.1.22 for an explicit expression for the extension of the 
Fourier transform to the whole of Lo(R, B, du). 


A first and classical example of a Fourier transform has been given in Exercise 
2 


2.1.26. More precisely, with f(u) = e~ =, we have 
1 
V2T 


as follows from (2.1.30). See (6.1.23) for the counterpart of this last equality to 
arbitrary elements in Lo(R, 6, dz). 


f=V2nf and f=—=yf, 


We note the following. When choosing definition (6.1.2) for the Fourier trans- 
form of the function f, then the inverse Fourier transform is H = Fo @ with 
g(t) = —t and 

|F'll2 = | llo = Ilfile- 


See for instance [163, Theorem 2.2.14]. 


In the next example the function f ¢ Li (R, B, dx). Therefore one cannot use 
directly formula (6.1.5) to compute the inverse Fourier transform. 
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Exercise 6.1.2. Compute the Fourier transform of the function f(u) = 
Hint: Check first that 


Ic eS 
uti Qn 0 


eet (_Qni)dt, (6.1.7) 


where the integral is absolutely convergent, and use the formula for the inverse 
Fourier transform. 
More generally: 


Exercise 6.1.3. 


(1) Compute the inverse Fourier transform of the functions 


1 1 
———_ and ——~—, n=1,2,... 
eo  * (age 


(2) Show that the functions f, defined by 


frlu) = a (). neZ (6.1.8) 


uti \uti 


are orthonormal in Lo(R, B, du). 
(3) What is the support of fn forn >0 andn <0? 


Hint: Start from (6.1.7) and, using the dominated convergence theorem, differen- 
tiate with respect to t both sides of the equation. 


Exercise 6.1.4. Compute the Fourier transforms of 


1 1 
ery P41) 


respectively. 


We refer to [71, p. 277] for a discussion related to the second kernel. More 
generally, the computation of the Fourier transform of a rational function without 
poles on the real line, and analytic at infinity, plays an important role in various 
questions in stochastic processes and linear system theory. For instance Gelfand 
and Yaglom use such computations to evaluate the amount of information of a 
given stationary Gaussian process y(t) inside another such process. See [149]. In the 
next exercise, we present an approach based on the notion of realization of rational 
functions. For the definition of the Riesz projection in the exercise, see Exercise 
4.2.13 above. For more on, and applications of, formula (6.1.9) see for instance 
the paper [65] of Bart, Kaashoek and Gohberg for applications to convolution 
equations and linear systems. 
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Exercise 6.1.5 (Fourier transform of a rational function). Let A € C’*% without 
spectrum on the real line, and let B,C be matrices of appropriate sizes. Show that 


1 —irt =a _ —iCe~*4 PB, i < 0) 
-x fe OGie — a Bar= { ee oe OO) 


where P denotes the Riesz projection corresponding to the eigenvalues of A in the 
open upper half-plane. 


Hint: Check that (see [65, p. 284]): 
—C(AIn — A) 1B = i e*k(t)dt, 2 € p(A), (6.1.10) 
R 
where the function k(t) is given by 


aCe it A 
KO = { iCe—"* PB, t<0, (6.1.11) 


~ | iCe-#4(Iy — P)B, t>0, 


and use formula (6.1.5) for the inverse Fourier transform. 
We note that (6.1.7) is a very simple instance of (6.1.10) with 


A=-i, P=0, and B=C=1. 


When f € L;(R, 6, dx) the Fourier transform is easily seen to be continuous; 
see [CAPB, Exercise 15.6.3, p. 503]. Another important property of the Fourier 
transform in this case is given in the next exercise, and called Riemann’s lemma. 


Exercise 6.1.6. Let f € L1(R,B,dx). Show that 


n~ 


lim f(t) =0. 


t— +00 


The Lebesgue space Lo(R,6,dx) is invariant under the Fourier transform. 
Here is another key example of a space invariant under this transform. 


Exercise 6.1.7. Show that the Schwartz space (see Definition 5.2.11) is invariant 
under the Fourier transform. 


Hint: Use Exercise 6.1.6. 


Remark 6.1.8. For a proof of this classical result, see, e.g., [326, pp. 183-184]. 
Furthermore, if one knows (1) that the Hermite functions form an orthonormal 
basis of L2(R, 6, dx), and (2) that they are eigenvectors of the Fourier transform, 
and finally, (3) how to characterize Schwartz functions in terms of their expansion 
along the Hermite functions, the above exercise has a very quick solution. 


The following example will be used in Section 7.2 to illustrate Bochner’s 
theorem. See Exercise 7.2.10. It is taken from the paper [81] of Marek Bozejko 
and Takahiro Hasebe. See Exercise 7.2.10 there. This integral and some related 
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ones appear in the note! [66] of Jean Bass and Paul Lévy. The authors trace the 
example to the 1937 thesis of G. Kunetz. We also mention the work [73] where the 
functions considered in the next exercise and question appear in connection with 
Riemann’s function and the theta functions. See also Remark 7.2.16 and Exercise 
6.1.31. 


; . 1 
Exercise 6.1.9. Compute the Fourier transform of the function >y;- 
Following [66] we ask: 

Question 6.1.10. Compute the Fourier transforms of the functions ae and —, 
Exercise 6.1.11. Solve equation (2.1.34) 

f= a In(ujhz(ujdu, n=0,1,... 

R 

and show that 

ar ( a 0,1 (6.1.12) 

In(u) = —=—we? [e , n=O0,l,... alle 
0 “TRE 


Hint: Rewrite (2.1.34) as a Fourier transform and use the inverse Fourier transform. 
To find the corresponding inverse transform differentiate (2.1.30) n-times. 


Definition 6.1.12. The functions 


4 a 
ee (6.1.13) 


are the (unnormalized) Hermite functions, and the polynomials 
2 =? (n) 
H,(z) = (-1)"e* (c 7 ) g =O Teen 


(already appearing in Exercise 2.1.16; see (2.1.19)) are the Hermite polynomials. 
In relation with the following exercise, see also Exercise 6.1.31. 
Exercise 6.1.13. Compute the Fourier transform of the Hermite functions. 


Hint: Let 


n 22 2\ (n) 
gn{z) = (—1)" V2? En(z) =e? (e ) > WS 0y1.... 


1We mention to the reader that this note can be obtained at 


http://gallica.bnf.fr/ark: /12148/bpt6k3182n/f815. image. 


290 Chapter 6. Some Functional Analysis 


Using formula (2.1.30), compute the sum 


SO hah 
US! © ss * 


n=0 


We here have followed the definitions of Hille; see [177, (3), p. 431 and (14), 
p. 432]. Other variations appear in the literature. See for instance [182, p. 208], 
[188, p. 36]. We note that (see, e.g., [177, (31), p. 436]) 


/ e” Hy (u)Hm (udu = V72"n!bmn- (6.1.14) 
R 


Thus the functions (./72"n!)~!/?H,(u), n = 0,1,2,... can be obtained from the 
functions 1, u,u?,... by the Gram—Schmidt orthogonalization process, and are the 
orthogonal polynomials (defined, a priori, up to a unitary constant) associated 
with the weight enw 


Remark 6.1.14. It holds that 


(Comee aes p = om,nn! (6.1.15) 


This follows from the fact that in the reproducing kernel Hilbert space F with 
reproducing kernel e*” (the Fock space;? see Chapter 11) we have 


m 


(2" 2 \ 2 = On mitt! 


It can also be verified from formula (6.1.14). The functions 
1 u2 2\ (n) 
n(u) = ———=e 2 (au ) , m=O, 1)... 6.1.16 
m(t) = ee (6.1.16) 
are the normalized Hermite functions. 


Exercise 6.1.15. Show that the linear span of the Hermite functions is dense in 
L2(R, B, dz). 


Hint: Use formula (2.1.20) with z = —4, t real. 


Exercise 6.1.16. Let €, be as in Exercise 6.1.11. Show that 
En (z) = (2? — 2n — 1)én(z). (6.1.17) 


Hint: Express €,, in terms of the Hermite polynomial H,, (see (2.1.19) or (6.1.13)) 
and use (2.1.22). 


?More precisely, the symmetric Fock space associated with C, or the boson Fock space with 
one degree of freedom; see for instance [246, p. 227] for the latter. 
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Remark 6.1.17. The classical differential equation (6.1.17) can be found for in- 
stance in [177, (15), p. 432]. It expresses the fact that the Hermite functions are 
the eigenvalues of the positive (densely defined unbounded) self-adjoint operator 
(4.3.3): 

H f(x) =—f"(x) + (x? + If (2), 
that is 

He, =2(n+lérn, n=0,1,... (6.1.18) 


See for instance [7, Theorem 5, p. 499 and p. 543] for a discussion of the self- 
adjointness of the minimal operator defined by H, that is, of the operator de- 
fined by H and with domain C?(R) functions f such that f, f’ and Hf are in 
L2(R, B, dz). 


The closely related operator (4.3.5): 


g(a) = Le) + @ — we) 


defined in Exercise 4.3.9 is such that (see Exercise 6.1.33) 


(ci™®)f = f, f €L.(R,B,dz). (6.1.19) 


1 
V2 
Remark 6.1.18. We note that the Schwartz space Y is equal to 

S = Nok», 
where the Hilbert space K, is given by 


Kem {7 = San ; Son +1)? lan)? < ~} (6.1.20) 
n=0 


that is, in terms of the operator H defined by (4.3.3) and appearing in Remark 
6.107, 
SF = M-,Dom A”. 
We take this opportunity to recall the following formula, due in particular 
to Mehler, see [231], [177, (39), p. 439]: 


(w) 1 Qewt—t2(z2+w2) 


pr nl2)Hnlw) = 1-t teD meal 
ps nein — 7, teD, (6.1.21) 


or, in terms of the Hermite functions, 


A4zwt—(z24+w2)(14+t2) 
3 prsmieseniis En(z Jen = . = Goer 2(1—t2) , teD. (6.1.22) 
ar(1— 


Three proofs of this formula, including one due to Hardy, can be found in Watson’s 
paper [319]. 
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Remark 6.1.19. Replacing the function e~”” by |u|?"e-“” with ps > —} the Gram- 
Schmidt orthogonalization process leads to the generalized Hermite polynomials, 
and most (if not all) of the previous analysis can be extended to this case. We 
refer to Rosenblum’s paper [260] for a fascinating account and references. We will 
only mention two points. The Lebesgue space L2(R,8,du) is now replaced by 
L2(R, B, |u|?“du), and the exponential function e“ is replaced by the function (see 
[260, (2.2.4), p. 371]) 


where 
2?" nll (n + pw + 1/2) 
T(u+1/2) 
227+ AID (n + w+ 3/2) 
T(u+1/2) 


Yp(2n) = 
Yu(2n +1)= 


The function 


C Lnan 


E,,(20) = > — 


n=0 Yu(n) 


is called the Dunkl kernel. See the article [290, (3), p. 93] of Sifi and Soltani for 
this and for a generalization of the Fock space to the present setting. 


F 1 
Question 6.1.20. Prove that, for u>—5, 


27° nlT'(n + wt 1/2) = (ony Li” + w+1/2)P(1/2) 

P(u + 1/2) ‘T(n + 1/2)P(u + 1/2)’ 
yntintP(n + w+3/2) oon 4 yy Ot e+ 3/2)0(1/2) 
T(u + 1/2) ‘T(n + 3/2) (pu + 1/2)" 


Exercise 6.1.21. Let ¢(t) = —t. Prove the formulas, valid for f,g € L2(R, B, dz), 


fod = 2nrf, (6.1.23) 
(Fig)2 = (f,90 d)2, (6.1.24) 


where we have denoted by (-,+)2 the inner product in L2(R, B, dz). 


We also refer the reader to the remark that appears after the proof of the 
exercise. 

Formulas (6.1.1) and (6.1.5) are to be understood in general in the Lz sense, 
and the following result, due to Paul Lévy, is therefore of special interest. See [308, 
(32), p. 123], [220]. It provides an extension of the Fourier transform to the whole 
of L2(R, B, dx). See item (3) in the exercise. For further discussion of this latter 
point, see for instance [6, p. 116]. 
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Exercise 6.1.22. 
(1) Let f € Lo(R,B,dx) with Fourier transform i. Then, for every t € R, 


ee — —itu 
| F(u)du =| oof F(u)du. (6.1.25) 
0 R 
(2) Show that the functions 
1 y #0 
ywu= 4 (6.1.26) 
t u=0, 


are dense in Lo(R, B,dx) when t runs through R. 
(3) Show that for f € Lo(R, B, dx) it holds that 


as d io ew itu 
f(t)= ii f(u)du, ae. 


tu 


Hint: Use (6.1.24) to prove the first item. 


More generally, let 44 be a positive Borel measure on R such that (3.7.1) 


holds, 
du(t) 
fz a] < co 


Then the functions 7; belong to La(R, B, du). The description of the closed linear 
span of the functions 7; when ¢ is in some possibly semi-infinite interval of R is an 
important and difficult problem, which involves Hilbert spaces of entire functions 
introduced by de Branges, and is related to the prediction theory of stationary 
second-order stochastic processes. See [84, 126] for more information. 


In view of the (solution of the) following exercise, we define 1; by 


1 fort >0 

igeaec oe (6.1.27) 
Lito}, for t < 0. 

Exercise 6.1.23. Show that 


t | f— 1 Le itu i —isu 

i al al ~ | See i, Pee.  Gias) 
2 20 R u2 

Hint: Use (6.1.25) and formula (6.1.5) for an appropriate choice of f. 


See Exercise 7.2.6 for a general family of functions which includes as a special 
case (6.1.28). 


Formally differentiating (6.1.25) on both sides, one gets back to the definition 
(6.1.1) for the Fourier transform. Such a differentiation is not justified in general 
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for f € Lo(R,B,dx). But the Fourier transform of such a function f is also in 
L2(R, B, dx), and so is locally in L; (R, B, dx). The fundamental theorem of calculus 
(see, e.g., [264, Théoréme 8.17, p. 158]) allows us to claim that the function t H 


ii u)du is absolutely continuous, and differentiable almost everywhere, and: 


ad fs ~ 
af f(ujdu = f(t), ae. 


This last equality can also be understood in the sense of distributions, as explained 
in the next exercise: 


Exercise 6.1.24. Let f € Lo(R,B,du) and let g be a Schwartz function (see Defi- 
nition 5.2.11). Show that 


LU. ju jau) (0 == [ Feat (6.1.29) 


Exercise 6.1.25. Assume that both f andttwtf(t) are in Lo(R, 6, dz). 


(1) Show that 7 is continuous. 
(2) Let g(t) = it f(t). Show that for every Schwartz function s (see Definition 
5.2.11) it holds that 


n~ 


(3, f) = (5,9). (6.1.30) 
(3) Compute || f||? + |lall?- 
Hint for (1): Show that f € Li(R, 6, dx) and use [Exercise 15.6.3, p. 503, CABP]. 


Remark 6.1.26. Equation (6.1.30) means that the derivative of f in the sense of 


distributions is —g. The function f belongs to the Sobolev space of functions 
in L2(R,6,dx) with distributional derivative of the Fourier transform also in 
L2(R, B, dx). 


Item (2) in the following question can be used to show that the operator i# 
with domain the functions f in L2(R,6,dx) which are absolutely continuous and 
with derivative also in Lo(R, B, dx) is self-adjoint. 


Question 6.1.27. 
(1) Show that both f and f' are in L2(R, B, dz) if and only if both f and th tf(t) 
are in Lo(R, B, dx) and that 
fit) = itf (0). 
(2) Let g and h in Lo(R, B,dx) be such that 


[roo Oe MOLTO 


for all Schwartz functions. Relate g and h. 
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The following exercise plays an important role in the proof of Polya’s theorem 
which gives sufficient conditions for a function to be positive definite; see Exercise 
7.2.23. We here consider a simpler case. The arguments are taken from [224, pp. 
83-85]. See also after the proof of the exercise the discussion on the conditions 
Polya assumed. 


Exercise 6.1.28. Let f be an even continuously differentiable function from R into 
itself, and assume that: 


1. f belongs to L,(R, du), 
2. f'(u) <0 foru>0 and —f' is decreasing to 0 on [0, 00), 
3. limuoo f(u) = 0. 


Show that f is real and positive on the real line. 


Hint: (see [224, p. 84]) Show that, for t > 0, 


ee -5 I (Sore # )) satandy,. #20 (6.1.31) 
n=0 


and use Abel’s lemma on alternating series. 


Remark 6.1.29. Polya’s conditions require f to be convex on (0,00) rather than 
continuously differentiable. It then has a right derivative everywhere. See [224, 
§4.3, p. 83]. 


The Fourier transform (6.1.1) maps L2(R+, du) onto an important subspace 
of L2(R,du), the elements of which are boundary values of a Hilbert space of 
functions analytic in the open right half-plane C,. This space, called the Hardy 
space of the open right half-plane, and denoted by H2(C,-), is studied in Section 
8.6 below. More generally, the space H4(C,) defined in item (2) in the following 
question is called the fractional Hilbert space of order v. It plays an important 
role in the study of self-similar systems; see [230]. See Section 8.7 for more details. 


Question 6.1.30. Let v > —1. 
(1) Let f € Lo(R+,du) be such that 


F(z) = | t? f(uje “du =0, WzeC,. (6.1.32) 
0 


Show that f =0. 
(2) Show that the space H5(C,) of functions of the form (6.1.32), endowed with 


the norm 


I|F'll2 = II flle 


is a Hilbert space. 
(3) Let H4(C,) denote the space in (2), and let a > 0. Show that the map which 


to F' associates the function a’? F(az) is unitary from H3(C,) into itself. 
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Related to the following exercise, see also Exercise 6.1.13 and Remark 6.4.2. 


Exercise 6.1.31. 
(1) Let 


Show that 
Ft=]. 


(2) Compute the spectrum of the Fourier transform (as an operator from La(R, 
B, dx) into itself) using Exercise 4.2.39. 


Question 6.1.32. Show that o(F’) is made of eigenvalues and compute the associ- 
ated eigenvectors. 


The Fourier transform is part of a semi-group of operators, called the Fourier 
rotation operators. It is a pleasure to thank Prof. J. Snygg for pointing out the 
reference [292], where these operators are defined and studied in the context of 
quantum mechanics. 


Question 6.1.33. 


(1) Prove (6.1.19) (with B defined by (4.3.5)): 
intB = b= PP 
(e hi = Wprak i € L2(R, B,d ys 


(2) Let f € Lo(R,B,dx) with Hermite expansion f(x) = v7 9 m(x) fn (where 
the Mm are the normalized Hermite functions, see (6.1.16) for the latter, and 
(fn)neNo © £2(No)) and fort ER, 


BPO inde (6.1.33) 


n=0 


Show that T; is unitary and that 
Ti+s = Tid, t— SE R. (6.1.34) 


(3) (see [314, Theorem 4.2, p. 97]) Compute the domain of e“? for u> 0. 


Hints: In principle, one needs the spectral theorem to give formula (6.1.19) a 
precise meaning. Here we can, at least informally, avoid it and define e’"? (and 
more generally e’? with t € R) first on the Hermite functions via 


e'™Bn, —e'™y,, and more generally, e?n, = e"n,, n=0,1,2,... 
Claim (1) then follows by using (6.4.15). Furthermore one then defines 


et Bf — 3 e”" Fim, with f = se Fntn- 


n=0 n=0 
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We conclude this section with the proof that the Bargmann transform is 
injective. See Exercise 2.1.27. 
Remark 6.1.34. Let f € L2(R, 6,dz) be such that the function 
1 
a 
T4 


f(ujel- 2+) +Vv224} dy, = 0, 
R 


Setting z = it we obtain that 


[sada 20 
R 


u2 ‘ u2 ‘ 
and so f(uje” = = 0 since f(u)e~ = € Lo(R, 8, dx), and using the fact that the 
Fourier transform is one-to-one on this space. 


Remark 6.1.35. The Fourier transform defines a unitary mapping from L2(R, B, 
dx) onto itself. We mention that another important transform, namely the Hankel 
transform, defines a unitary mapping from L2(R +, 6, dz) onto itself. 


Let J, denote the Bessel function 


- as (—1)” a 
wel 2. ip Deen) OER) 


The Hankel (or Fourier—Bessel) transform of f is defined as 
atu) = [ed av) fee (6.1.35) 
first for functions f measurable on [0,0o) and such that 
[ vare@lae <o. 
Hankel’s integral theorem (see [215, (5.14.11), p. 130]) holds: 
f(z) = ) yJy (ary) ([- -J(y2)f(e)de) dy, (6.1.36) 
from which follows that 
[ atec@Par = [ vigtu)Pay. 
0 0 
We note that the map (6.1.35), or more precisely, the closely related map 
Fw) = [Jen soyaide 


is used in de Branges’ book [84, §50, p. 185] in his study of homogeneous spaces. 
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The study of the range of the Hankel transform when f has support inside 
a preassigned interval leads to reproducing kernel formulas involving the Bessel 
functions, for instance (see [215, (5.14.3), p. 128] in Lebedev’s book on special 
functions) 


a zl rh lord = POP )IOR) — ade OPI (OT) 


Similar formulas are used in [127] in the prediction problem for the fractional 
Brownian motion. 


6.2 Stieltjes integral 


In complex analysis, Stieltjes integrals appear in a number of topics, and in par- 
ticular for the integral formula for functions analytic and with a positive real part 
in the open unit disk, or, equivalently, for the integral formula for functions which 
are positive and harmonic in the open unit disk. 


First the definition: Let f and g be real-valued functions defined on the 
interval [a,b]. The Stieltjes integral is defined to be the limit, if it exists, of the 


sums of the form : 
Sf (se)(g(te) — g(te-1)); 
k=0 


where 
to =a<ty <to<+++<ty_1 <tr =), 


and 
Sk © [te te+al, k=0,...,n—1, 


as the mesh maxp=1,....n |th — tx—1| goes to 0. 


The case g(t) = ¢t corresponds to Riemann’s integral. As in the case of Rie- 
mann’s integral, the definition is extended via limits to intervals of infinite length. 
When g is defined on R, increasing and right continuous, it defines a Borel measure 
on R. See Exercise 6.2.3 below. In the corresponding Lebesgue space Lj (R, 8, m,) 
not every equivalent class contains a Stieltjes function integrable with respect to 
g (as is seen by considering the case g(t) = t), but, if f is Stieltjes integrable with 
respect to g and is in L;(R,6,mz,) it holds that 


[ro (t)dg(t) = [ 10 (t)dmg(t) (6.2.1) 


For the next exercise, see for instance [74, Lemma 5.9, p. 143]. The result, of 
importance here, is a direct application of the characterization of the extension of 
an additive set function to a sigma-additive set function. Recall first that, given 
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a set EF, a family of sets A C P(E) is called an algebra if it is closed under 
complementation and finite union, and contains EF. We also recall the following 
definition (see [120, Definition 11, p. 137]; here we consider the finite and positive 
case): 


Definition 6.2.1. Let E be a topological space, and let A C P(E) be an algebra. 
The bounded positive additive function jz on A is called regular if for every A € A 
and € > 0 there exist F' and O in A such that 

FcAco, (6.2.2) 
and p(O \ F) <e. 


The following extension result can be found for instance in [120, Theorem 
14, p. 138}. 


Theorem 6.2.2. Let E be locally compact and let yw be a bounded regular additive set 
function on an algebra A C P(E). Then pw has a unique sigma-additive extension 
to the sigma-algebra generated by A. 


Exercise 6.2.3. Let g be an increasing function from R into itself, and define 
m,(s,t] = g(t) -—g(s), 3,t ER. (6.2.3) 
Then, mg extends to a measure if and only if g 1s right-continuous. 
More generally, see [263, Examples 11.6, p. 308], the function m, defined by 
mg(s,t) = g(t) — g(s+) 
mg {8} = 9(8+) — g(s-) 
extends to a measure on the Borel sets of R. 
In view of the following exercise, recall that 1; has been defined in (6.1.27). 


Recall also that a function f from [a,b] into C is of bounded variation if there 
exists an M > 0 such that 


lf (tj41) — f(t) <M 
j=0 
for every choice N and of partition tg =a < ty <---<tn_ 1 < tn = 06 of the given 
interval. The function f is called absolutely continuous if the following condition 
holds: For every € > 0 there exists 6 > 0 such that for any N € N and any choice 
of non-intersecting open intervals I; = (s1,t1),...,[N = (sn,tn) inside [a, b] of 
total length less or equal to 6, 


N 
DME f(sj)| Se. 


We will present only the proof of (1) of the following exercise. 


300 Chapter 6. Some Functional Analysis 


Exercise 6.2.4. Let f € Lo(R, B, dt). 
(1) Show that the function 


o(t)= | f(u)du 


1; 


is absolutely continuous on every bounded interval. 
(2) Let g € Lo(R, 6, dt) be continuous. Show that 


[seyaotuy =f atuyftua . 


Stieltjes integral Lebesgue integral 


In relation with Exercises 6.2.3 and 6.2.4 it is well to recall the following 
result. 


Theorem 6.2.5. (see for instance [264, Théoréme 1.29, p. 23] for the case of general 
topological spaces). Let f € Lo(R, B, dt) with values in [0,00), and let for B € B 


of (B) =f flu)du. (6.2.4) 


Then, of 1s a measure, and it holds that 


[omayaatuy = f rm(u Fudd 


for all positive measurable functions m. 
For the next exercise, see for instance [243, p. 229]. 


Exercise 6.2.6. Prove the integration by parts formula for the Stieltjes integral: 
Let f and g be real-valued functions defined on the interval [a,b]. If the Stieltjes 
integral of f with respect to g, 
b 
[ fas 
a 


exists so does the integral 1h gdf and one has 


b b 
J sare = F0)90) ~ Fagta) - f f(t)dg(t). (6.2.5) 


As remarked in Natanson’s book, see [243, p. 231], this formula implies that 
an increasing function (or, more generally, a bounded variation function) is always 
Stieltjes integrable with respect to a continuous function. 


We end this section with the Stieltjes-Perron inversion formula. 
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Proposition 6.2.7 (see [5, p. 155]). Let o be a real function of a real variable, of 
bounded variation on every finite interval, and assume that 


[HO <0 
nl + lu 


u(x, y) -[\—4+> - yh aotw) 


Then, for every a,b € R, 
o(by) +o(b-) _ o(ay) +(e) 


Let 


5 5 - a u(a, y)dx. (6.2.6) 
When the stronger requirement 
|do|(w) 
—— 2, 
cea < 00 (6.2.7) 


is made on do, formula (6.2.6) takes the simpler form 


o(b4)+a(b_-) o(az)t+o(a_) _,. y 
ee . (/ totu)) dx. (6.2.8) 


Note that the left-hand side of (6.2.8) can be rewritten as 


i= 30), ce =o 
/ gta) + Oe) 5, Sa) oe) 


b 
- im, f : —4 _dg(u) dx, 
y0 J, \Jp lu zl? 
with z= a+ ty. 


Exercise 6.2.8. Let f € Lo(R,B,du) and suppose that 


(6.2.9) 


/ f(ujJdu=0, Va,b€ R(a< Dd). 
[a,b] 


Show that f =0 (a.e.) 


Hint: Check that formula (6.2.4) now defines a complex measure on every finite 
interval (—n,n). Show that it vanishes on the Borel sets. 


Exercise 6.2.9. Let f € Lo(R,6,du) be such that 


FO) yao, WeeEC\R. (6.2.10) 
RU-z 


Using the Stieltjes—Perron inversion formula, prove that f = 0 (a.e.). 

The preceding exercise in fact shows that rational functions which vanish at 
infinity and without poles on the real line are dense in Lo(R, B, du) (see Exercise 
6.3.1 below) and is therefore a good link to Section 6.3, devoted to various density 
results. 
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6.3 Density results 


Continuous functions with compact support are dense in L2(R, B, du). A proof of 
this well-known fact is based on Lusin’s theorem. See for instance [264, Théoréme 
3.14, p. 66]. We pause to mention that this last theorem is itself proved using 
Urysohn’s lemma (see [264, Théoréme 2.23, p. 52] and [264, p. 38] respectively). 
Here we consider two other families of functions, of importance in engineering, 
namely rational functions without poles on the real line and vanishing at infinity, 
and the functions 


t ett _] 
xi(u) = f vom = { um UFO, (6.3.1) 
(0) 


t, u=0. 


That the space of rational functions without poles on the real line and vanishing at 
infinity is dense in La(R, B, dz) is clear if you know that the functions f,, defined 
in (6.1.8) above are an orthonormal basis of L2(R,8,dx), or equivalently, that 
the Laguerre functions span a dense linear subspace of L2(R,,6,dax) (and then, 
their reflections span a dense linear space in L2(R_, B, dx). Here we follow another 
path, the key being to use the Perron—Stieltjes inversion formula. 


Exercise 6.3.1. The rational functions without poles on the real line and vanishing 
at infinity are dense in L2(R, B, dz). 


Hint: Show that a function f orthogonal to all the given set of rational functions 
satisfies (6.2.10) and apply Exercise 6.2.9. 


More generally: 


Exercise 6.3.2. Let a be an increasing function from R into itself, such that 


[Ss < 00 (6.3.2) 
R 


u2+1 


holds. 
(1) Show that the rational functions without poles on the real line and vanishing 
at infinity are dense in Lo(R, B, dco). 
(2) Assume that J, do(u) < co. Show that the linear span of the functions u 
et (t € R) is dense in Lo(R, B, do). 
(3) Show that the linear span of the functions x1,t € R is dense in Lo(R, B, dc). 


Hints: For (1), use formula (6.2.8) with measure fdo. For (2), consider for z € Cz 
the function y(t) = e***1)/9,.0)(¢) and for z € C_ the function y(t) = e’**1 (20,9), 


and compute 
[ow @ c™" flu)dow)) dt, (6.3.3) 


using Fubini’s theorem and item (1). The argument for (3) is similar. 
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The closed linear span of the functions x; for |t] < T plays an important role 
in the theory of prediction of stationary processes. See [126]. 


The criteria for completeness presented in Exercise 6.3.5 below is a special 


case of Vitali’s completeness theorem, see [270, Theorem 26, p. 25], [309, p. 93], 
for the latter. It is first useful to prove a preliminary result, used in the proof: 


Exercise 6.3.3. Let g #0 € Lo(R, B, dx). Then, 


[ g(ujdu #0, ae. 
0 


Remark 6.3.4. The previous claim means that the linear span of the functions 
1j0,4) (t € R) is dense in L2(R, B, dx). 


Exercise 6.3.5. The orthonormal family (gn)nen, in Lo(R,6,dx) is complete if 


and only if 
oo pt 
It] = vI/ Pec 
n=0 79 


In the following exercises we denote by djig the Gaussian probability measure 


2 
, WER. (6.3.4) 


djtg(x) = ae" ae. (6.3.5) 


Exercise 6.3.6. 
(1) Prove that the polynomials are dense in Lo(R, dy). 


—(2? +y?) 


(2) Show that an orthonormal basis for L2(R?, £ 
functions 


dxdy) is given by the 


Tv 


1 and N. 


Fala a 
=, >, nE 
vn! vn! 
Hint: For (1) compute the Fourier transform of the function f (x)e-®” when f 
is orthogonal to all the polynomials. The proof makes uses of Fubini’s theorem, 


and we here quote the relevant version needed, specialized from Brezis’ book [90, 
Théoréme IV.5, p. 55]. 


Theorem 6.3.7. Let f € Li(R?,dxdy). Then, 


[\fewlez Saito. jana [\t@nlay Jee laed, (65%) 
R R 


and 


[Uf sea) a= [ ([ sewer) dy = ff senaeay, (6.3.7) 
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We conclude this section with some exercises on orthogonal polynomials with 
respect to the weight e~* . Consider the space Py of polynomials of degree less 
than or equal to N, endowed with the inner product of L2(R, du,). Then, 


1 
(27,2 dug = sz f anime ae. 


Thus the Gram matrix (see Definition 4.4.4 for the latter) of 1, z,..., 2 is given by 


1 2 
Ey ign == | ed 
Fin )n, Rh _ 


_ JO, if n+ is odd, 
7 I(p+ 3), if n+m = 2p is even, 


where IT denotes the Gamma function. It is constant on the off diagonals, and is 
in particular a Hankel matrix. Let Ly denote a lower triangular matrix such that 


Ly HnLly = In41, 


and let po,...,pn denote the polynomials defined by 


po(2) 1 
pi(z) z 
. =LIn| . 
pn(z) 2N 
Then, p, has degree n and it holds that 
(Devs Pra) =dnm, n,m=0,...,N. (6.3.8) 


Question 6.3.8. Prove that Ly exists and is unique when requiring that the diagonal 
elements are positive. Prove (6.3.8). 


Up to a normalization factor, the p, are the Hermite polynomials (see Def- 
inition 6.1.12). More precisely, assuming Ly with positive diagonal elements, set 


(see [177, (31), p. 436]: 
hn(z) = 4f /r2"n! py(z). 
We note the following formula, see [177, (41), p. 440]: 


 fin(2)Pin(w) _ hvar(z)hn (wv) — hy (zh yaw) 


arnt 2N N\(z —@) : es) 


n=0 


where z AWEC. 
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Hille calls this formula a Christoffel formula. It is a particular instance of 
a general formula associated with Hankel matrices, and which is the counterpart 
of the Christoffel-Darboux formula associated with Toeplitz matrices (recall that 
these are square matrices constant on the diagonals). These are particular cases of 
reproducing kernel formulas for finite-dimensional reproducing kernel spaces when 
the Gram matrix satisfies a certain Stein or Lyapunov equation. 


Question 6.3.9. Let ap,a1,... be a sequence of positive numbers, and define a 
(possibly indefinite and degenerate) Hermitian form on polynomials via 


n m 
(2",2 )=Gapm, n,m =0,1,... 


Show that m7, defined by 


1 Zz Zn 
ao ay An 
Tn(Z) = 2 ? n= 0,1, ? 
an—-1 hn er a2n-1 


is a polynomial of degree n and that 
(1,7) =0, for nA#m. 


Related to the next question, see also Exercise 6.3.13 at the end of the section. 


Question 6.3.10. In the notation of the previous exercise, let H, denote the Hankel 
matriz with (€,k) entry equal to acin, where 0,k € {0,...,n}. Assume that H,, is 
invertible, and let, forn € No, 


igQ@g2a(L & se 2°) 


Show that . 
(tn, 27) =0, jg=0,...,n—1. 


The following question relates to another important class of polynomials, 
namely the Laguerre polynomials. 


Exercise 6.3.11. Show that the polynomials are dense in Lo(R+,e~*dz). 
Hint: Compute 


i * eit F(n)e- "dar 


0 


for z € D, for f € Lo(R4,e~*dx) orthogonal to all the polynomials. 
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N 


Remark 6.3.12. Here too, the Gram matrix associated with 1, z,..., 2’. is a Hankel 


matrix. 


Let us mention another density result, related to Bergman spaces. Polynomi- 
als are dense in the Bergman spaces associated with a bounded open set 2 whose 
complement is connected (thus, an annulus will not fit, for instance). The proof 
presented in Nehari’s book [244] uses Riemann’s mapping theorem, and has an 
essential complex variable flavor. 


To conclude this section we give the following generalization of Question 
6.3.10. 


Exercise 6.3.13. Let fi,..., fn be elements of a complex vector space endowed with 
a Hermitian form (-,-). Let P denote the associated Gram matrix, that is P is the 
Nx N Hermitian matrix with (¢,k) entry Pex = (fr, fe), and assume that P is 
invertible. Finally let 


ev=(f fa «+ fw) Po]: ]. (6.3.10) 


(1) Show that 
(ensf;,) = 0) Fela 


(2) Show that (en,en) £0. 


6.4 Solutions of the exercises 


Solution of Exercise 6.1.2: The function f(u) = eet is in the Hardy space H2(C+), 
and is therefore the inverse Fourier transform of a function g with support in [0, 00), 


which is given in the hint, namely 
g(t) = —2mie~ "1p, (t). 


We will not follow this path, but go the pedestrian way. Of course the Fourier trans- 
form cannot be computed via formula (6.1.1) since f does not belong to Li (R, dz), 
and we follow the original definition of the Fourier transform via approximation. 
Consider for € > 0 the function 

i 


O~ Grier iy 


Then, 


14+ u? eu24+1 


[itt = taPau = f Aaa ren 
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and the dominated convergence theorem implies that lim¢-4o || f — fe||2 = 0. The 
residue theorem allows us to compute the Fourier transform f,. Indeed, for t < 0 


we have 
ie < 1, ZzE CL, 


and the function e~“* f.(z) is analytic in the closed upper half-plane. Hence, 
f.(t)=0, for t<0, (6.4.1) 
and similarly (for e ~ 1) 


f(t) = —2ni {Res (e~™ f.(u), —i) + Res (e* f.(u), —é/€)} 


os e-t e-t/e 
== ri{ +h. (6.4.2) 
2s, {en - eo t/e} ; for t>0. 
l-e 
Let 
oe 0, for t <0, 
ae —2rie—', fort > 0. 


Then g € L2(R, dt) and the equality (recall that « > 0) 


~ Ane? ae —t/el2 
I-91 = SOS fete 
0 


(l=) 

shows that . 
lim ||fe — gll2 = 0. 
e>0 


Remark 6.4.1. D. Sarason in [273, p. 30] calculates the above Fourier transform 
by applying the residue theorem to compute the limit 


du. 


lim - 
R- oo _Rut+? 


Solution of Exercise 6.1.3: 


(1) We switch the symbols u and ¢ in (6.1.7). Differentiating then n times (6.1.7) 
with respect to t we have that, for n = 0,1,... 


1 1 f* 
Gap _ mah eg, (u)du, (6.4.3) 
with ch 
2n(—i)” 
9n(tt) = eS i. (u). (6.4.4) 
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Taking adjoints on both sides of (6.4.3) we have 


1 1 4 itu 


(2) This follows from the fact that the functions 6, defined by 


1 1 u—i\” 
rH b,(u) = —=-—— [| ——_] , Z, 
bn(u) a(S) ee 


are orthonormal in L2(R,6,du) and from (6.1.4). Indeed, we have: 


2m fn fm)2 = 3 Ts 
= 27 (Dn ; bm)2 
=20bmn, n,m eZ. 


(3) In view of (1) the support of f,, is [0,co) for n > 0 and (—oo,0] for n < 0 
since the functions b,, are linear combinations of the functions considered in 
the first item (use the partial fraction expansion of a rational function, if 
need be, to check this last fact). 


We note the following. The isometry property (6.1.6) applied to (6.4.3) 


leads to 
a ff lan(w) )Pdu = laa (6.4.6) 
aa -° TQn+1) (2n)! 
| ey du = ae = pont? 


(6.4.6) is equivalent to 


9 (2n)! / dt 
i—_—_ = | ——___.. 
ann? Je (+1)! 


This in turn is a well-known integral; see for instance [CAPB, p. 378]. 


Solution of Exercise 6.1.9: We consider the closed contour Iz made of the rectangle 
with vertices 


Ar= (—R,0), Br= (R, 0), Cr= (R, in), DR= (—R, ir). 


The zeros of the function cosh z are the solutions of the equation e?* = —1, and 
the only one inside the above contour is z = i. By the residue oe 


—itz —itz 
e dz : e .7 me 
= 27iRes | ———,i-— ] = 27e2, 
Tp cosh z coshz 2 
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where we have used formula (2.8.12) (see for instance [CAPB, (7.3.2), p. 325]) to 
compute the residue. On the other hand, and since cosh(z + ia) = — cosh z,we 


have: 
i edz - i. edz 
=-e : 
[Cr,Dr] Cosh z [Ar,Br] Ccoshz 


Furthermore, for t < 0, 


a “dz ede 
lim — = lim =0 
R>0 JiBR.Cp) COShZ Roe JS pp Ap) Ccoshz 


—itut 
| i (6.4.7) 
R 


coshu cosh (=) , 


It follows that 


first for negative t, and by symmetry for all real t. 


Remark 6.4.2. As remarked in the paper of Bass and Lévy [66], the above formula 


gives that the function 
1 


cosh (t,/F) 
is an eigenfunction, with eigenvalue 1, of the Fourier transform when this one is 
defined as in (6.1.3), that is, 


oa [ ef (u)du. 


Solution of Exercise 6.1.4: By the residue theorem, we have for t > 0, 


ett q oniR, ett : 
lav, v= ATUNES (a=) 


( eitz ee | 
= i = . 


(n — 1)! 


But using the formula for the Nth derivative of a product with N = n—1 (see for 
instance [CAPB, Exercise 4.2.1, p. 148]), and with the understanding that 


k-1 
[[@+9=1, for k=1, 


we have: 
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Therefore, 
itx oo n—-1 k-1 
— ya Sone OM Meco (4) pnt 
p (22 +1)" Qn — kl(n — 1 — k)!2hin+k 
met (RR 
=s (< tg 
k=0 
where 
k-1 
2=0 (n + £) 
=, oe: eee |b 
Ck Kin — 1— Bylo 0,1, cag 


Thus the corresponding positive definite function is: 


melts] (2 
a y tear |. (6.4.8) 


k=0 


We now turn to the case o’(u) = ST: Let 


zy = ellant) k=0,1,...,.n-1 


> ? 


be the roots of order n of —1 which lie in the open upper half-plane. By the residue 
theorem, we have for t > 0: 


et dy n eitZe 
[ at a 
purt+l er 2nz;, 
- n-l 
Saar on zpelt?e , 
k=0 
where we have used that a = —z," to go from the first to the second line. Let 
n-1 
fis ye, (6.4.9) 
k=0 


so that the above sum reads 
edu T 
i Qn = ——f'(t). 
purt+il n 


To compute f, we distinguish the cases n even and n odd. Let first n = 2p with 
peéN. Then, 
= Appa, k= 0, pL, 
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and, with z, = ax +i, where 


2n n 
we have 
p-l1 p-l 
f®H= (ee at ge RF) 29 S- e Pk" cos(agt). 
k=0 k=0 
Thus 
et dy On 
=e —Brpt on 
/ > = — Ye (Bx cos(axt) + ap sin(agt)) 
2 
RU m4 1 n ha0 
on aia: ( T =) 
= — e '*'sin | apt + -— + — 
n 2n n 


and the corresponding positive definite function is: 


27 P —B,|t—s| o: TT tk 

—Y) es sin | a,|t—- s|+—+—}]. 

n 2n n 
k=0 

When n is odd, n = 2p + 1, then there are 2p + 1 roots of —1 in the open upper 

half-plane, 2p of them in pairs and the root z = i. The function (6.4.9) is now 


equal to 
p-1 


Ft) =e* +) (et +e), 


k=0 


equal 0 if p=0 
and the corresponding positive definite function is now 


p-l 
k 
etal 4 ae sin (cal —8|+ oH - =) 


equal 0 if p=0 


We note that in (6.4.8) the function 


n—-1 


K@s)=> alt—ah 


k=0 


is not positive definite. To verify this, consider the matrix 


ex ro) 
K(0,t) K(0,0) 


and let ¢ be large enough. 
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Solution of Exercise 6.1.5: The spectrum of PA is in the open upper half-plane 
and so the integral 


0 
/ ee eRe (6.4.10) 
converges for real \. To see this, write A as 
PAlran P = Tdiag (i,...)T~* 


where each of the J; is a Jordan block, and where T € C*% is invertible. Let 
J, ECU, 


oo 
or 
eH © 
Oo 
oO 
= =) 


Jj = Ajln; +N;, with N;= , 


oo 
So 
oo 
oo 
oo 
or 


and where Im A; > 0. We have 


nj-l . n nj-l1 . n 
itd; — thy (=1t)" aon) — tele dy) a0 dy) a) 
e =e (s Al N; =e e€ S- 7 oan 


n=0 


and so the integral 
0 
/ eit(Aln; —Ii) Gy 


converges for real \, and therefore so does the integral (6.4.10). Thus for real » 
we have 


t=—oo 


0 
/ poe ease = [een Pela Ang ~ PA)|ran P)) "| 


= —i((AIy — PA)|ran p))* 
= —1i(AIy aa Ayr" ce P; 
and so | 
[nice HO Mle edt = — Oly — AY Man. 
Checking that 


| jett> e—tlAlran (in —P)) dt = —(AIy = A)" |,an (n—P) 
0 


is proved in the same way. Since 


(AIn hae A)? = (AIn = Ay sap ap (AlN _ AY ats (In-P) 
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we have 


[ e*1(t)dt = —(Aly — A)“ 
R 


with 


i(t) jie tAlran(P) , i <0, 
= je tAlran(1y —P) | t>0. 


The claim follows by multiplying this equality by C on the left and B on the right 
and applying the formula for the inverse Fourier transform. 


Solution of Exercise 6.1.6: For a fixed € > 0 choose first A > 0 such that 


Jiuj>a | f(u)|du < ¢. The functions e,(u) = e 4 ,n € Z are dense in L2[—A, Al. 
Consider then a finite linear combination p(u) of the functions e, such that 
|. f — pla < «. By the Cauchy—Schwarz inequality, 


[Wild ~ plu)idu < V2Ae 
[A.A] 


For a given e,, we have 


; “ete i(nm—At) _ ,—i(nw—At) 
i en(uje du = i et) du = ae 
[-A,A] [-A,A] (at —t) 


and so 


lim i en(uje “du = 0. 
t—+ 00 [—A,A] 


This allows us to conclude the proof. 


Solution of Exercise 6.1.7: (see also the remark after the statement of the exercise). 
We follow the hint. For p,q € No we have 


3 (t) = i s(u)(—iu)fe7™ du, 


where the interchange of integration and differentiation is justified using the domi- 
nated convergence theorem. Furthermore successive integration by parts allows us 
to write t?s( (t) as the Fourier transform of a Schwartz function. The result follows 
then from the previous exercise since Schwartz functions belong to L;(R). 


Solution of Exercise 6.1.11: Let f € L2(R,6,dx). For z = Al the Bargmann 
transform (2.1.33) can be rewritten as 


oaP (-5) = dl Ce (6.4.11) 
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Using formula (6.1.5) for the inverse Fourier transform we have 


2 ' it 
== fia) itup(_" ) e—Tat. A12 
e (u) = ae ( =) e Td (6 ) 


When F(z) = 2”, the corresponding function f, which we will denote by apn, 
satisfies 


. +2 n u2 2 
[etre at = (=i) "22-3 Fetal). (6.4.13) 


Consider now equation (2.1.30), which, after a change of notation, can be rewrit- 


ten as: 
ye 32 7 
V27e 2 =f ze ds, 
R 


With v = V2u, and the change of variable s = zB we have 


1 2, 
Vine” = = [ ese a. 
R 
Differentiating n times we get 


2\ (n) 2 F 
Vin (i ) = fee (iy oat. (6.4.14) 
R 


and hence we obtain (6.1.12): 
( ) 1 u2 ( “ (n) 
SS 2 a 
In(u Vm e® (e 


Remark 6.4.3. Equations (6.4.11) and (6.4.12) give the relations between the 
Bargmann transform and the Fourier transform. 


Solution of Exercise 6.1.13: Using the hint we write for s € C: 


v3)2 
equal to e~“**)” by Taylor’s formula, 


; uz «2 
=f ote¥e (ut+is) du 
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2 7 a 
=e fe i(t+2s)u , > da 
R 


t4+2s)? 
=e? VIne (where we have used (2.1.30)) 
= Janet els)” 


ee 


It follows that 


Ga(t) = V2n(—-1)"g,(t), n=0,1,... (6.4.15) 


and similarly for the Hermite functions €, since these are scalar multiples of the 
functions gn. 


Solution of Exercise 6.1.15: A function f orthogonal to all the Hermite functions 
is orthogonal to the functions e~“ u”, n = 0,1,.... Thus, by (2.1.20) we have 


[ flue" du a 3 
R n=0 


22h 2 
/ f(uje“ u"du = 0, 
—p % JR 


where the interchange of summation and integral is made using the dominated 
convergence theorem. Setting z = — we get 


| flue” edu =0, 
R 


and so f(u)e~™ 


Il 
a 


Solution of Exercise 6.1.16: Let H,, be the Hermite polynomial defined by (2.1.19). 
22 
Then €,,(z) =e = H(z). Hence 


él (2) = —2€n(2) Le Hi (2), (6.4.16) 
é""(z) = —2€! (2) — &,(2) — 27 F H(z) +e FH" (2). (6.4.17) 


Using (6.4.16) and then (2.1.22), equation (6.4.17) becomes 


" (2) = —2(—2&n(2) + e7 F Hi, (2) — En(2) — 2e7 F Hi, (2) +e F H(z) 
= (22 = 1€n(z) + (-22H (2) + Hi" (2)) eo F 


equal to —2nH,y,(z) 
in view of (2.1.22) 


= (z* —1-2n)én(z). 
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Solution of Exercise 6.1.21: From the definition of the inverse Fourier transform 
(see (6.1.5)), and with ¢(t) = —t, we have: 


ss 1 — 
pa Ow 


and hence we obtain (6.1.23) by taking the Fourier transform of both sides. To 
obtain the second identity we note that (6.1.4) is equivalent to 


an(f, h)e a (fy hyo, f,h € L2(R, B, dx). 


Take now h = goo where g € Lo(R, B, dx), and apply (6.1.23) to get (6.1.24): 


pre, 
Pei a 
og 


2n(f,g09) = (f,g0d) = Inf, 9). 


Remark 6.4.4. When one assumes f and g to be in L,(R, B, dx) one can also apply 
Fubini’s theorem to the function 


f(x)e*¥ g(y) 


[f tere atnyaray = f 00) ( fe **atapay) a 
= [ (/ f(2)e*¥de) g(y)dy, 


[ seater = f Fleg(aac. 


See for instance [235, (3.2), p. 7]. Replacing g by g we obtain then (6.1.24). 


to obtain 


so that 


Solution of Exercise 6.1.22: 
(1) Let g(v) = 1jae)(v), with a < b. Then 


goo(u) = [dy = 


=p —wU 


and (6.1.24) leads to 


[ * Fu)du = [ fu) a, 


The cases a= 0,b=t>0Oanda=t <0, b=0 lead to (6.1.25). 
(2) Let f € Lo(R, B, dx) be orthogonal to all the +. Then, (6.1.25) leads to 


t 
ul f(ujdu=0, VteR. 
0 
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It follows from the fundamental theorem of calculus (see, e.g., [264, Théoréme 
8.17, p. 158]) that f = 0 almost everywhere and so f = 0. 


Solution of Exercise 6.1.23: Let f be such that a = 1,, where s € R. Then, by 
formula (6.1.5) 


ius 1 


+¢ a : uF 0, 


27 

5, u=0, when s>0, 
f(u) = 1 1-e%¥s 

Qn iu”? U # 0, 

8, u=0, whens <0, 


and (6.1.25) leads then to 


1 | —itu t= 1sU 
min (t,s) = =f Ce at, t,s ER. 
To conclude we note that 
t —|t- 
min(t, s) = = t,sER 


Solution of Exercise 6.1.24: Let g be a Schwartz function. Then, the function 


i ew tut 


— F(u)g'(t) 


is absolutely summable with respect to the Lebesgue measure of R?, and Fubini’s 
theorem together with an integration by parts leads to: 


[( [Fre u) a(t) t)dt = [fe \([—=s ‘(odt) du 
=- f fu ( (ie atta) i 
— f Feoyatea 


On the other hand, (6.1.24) with 7 instead of g leads to 


[ Foswe =f ru ) (fe a(—v)ae wae) a 
- [10 (fran 
= [ senatwau 


and hence we obtain (6.1.29). 
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Solution of Exercise 6.1.25: 
(1) Following the hint, we have 


[irceolaes f ieolaus f callstenldn 


R\[-1,1] ul 


: 1/2 1/2 
< / hore (/ ) (/. isonet) ee, 
[-1,1] R\[-1,1] U R\{-1,1] 


The result is then the content of [Exercise 15.6.3, p. 503, CABP]. 
(2) Since f € Li(R, 6, dx) we can apply Fubini’s theorem in computing 


(s', fy = [ s(t) ( i e“Teajau dt 
= [ ( - one's) f(u)du 
= [ ([ste™]%, - [ ius(t)e™at f (udu 
_ [ ( is s(deat) iuF(a)du 
= i. 6 ( [ (—iu)e™ F(a} dt 


= (8,9) 
and this leads to (6.1.30). 
(3) In view of (6.1.4) we have 


ll? + llal2 = fp (1+ 2u?)| f(a) [du 


Solution of Exercise 6.1.28: (see [224, p. 84]) Since f is even and tends to 0 at 
infinity we can write for t > 0, 


- =f sin(ut) f’(u)du 
5 So. pews 
=a yay a sin(ut) f’(u)du 
= -< yn" I sin(ut) f’(u + —)du 
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where the interchange of summation and integration is justified as follows. For 
fixed u (and t), and in view of the hypothesis on f’, the sequence 


nt 
nvr (—f'(u+ “)) 
is decreasing to 0. Thus, by Abel’s theorem on alternating series (see for instance 


[CAPB, Theorem 3.3.5, p. 95]), the alternating series 


Vey u+ F)) 


n=0 


converges to a positive number. Thus 


since sin(ut) > 0 on (0, 4]. 


Remark 6.4.5. In fact, rather than assuming the existence of a derivative, it is 
enough to assume that f, besides being even continuous, real-valued and going to 
0 at infinity, is convex. See [224, pp. 83-85]. 


Solution of Exercise 6.1.31: 


(1) Equation (6.1.23) can be rewritten as 
F°(fog)=f, thatis, F°(f) = fod. 


Thus 
F*f=F*(fog)=f. 
(2) By the spectral mapping theorem (see Exercise 4.2.39), we have 


(o(F))* = o(F*) = 1, 


and hence o(F’) Cc {1, —1,2, —t}. 


Solution of Exercise 6.2.3: We first consider an interval of the form E = (a, )], 
with the topology induced by the usual topology of R, and consider the algebra 
A generated by intervals of the form (c, d], where a << c<d< b. We note that 


(a,c] U (d,b] i fajcjdjb, 
E \ (c,d] = § (d,)] ifa=cjdjb, 
(a,c ifajcjd=b. 


Furthermore, if (¢1, di] M (c2, dz] 4 0 we have max{c1, co} < min{d), dz} and 


(e1, dy] U (ca, dg] = (max{ci, co}, min{d1, dz }] 
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we see that every element of A can be written as a finite disjoint union of sets of 
the form (c,d]. So m, will be regular if and only if it is regular on each set of this 
form. Assume first that g is right continuous, let (c,d] & (a,b], and take € > 0. 
Take F' = (c,d] and O = (c,d,] where d < d,, < 6 is such that g(d,) — g(d) < «. 
Such a d,, exists since g is assumed right-continuous. Then (6.2.2) is in force 
and m,(O \ F’) = g(dn) — g(d) < ¢. Therefore m, is regular and Theorem 6.2.2 
insures the existence of the extension of m, to a sigma-additive function on (a, }]. 
Conversely, the same theorem asserts that if m, admits such an extension it is 
regular. We can assume Ff’ = E and O to be of the form (c,h]. The condition 
m,(G \ F) < € gives g(h) — g(b) < € and so g is right-continuous. The case EH = R 
is done by writing R = Unen(—n, n]. 


Solution of Exercise 6.2.4: 


(1) The function f is in Li ({a, b],B,dx). Thus we have, fora<s<t<b, 


f(u)du| < flaw < ; 
if, fen [|r 6 


and thus 
N N 
ae! +) a d 
Delos) ote = Sof ee 
N 
< f(u)|d 
DMF asey\ ee 


=| LF (u)|du 
UX 4 (s;,t3) 


and, using the Cauchy—Schwarz inequality, 


Sap (fveora) < ([ inwedu) 


j=l 


IA 


and it suffices to take 6 = 7 — z, to conclude the proof. 
R 


Solution of Exercise 6.2.6: (See [243, p. 249]). Let a1 < ag <-++ <Gn_1 < Gy and 
by < bg < +++ < by_1 < by. We first note that: 


n—-1 n 


an (be41 = br) => Anvn = agbo = So (ax = Ap—1) 0p. (6.4.18) 
k=0 k=1 
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Indeed we have 


n-1 n 
an (bp+1 — be) + So (ax — an—1)br 
k=0 k=1 
n-1 
= ao(bi — bo) + (@n — Gn—1)bn + >. (ax (be+1 — be) + (ae — Ae—1)de) 
k=1 
n-1 
= Anbyn — anbo + abt — Gn—1bn + > (dnbp4+1 — Gn—1be)) 
k=1 


= anbn — aobo, 


which proves (6.4.18). Formula (6.2.5) follows by taking limits. 


Solution of Exercise 6.2.8: Let n € N. By the Cauchy—Schwarz inequality, the 
restriction of af to (—n,n) is absolutely continuous, and (6.2.4) now defines a 
complex measure on (—n,n). The set of Borel sets where it vanishes is a sigma- 
algebra, which contains the open intervals in (—n,n), and hence contains all the 
Borel sets since the Borel sets form the minimal sigma-algebra generated by the 
open intervals. Taking real and imaginary parts we see that 


i Re f(u)du=0 and | Im f(u)du = 0, 

B B 

for every Borel subset B of (—n,n). Take now € > 0 and 
B=B.= {ue (—n,n): Re f(u) >}. 

We have 


0= Re f(u)du > €\(B.), (where A denotes the Lebesgue measure), 
B 


€ 


and so \(B,.) = 0. Taking now 
B=C, = {ue (—n,n) : Re f(u) < —e} 


we have 


0= [ Re f(u)du < —eX(C.), 


€ 


and A(C.) = 0. It follows that Re f = 0 a.e. The case of Im f is treated in the 
same way. Thus f = 0 (a.e.) on every interval (—n,n) and so on R. 


Solution of Exercise 6.2.9: We have for w 40, 


[0 {a - gh uno 
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so that 


u) 
du = R. 
lu=oP u=0, VweC\ 


Define a signed measure djs by 


Then, condition (6.2.7) is in force and since pz carries no jumps, the Stieltjes—Perron 
formula (6.2.9) gives 


/ du(u), Va,beER. 
(a,b) 


So, 
p(a,b)=0, Va,bER, 


and so ys vanishes on the sigma-algebra generated by the open intervals, and so 
vanishes identically. 


Solution of Exercise 6.3.1: Let f € Lo(R,6,du) be orthogonal to all rational 
functions belonging to that space. Then, for w 4, 


[09 {a gh uno, 


and the previous exercise allows us to conclude. 


Solution of Exercise 6.3.2: 
(1) Let f € Lo(R, 6, do) be such that 


pes )_o, Vz €C\R. 
U-z 


Then, as in the proof of Exercise 6.3.1 we have 


(fe pV ) pee? =0, VzEC\R. 


In a way similar to the preceding exercise, we define a signed measure du by 


dy(u) = f(u)do(u). 
Then, condition (6.2.7) is in force and we can use formula (6.2.9) to obtain 


| a(n) + RO nO MO =o va,bER. 
(a,b 
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Write uw = p41 + M2, where fg carries the jump of yw. Thus 


by) — wa — a(a- 
/ Lo He tl tales) ee) 1 <0, vadeR. 
(a,b) 


Thus the measure 4; + vanishes on the intervals [a,b], and hence on all the 
Borel sets, that is w = 0. In particular 


0= [ Flaydu(u) = a LF (u) Pdo(u), 


and so f = 0 (a a.e.). 
(2) Let f € Lo(R, 8, do) be such that 


[ et f(u)do(u) =0, VtER. 
R 


We follow the hint. With z € Cy and y(t) = e’*'119,.0)(t) we have: 


24 i oe ( ii eint F(u)do(u) dt 
= =f" e (/ e f(u)do(w)) dt 
ed O ( / ~ cea feddotu) 


J(u) da(u). 


RUtzZ 


Similarly 


IND eeu =0, VzEC_. 
R ut+z 


Exercise 6.2.9 allows us to conclude. 
(3) Let f € Lo(R,B,do) be such that 


[xo react =0, WER. 


Then, with z € C1 we have 


ies : v(t) ( i ( [ “eda) f(u)do(u) dt 
i : ( i * ite ( [ “Meda) it) Fadel), 
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But, for T > 0, integration by parts gives: 


Te ; t 1. T : 1 T ; ; 
| eit (/ eda) dt = sets | e““da — =| ett? ett™ de. 
0 0 tz 0 tz Jo 
t 
[ eitz (/ ea) dt = a oo eit eituge — — 1 
0 0 0z Jo 2(z+u) 


and the proof proceeds then as in (2). 


Thus, 


Solution of Exercise 6.3.3: Let T > 0. The function g € L,([0, 7], dv) and therefore 
the map 


p(B) = 7 (tat 


defines a (signed) measure on [0,7] (see [264, Théoréme 1.29, p. 23] for the positive 
case). Since ys vanishes on open intervals in [0,7], it vanishes on the sigma-algebra 
they generate, and thus vanishes identically. See for instance [264, Théoréme 1.39 
(b), p. 29]. 


Solution of Exercise 6.3.5: The proof follows closely the argument in [270, pp. 25- 
26]. Assume first that (gn)nen, is an orthonormal basis. Then, Parseval’s equality 
applied to the function f(u) = 1;(w) (where 1; has been defined in (6.1.27)) 
leads to 


that is, 


Co 


Fla = Do Mf. on)?, 
n=0 
l= DU 


t 
| Gn(u)du 
n=0 0 


and (6.3.4) holds. Assume now that (gn)nen is not complete, and let M denote 
the closed linear span of the functions g,. Then, there exists a function g £ 0, of 
unit norm, and orthogonal to all of the g,,. Parseval’s inequality applied to the 


function f(u) = 1;(u) leads to 
Gnu du glu du 


J“ > So 
/ g(u)du £ 0, 
0 


n=0 
and so there is a strict inequality in (6.3.4) for at least one t. 


2 


? 


2 
++ 


2 


By Exercise 6.3.3, 


Solution of Exercise 6.3.6: 
(1) Since dj, (defined in (6.3.5)) is a probability measure (and in particular finite), 
it holds that 

Lz (R, dg) Cc L,(R, dg), 
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and so fp eit” f(x)e-* da converges absolutely for all real ¢ (this could also be 
checked directly using the Cauchy—Schwarz inequality in Lo(R, dx) with the func- 


a 


tions f(a)e-® and e~ 2 
Lo(R, du,). Thus 


). Assume now f orthogonal to all the polynomials in 


2 
[toc dx =0, n=0,1,2,... 
R 


Let for a fixed t € R, 


Ne 
ita)” 9? oe 
fn(z) = (>: “| f(x)e and g(a) = lf (x)|el? | ; 
n=0 . 
Then, g € L1(R, dx) and 
lfw(x)| < g(x), ae. 
It follows from the dominated convergence theorem in L;(R, dx) that 


tin [ ee i (lim frv(2))de = i elt” #(a)e-™ de, 


N-0o 


Hence 
/ el F(x)e~® da =0, VER, 
R 


and f(a) = 0 as is seen by taking the inverse Fourier transform. 


(2) We first show that the linear span of the monomials 7” y™ is dense in the space. 
Let f € Lo(R?, dug(x)dug(y)) and let n,m € N. The Cauchy-Schwarz inequality 
2 2 2 2 


applied to f(x, y)e7~ 7 and e~—" x"y™ will show that the function 


x22 y2 
f(a, ye™ + c”y™ € Li(R, dxdy). 


Let f be orthogonal to the linear span of the monomials 7"y™. By Theorem 6.3.7 


we have 
y2 
| ae ® (/ F(esshe™ yay dx=0, m,neéN. 
R R 


Using (1) we see that 
2 
b(x) = i f(x,yje" Ty™dy =0, ae.z, meN. (6.4.19) 
R 
The argument of (1) will show that 


[ flenetay, a.€.t, Ge. Y, 
R 


and so f =0 ae. 
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The span of the polynomials is equal to the span of the functions z” and 
z™. Furthermore (and this fact will be used in particular in Exercise 11.1.4 on the 
Bargmann-—Segal—Fock space) 


1 — 0 
= | 2PM ("+9") dandy = a (6.4.20) 
R2 ni, on 


TT =m. 


See [CAPB, Exercise 5.6.18, p. 214] for (6.4.20). 


Remarks 6.4.6. In the proof of (2) there is a delicate point. The function b is defined 
a.e. One needs to take a representative of b in its equivalence class in L;(R, dx) 
and apply (1) to this representative. We have then that for almost every x the 
corresponding element f(x,y) is a.e. equal to 0 in y. 


Still related to the proof of (2) in the preceding exercise, one could apply the 
dominated convergence theorem as in (1) directly to the functions 


N sp Xn Ne fecain _ 
jute) =F (SSE) (ya) ow 
n=0 . n=0 : 


and 


g(x,y) = |f(a,y)|elteltlsyl—at—v* 


One then obtains that 
I f(x, yet) e— 2-4" dady = 0, 
R2 
and uses the uniqueness theorem for the Fourier transform in two variables. 


Solution of Exercise 6.3.11: We follow the hint and take z € D. Then, applying 
the dominated convergence theorem in L2(R, dx) to 


Fin (x) = f(xje* (>: | and G(x) =|f(a)|e(!-Y)*, 
we see that 


[ e'? f(x)e~*dax = ‘> (iz)" [ f(aja"e "dz =0, 2 ED. (6.4.21) 
0 0 


n=0 


Furthermore, the function 


Oe | ” f(alen*e** de 
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is analytic in Im z > —1. Indeed x > 0, and so we have 


- * 
| edu 
0 


Take now ro < 1 and, let (hn)nen be a sequence of complex numbers going to 0, 
and all of modulus less than r9. Applying the dominated convergence theorem to 


< gelhl®, 


F(z) = i(aje*et*# and G(x) = a|f(x)|er-, 


we see that 


n—0o An 


lim Pee SF) - i: ix f (x)e~*e*** dz. 
0 


Since it is enough to compute the limit on sequences, we conclude that F is analytic 
in Im z > —1. In view of (6.4.21) F’ vanishes in the open unit disk, and hence 
identically in Im z > —1, and in particular on the real line. It follows that f(a) = 0 
a.e. on R, as is seen using the inverse Fourier transform for instance. 


Solution of Exercise 6.3.13: 
(1) Let 
(Pie = of), i,k =1,...,N. 


Then, ev = ee fork, and 


N 
i=1 
—~ LAVi,N l, j=N. 


(2) Should (en,en) = 0 we would have (en, f) = 0 for all f in the given vector 
space, and this contradicts the assumed invertibility of P. 


Part III 


Hilbert Spaces of Analytic 
Functions 


Chapter 7 


Positive Definite Functions and 
Kernels, and Reproducing 
Kernel Hilbert Spaces 


. afin de pouvoir mieux mettre en Iumiére quelques 
idées simples, fondamentales dans l’Analyse harmonique 
non commutative. Une de ces notions, celle de fonction 
de type positif, apparait comme fortuite et quelque peu 
artificielle tant qu’on ne s’est pas rendu compte qu’elle 
est la contrepartie, pour les représentations linéaires des 
groupes, de la notion de repésentation monogéne. 


Jean Dieudonné, [112, p. 2] 


Positive definite kernels (and the associated reproducing kernel Hilbert spaces) 
play an important role in various fields in mathematics, and Dieudonné’s judg- 
ment is very harsh, and somewhat unjustified. Besides representation theory and 
harmonic analysis, they appear in function theory (the kernel function associ- 
ated with a domain), in stochastic processes (every positive definite function is 
a correlation function, and vice versa; see Michel Loéve’s book [223]), in infinite- 
dimensional analysis, in learning theory (see for instance [276, 232, 291, 181]), and 
in linear system theory (positivity translates into dissipativity of some underlying 
linear system), to name a few. In this chapter we present exercises which reflect 
some of this diversity. We refer to the books [267, 268] of Saitoh and to the pa- 
pers [179] by Hille and [3802, 301] by Szafraniec for background information and 
applications. 
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7.1 Positive definite kernels 


We first recall the definition of a positive definite kernel. 


Definition 7.1.1. Let Q be a set. The function K(z,w) from Q x Q into C (one 
uses usually the term kernel in this framework) is called a positive definite kernel" 


if the following condition holds: For every N € N, every choice of w),...,wn € Q, 
and every choice of c,,...,cn € C, 
N 
S° GK (w;, ween > 0. (7.1.1) 
jk=1 


We already met a number of examples earlier in the book. In particular: 


Question 7.1.2. Show that the kernel (1.6.14) is positive definite in the open unit 
disk. 


Hint: Use Exercise 2.1.36. 


Condition (7.1.1) is equivalent to saying that the N x N matrix with (j,k) 
entry A(w;,wz) is positive. More generally, there is the following fundamental 
notion, due to Krein: 


Definition 7.1.3. Let Q be a set. The function K(z,w) from 2 x Q into C has 
a finite number of negative squares, say k, if the following condition holds: It is 
Hermitian, 

K(z,w) = K(w,z), Vz,weQ, 


and for every N € N, every choice of wi,...,wy € 9, the N x N matrix with 
(j,k) entry K(w;,w) has at most « strictly negative eigenvalues, and exactly k 
strictly negative eigenvalues for some choice of N and wj,...,wy. 


Assume now that Q has a group structure with operation denoted by o and 
where the inverse of a € Q is denoted by a~!. When Q is Abelian, the function 
f from Q into C is called a positive definite function if the kernel f(z 0 w7') is 
positive definite in Q. For instance: 


Definition 7.1.4. The function f(t) of the real variable t is called positive definite 
if the associated kernel f(t — s) is positive definite in the sense of Definition 7.1.1. 


When 2 is not Abelian, one can consider this latter kernel, but also the kernel 
f(w oz). The two kernels need not be simultaneously positive definite. When 
Q is a finite-dimensional real vector space, the function f has a special structure. 
Setting Q = R%, Bochner’s theorem states that, provided f is continuous, there 


1Note that the terminology positive definite is a bit misleading since the inequality in (7.1.1) 
is not strict. 
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exists a uniquely defined positive Borel measure 4: on R% such that 


f®H= . [ eitthan du(u), Wte R”. (7.1.2) 
RN 


The continuity can be dispensed with. Precise results are given in [275]. 


Question 7.1.5. 
(1) Show that the kernel 
K(2,y) = lo(«— y) 
is positive definite on R. 
(2) Can it written as the Fourier transform of a finite positive Borel measure? 
A representation (7.1.2) will not hold in general in the case of an arbitrary 
topological (real) vector space V (with the measure defined on the Borel sets of 


the dual of V). See Question 7.2.18 for a counterexample, where Y is an infinite- 
dimensional real Hilbert space. 


It is sometimes easy to check that (7.1.1) holds, but sometimes the positivity 
property (7.1.1) is quite below the surface for an outsider, as the examples 


K(t,s)=e I, t,s€R, 


(see (7.2.11) below) and (0.0.5) 


1 
9 (¢|?% + |s)?* — |¢ — |?) ’ t,s ER, 

(where H € (0,1) is fixed) illustrate. See Exercise 7.2.6 for a family of positive 
definite functions which include (7.2.11) as a special case, and Exercise 7.2.9 for 
the kernel (0.0.5). Yet another example is the apparently simple function (11.3.7), 


K(z,w) =e (1—|z—wl’), 


which is positive definite in C. An elementary proof of this fact is given in Exercise 
7.2.5 (where the function is denoted by F2(z,w)). See also Exercise 11.2.1 and 
Remark 11.3.4 at the end of the book. 


As we already mentioned, positive definite functions play an important role in 
complex analysis, in the theory of stochastic processes and in infinite-dimensional 
analysis, and in other surprising fields such as learning theory. In Section 7.2 we 
present various examples related to some of these topics. We begin here with some 
general properties. 


Exercise 7.1.6. 
(1) Show that (7.1.1) implies that K(z,w) is Hermitian: 


K(z,w)=K(w,z) forall z,weQ. 
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(2) The sum of two positive definite kernels is still positive definite. 
(3) The product of two complex-valued positive definite kernels is still positive 
definite. 
(4) If K(z,w) is positive definite so is L(z,w) = K(z,w). 
We note that the first and second claims (this last one with adjoint instead 
of conjugate) still hold in the vector-valued case. On the other hand, (4) does not 


hold in that case. See Exercise 7.4.2 for a counterexample. As for (3), the product 
has to be replaced by tensor product in the vector-valued case; see Exercise 7.4.3. 


One important way to check that a given function is positive definite is to 
express it as an inner product: 
Exercise 7.1.7. Let Q be some set and (#, (-,-).) be a Hilbert space. Let z+ hz 
be a function from Q into #. 

(1) Show that the function 

K(z,w) = (hw, hz) (7.1.3) 
is positive definite in Q. 

(2) The representation (7.1.3) ts called minimal if the linear span of the functions 
hz, 2€Q, is dense in H. Show that a minimal representation is unique up 
to an isomorphism of Hilbert spaces. 

(3) Under the minimality hypothesis, show that the set H(K) of functions of the 
form 


F(z)=(f,hzlwe, fe #, (7.1.4) 


endowed with the norm 
IF lacus) = If lloe (7.1.5) 


is a Hilbert space. Show that the function Ky : z+ K(z,w) belongs to 
H(K) and that for everyw EQ and F € H(K), 


(F, Kw) n(K) = F(w). (7.1.6) 
(4) Using Exercise 4.2.44 show that (7.1.3) can be rewritten as 
(Riess hz) x = Te Las (F107) 


where for all z €Q we have T, € L(C, #). 


As an example of the previous exercise we mention Exercise 2.1.27, and in par- 
ticular equations (2.1.32) and (2.1.33) there. The following exercises also present 
illustrations of Exercise 7.1.7. 


Exercise 7.1.8. Show that the functions 


N 
Kew 2.0. z,wecr 


n=1 
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(where N € N) and 


K(z,w) = a ZnWn, 2, w € £?(N) 
n=1 
are of the form (7.1.3) and characterize the corresponding space H(K) as defined 
in (3) in Exercise 7.1.7. 


The following exercise pertains to the white noise. The case a = 1 corresponds 
to the covariance function of the Brownian motion. 


Exercise 7.1.9. Let a be a continuous positive function defined on [0,co). Show 
that the function 


tAs 
K(t,s) = | a(u)du (7.1.8) 
0 
is positive definite on [0,00). 


Remark 7.1.10. Differentiating (7.1.8) in the sense of distributions (see the follow- 


ing exercise) we get 
2 


0 


The case a = 1 corresponds to the white noise. 


Remark 7.1.11. More generally, one can consider positive definite functions of the 
form 

a(t)b(t A s)a(s)*, t,sER. (7.1.9) 
rather than (7.1.8). In this expression, the functions a and 6b are matrix-valued 
and 6 is differentiable with derivative being nonnegative (as a matrix) for every t. 
The corresponding stochastic processes are those which admit a finite-dimensional 
Markovian realization. See the book [71, Example 2, p. 58] of Berlinet and Thomas- 
Agnan and Kalman’s paper [197] for a survey. 


Exercise 7.1.12. Let K be of the form (7.1.9). Show that for any pair of Schwartz 
functions y,v, 


Co 


Il. o (t)y"(s)K(t, s)dtds a) a(u)p(u)y(u)du. 


0 


The space H(A) defined in item (3) in Exercise 7.1.7 above is called the 
reproducing kernel Hilbert space associated with the positive definite function 
K(z,w). Exercises related to such spaces are given in Section 7.5 below. 


Remark 7.1.13. In fact, every positive definite function can be written in the form 
(7.1.3), or, equivalently, as a sum of “squares” f;(z)f;(w), 


K(z,w) => _ fiz) fw), 2,w EQ, (7.1.10) 


JET 


where the index J need not be countable. 
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These facts will be proved in Exercise 7.5.4 using the reproducing kernel 
Hilbert space associated with a positive definite function. An example of a function 
of the form (7.1.10) is given by Mehler’s formula (6.1.22): 


én(z)Gn(w) _——___samentataatyasty 


a e 
i a ce) 
when t € (0,1). 


Another example is related to the fractional Hardy space of the open right 
half-plane. 


Exercise 7.1.14. Show that the function 


T(1+v) 
——— 7.1.11 
(z+) ( ) 
is positive definite in Cy. 

Hint: Use Exercise 2.1.33. 
The following question focuses on the converse: What can we say about a 


sum of the form (7.1.10) in general? 


Question 7.1.15. Let Q be a set and let (Yn)nen be a family of (say complex-valued, 
and not necessarily linearly independent) functions defined on Q. Let 


do len(a)P < ~}. 


OQ = {ren 
nen 


The function K (x,y) = Donen On(©)Pn(y) ts positive on Qo and the corresponding 
reproducing kernel Hilbert space is the set of functions of the form 


f(a) = ST angn(z), a EC, D> lan? < 00, (7.1.12) 


neNn neN 


with norm the minimum of the sums \/> nen |an|?- 


The functions yp, in Question 7.1.15 may belong to some underlying Hilbert 
space. In this Hilbert space they need not be orthogonal. Even when orthogonal the 
associated set Q9 may be empty, or reduced to a point. When linearly independent, 
they are orthogonal in the Hilbert space with reproducing kernel kK. An example 
where Qo is empty is provided by the Hermite functions (see (6.1.16) for the latter). 
Another example of interest appears in Meschkowski’s book [234, pp. 3-4] with 
the Rademacher functions. Then 9p is a countable dense subset of [0, 1]. 
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Question 7.1.16. For every N € N divide the interval [0,1] into 2% sub-intervals 
of equal length, and define the Rademacher function pn to be equal alternatively 
to 1 and —1 in the corresponding open sub-intervals, and 0 at the boundary points. 
Characterize Qo. 


In (7.1.13) in the following exercise, we denote by ¢ the set of sequences of 
elements in No, indexed by N, and with at most a finite number of nonzero entries. 


Exercise 7.1.17. 


(1) Let (an)nen be an absolutely convergent series of complex numbers. Show that 


BS N 
(So) = ak (7.1.13) 


kee 
|KI=N 
where 
co co co 
ks 
k= |[h!,  lkl=Sohj, and a* = [I a7? 
j=l j=l n=1 


for a = (an)nen- Note that the various expressions make sense since at most 
a finite number of k; are different from 0. 

(2) Let K be positive definite on Q, and of the form (7.1.3). Show that eX @~) 
is positive definite in Q, and find a representation of the same form for this 
function. 

(3) Show that the function 

K(z,w) = e(@)e (7.1.14) 


is positive definite on Q = lg, and represent it in the form (7.1.3). 


We send the reader to Remark 11.1.10 in connection to the kernel (7.1.14). 
This kernel is in the background in Question 5.4.10. 


We also note the following: When zy+1 = zv+2 =-:: = 0, we have 
eleW)ey = Para cae 


and an important factorization of the function 


N = 
e2i=l mys 


is given in [61, p. 20], and is related to the Bargmann transform. For the case 
where 22 = 23 =-:: = 0, see (2.1.32). 


We conclude this section with an exercise where the function is defined on a 
group. We consider the case of C but the underlying idea is much more general. 


338 Chapter 7. Reproducing Kernel Hilbert Spaces 


Exercise 7.1.18. Assume in (7.1.3) that Q = C and that K(z,w) is a function 
of the difference z — w, that is K(z,w) = k(z —w). Assume furthermore given a 
representation (7.1.3) (assumed to exist; see Remark 7.1.13 if need be). Show that 
there is a group of unitary operators (Uz)zec such that 


Uz(hy) =hezv, 2,0€EC. (7.1.15) 


Hint: Use item (2) of Exercise 7.1.7 to justify the existence of U,. 


7.2 Examples of positive definite functions and kernels 


In the first example, P(Q) denotes the set of subsets of a given set Q, and A 
denotes the symmetric difference of sets: 


AAB = (AN (Q\ B))U(BN(Q\ A)) = (AUB) \ (ANB). 
Furthermore we denote by {((A) the number of elements of the finite set A. 
Exercise 7.2.1. Let q € (0,1) and let Q be a finite set. Show that the function 

K(A, B) = qi445), A, Be P(O), (7.2.1) 

is positive definite on P(Q). 
Hint: Write (with 14 denoting the characteristic function of the set A) 

laas(«) = La(@) + 1B(a) — 2(1anp(2)), (7.2.2) 
and note that 

(4) = f 1a(e)dula), 
where du is the counting measure on 2 and that the function 
(AN B) 


is positive definite on P((2). 


Positive definite functions on a group play a key role in harmonic analysis; 
see for instance [114]. We now give an example of functions positive definite on 
the group S,, of permutations of {1,2,...,n}. The result is used in particular in 
the study of the g-Fock space. See [248]. We first need a definition. 


Definition 7.2.2. The parity (denoted by i(c)) of a permutation o is the numbers 
of pairs (u,v) € {1,2,...,n} x {1,2,...,n} such that 


u<v and oa(u) >oa(v). 
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Question 7.2.3. Let q € [—1,1]. Show that the kernels 
giler 22) and giloz 21) 


are positive definite on Sy. 


Hint: Assume first g > 0 and write q = e” for some r < 0. Show that, with 
Q = {1,2,...,n}, it holds that 


i(oy 'o2) = #(o1(Q)Ao2(Q)), 
and use the previous exercise. 


Exercise 7.2.4. Show that the function 


K(m,n) = ee (7.2.3) 


is positive definite on No. 


Hint: Use the Chu-Vandermonde formula (1.6.3). 


See [33] for a study of the harmonic analysis associated with the function 
K(m,n). 


The functions (0.0.7) 


_ 20 = 2. eee. 
Fue) =e (1) (01) gee 


are positive definite in the whole complex plane for N = 1,2,.... See Exercise 
11.2.1 and Remark 11.3.3. In the next exercise one asks for an elementary proof 
of this fact for N = 2. 


Exercise 7.2.5. Show that the function 
Fo(z,w) = e?” (2 — |z — w|*) 
is positive definite in C. 
Hint: Using the power series expansion of e*” and writing 
|z — w|? = |z|? + |wl? — 2 — Zw, 


express the kernel as a sum of “squares”, as in (7.1.10). 
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Exercise 7.2.6. 
(1) Let o be an increasing function from R into R such 
a(+00) — a(—00) < ov. (7.2.4) 


Show that the kernel 
k(t, s) = 7 e(t-8) do(u) (7.2.5) 
R 


is positive definite on R. 
(2) Assume now that o satisfies (6.3.2): 


i da(u) 2 
put+l = 


Show that the kernel 


eiut = e7tus =] 
K(t,s) = —d 7.2.6 
(ts) = f <= Pol (7.26) 


is positive definite on R. 
(3) Assume that o satisfies (7.2.4) and that its support is inside [0,00). Then, 
the kernel 


K(z,w) = | (2-7) do(u) 
0 
is positive definite in the open upper half-plane Cx. 
Remark 7.2.7. The kernels (7.2.5) and (7.2.6) are related by 


2 


——K(t,s) = k(t 
OtOs ( a s) ( ’ 8) 
in the sense of distributions. See [11]. 


Exercise 7.2.8. Show that (7.2.6) can be rewritten as 


K(t,s) =r(t)+r(s) —r(t—s), (7.2.7) 


qos -f G =e —_ :) a (7.2.8) 


The case r(t) = a corresponds to the Lebesgue measure. See Exercise 6.1.23 
above. 


where 


Exercise 7.2.9. Let do(u) = |u|'~?4du with H € (0,1). Compute r(t) and deduce 
that the kernel (0.0.5) is positive definite on the real line. 


7.2. Examples of positive definite functions and kernels 341 


Positive definite kernels of the forms (7.2.5) and (7.2.6) play an important 
role in the theory of Gaussian stochastic processes. As mentioned earlier in the 
book, Bochner’s theorem states that any positive function f continuous at the 
origin is of the form 


fe) = f edo), (7.2.9) 


where go is as in (1) in the previous exercise, that is, f is such that the associated 
kernel f(t—s) is of the form (7.2.5). Kernels of the form (7.2.5) can take a variety 
of forms. The following example is a follow-up to Exercise 6.1.9. See also Remark 
7.2.16 below. 


Exercise 7.2.10. Show that the kernel 


1 


k(t,s) = Ce 


(7.2.10) 


is positive definite on the real line and find its representation (7.2.5). 


Hint: Use Exercise 6.1.9. 


Another example of importance of such kernel is presented in the following 
exercise, and is related to Shannon’s sampling theorem. 


Exercise 7.2.11. Show that the kernel 
sin(t—s) t 
k(t, s) = t—-s? # Ss, 
1, t=s, 
is positive definite on the real line. 


Hint: Write the kernel in the form (7.2.5) with dy is absolutely continuous with 
respect to Lebesgue measure, with derivative 


1, we [-1,]] 
0, otherwise. 


pi(u) = 1j-1,1)(u) = 


Related to the previous exercise is the following question, which we adapt 
from [114, Exercise 20(e), p. 165]. 


Question 7.2.12. Let a ,,a2,... be a sequence of strictly positive numbers such that 
an Gdn < co. Show that the infinite product 


CO 


F(t) = Il sin Apt 


Ant 


n=1 


is convergent and defines a positive definite function. Find its representation 
(7.2.9). 
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Yet another example of interest is when do is absolutely continuous with 
respect to Lebesgue measure, with density o’(u) = +o: Then (see for in- 
stance [CAPB, p. 382]), one obtains the Green function of the one-dimensional 


Schrédinger operator (see (4.3.7)) 
K(t,s) =e 4, (7.2.11) 
Question 7.2.13 (see [185, 186]). Let a > 0 and let K,(t,s) =e~@!*-*!. The kernel 


1 


i (1 + alt — s|) exp {—alt — s|} 


M(t,s) = [ Kalt,u)Ko(u3)du = 


is positive definite on R. 


Equation (7.2.9) is of special interest when do is absolutely continuous with 
respect to Lebesgue measure and when moreover the function f(t) takes values in 
[0,co) and is summable. It follows then from the formula (6.1.5) for the inverse 
Fourier transform that f(t) is positive definite on the real line. As a first example 
we meet once more the function e~!#!. 


Question 7.2.14. Show that the function or is positive definite on R. 


Hint: Compute the Fourier transform of coe 


Another path to prove this result would be as follows: 


Exercise 7.2.15. Compute So = e~“(1+#") du and deduce that the function oe is 


positive definite on R. 
Remarks 7.2.16. 


(1) The method proposed in Exercise 7.2.15 illustrates a special case of a theo- 
rem of Schoenberg, which states that a function of the form F'(|t|) (where F is 
continuous on the real line) is positive definite if and only if it is of the form 


F(r) = [ 7 e” “du(u), (7.2.12) 


where du is a positive measure on the real line. See [280, 278], [69, Chapter 5], 
[118], and see [203] for extensions of this theorem. For every p € (0,2] and every 
positive finite measure j on Rt the function 


F(r) = [ eo” “dy(u) (7.2.13) 


is positive definite on R;. For instance the choice du(u) = e~-“du gives that the 


kernels 1 l 
————— _ and —» ——_———— 
1+ |t— | 1+ /|t— s| 
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are positive definite on the real line (see [69, Exercise 2.12 (c), p. 79] for the 
first one). Functions of the form (7.2.13) have been characterized by Bretagnolle, 
Dacunha Castelle and Krivine; see [87, 88] and [69, p. 149]. See Remark 7.3.4 for 
the case of a jump measure with a single jump at u = 1. 

(2) The positivity of the function co has consequences in maybe unexpected do- 
mains. For instance, the fact that the kernel (7.2.10) is positive definite is proved 
in [224, p. 88] using the positivity of (7.2.15) and the infinite product represen- 
tation of cosht. This apparently more complicated method is conducive to prove 
the fact that more generally the inverse of entire functions of the form 


Co 


[[c + ant?) 


n=1 


where a1, a2,... are positive numbers such that °°, dn < 00, are positive defi- 
nite. 


It is much more difficult to prove that the functions 


(=) (7.2.14) 


are positive definite? for (non-integer) a > 1/2. The result follows from the formula 
(see, e.g., [53, (4.6), p. 417]) 


1 . —itu 
(=z) on 


where the function ha(w) is defined by 


hau) = Kall ul, 
2°-2\/nT(a) ? 

where K denotes the modified Bessel function of the third kind, also called Mac- 
Donald’s function. We refer to [215, pp. 107-111] for more information on these 
functions. To obtain that (7.2.14) is positive definite on R we need in particular 
the fact that K takes positive values for real argument. 

We note that the multidimensional versions of the functions (7.2.14) are used 
in [184, 186] by H. Rabitz and his collaborators to solve numerically the bound- 
state Schrédinger equation. 


The cases where in (7.2.9) do is absolutely continuous with respect to Lebesgue’s 
measure, and equal to 
1 1 
= ——— d : = 
a’ (u) CEs and o’(u) ap 1)’ 


?The case of a € N is trivial since a positive integer power of a positive definite function is 
positive definite; see also Question 7.2.17. 
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have been considered in Exercise 6.1.4. In the first case one has 
me ltl _ n—1—-k 
10) = (Lier *ee J, 
k=0 
where 


k-1 
£ 
oo gap (n+ £) 


“ERY Pee 


It does not seem so obvious to check directly that this function is positive definite. 


In the preceding examples the function o’(u) is rational without poles on 
the real line, and analytic at infinity. Such rational functions can be characterized 
in terms of realizations (see Section 1.7) and general formulas can be given for 
the associated Fourier transform, as we now explain. Recall first that a rational 
function analytic and vanishing at infinity can be written as 


r(z) = C(zI, — A)'B, 


where (A, B,C) € C!*" x C"*" x C"*1. Of course it is not clear from the formula 
above when r(z) is analytic and strictly positive on the real line. See Section 1.7 
for a discussion. 


The following question is based on [65, p. 284] (see also Exercise 6.1.5). 


Question 7.2.17. Let o(u) be absolutely continuous with respect to the Lebesgue 
measure, and assume that its derivative is rational, analytic on the real line and 
at infinity, and with minimal realization 


o'(u) = C(uly — A)“*B. (7.215) 


Let P denote the Riesz projection corresponding to the spectrum of A in Cx, that 
is (see (1.5.2), [65, (0.2), p. 284]) 


P= =m (uly, — A)~*du. 


Ori R 
Show that the kernel 


Ks) = iCe*t-s)AUn-P)B  t—s>0, 
(t,8) = —iCettt-9)AP B. t—s<0, 


is positive definite on R. 


Yet another example, given by formula (2.1.30), 


uz. _# 
. e te'"dy = V2ne 2 
R 


iS) 
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has far-reaching analogs in the infinite-dimensional case. This is related to the 
Bochner—Minlos—Sazonov theorem. For instance, there exists a positive Borel mea- 
sure P on the space .“4 of real tempered distributions such that 


— Wsil3 


e 2 =| eX($')dP(s'), Vs € Sp, 
Sf 


where .%g denotes the space of real-valued Schwartz functions. See Definition 
5.2.11. 


In connection with this result, it is well to recall the following fact: 


Question 7.2.18. Let H be a separable infinite-dimensional real Hilbert space, with 
inner product (-,-) and norm || - ||. The function 

ry? 
e 2 


is positive definite on H, but there does not exist a positive Borel measure P on 


H. such that 


2 . 
oo -| cil) dP(u). (7.2.16) 
H 


Hint: Assume that such a measure exists. Show that it is a probability measure, 
and then set h =e, in (7.2.16) where (e,)nen is an orthonormal basis of H, and 
apply the dominated convergence theorem to obtain a contradiction. See [CAPB, 
Exercise 15.5.5, p. 502]. 


In the following exercise, and as just above, .Y (resp. %g) denotes the space of 
(resp. real-valued) Schwartz functions. See Definition 5.2.11. The result presented 
plays an important role in the study of Poisson processes. To elaborate on this 
point one needs more information on topological vector spaces, and in particular 
the notion of nuclear space and the Bochner—Minlos—Sazonov theorem. In the 
fourth item, .%g is endowed with its Fréchet space structure; see Definition 5.2.11 
for the latter. 


Exercise 7.2.19. 


(1) Show that Y C Li (R,B, dz). 
(2) Let s € Ag. Show that the integral 


[let = nae 
R 


is absolutely convergent. 
(3) Show that the function 


F(s) = ela te" Hae) (7.2.17) 


is positive definite on SR. 
(4) Show that F is continuous at the origin. 
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Functions of the form (7.2.17) are a special case of characteristic functions 
of generalized stochastic processes with independent values at each “point”. To 
describe these functions (as given in [148, Theorem 5, p. 282]), we recall two 
definitions. First, AK denotes the space of test functions with compact support. 
Next, a function a belongs to the class Z if it is entire and if, for every n € N, 


|z”a(z)| < Cie", z€EC, 


for some constants Ca, (depending on a and n) and kq (depending on a). See 
(148, p. 22]. 


Remark 7.2.20 (see [148, Theorem 5, p. 282]). Characteristic functions of gener- 
alized stochastic processes with independent values at each “point” are functions 
of the form 

L(s) = eh fee sek 


where the function f is of the following form: 


f(x) = : (Cas _ a(u)(1 a iux)) da(u) + ao + t@a, — am 


where ag, @1, a2 € R, az > 0, do is a positive measure such that 


7 da(w) +f u?da(u) < 00, 
Jul>1 Jul<1 


and a € Z is such that a — 1 has a zero of order at least three at the origin. 


Question 7.2.21. Let (X,A,j) be a measured space, and let Ag denote the sets in 
A such that (A) < oo. 
(1) Show that the function 
K(A,B) = (ANB) 


is positive definite on Ag. 
(2) Show that the function 
Ko(A,B) {jar if both (A) and (B) are not equal to 0, 
0 ’ = 


‘ otherwise, 


is positive definite on Apo. 


Recall that a probability space is a measured space (Q,.A,P), where the 
measure P takes values in [0,1] and P(Q) = 1. The elements in the sigma-algebra 
A are called measurable events, and P(A) is the probability that the event A € A 
takes place. Note that 

Le(Q, A, P) Cc Ly (Q, A, P) 
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since P(Q) < co. We will use the notation 


E(f) = [ flw)dP(w), f €La(9,A,P). 


Let now T denote some set. A second-order stochastic process indexed by T 
isa map t+> X;, where X; € L2(Q,.A, P) for all t € T. The covariance function 
of the second-order process (X;)er is the function 


K(t, s) = E(X;X_) = (X;, X5)p, 


where we have denoted by (-,-)p the inner product in L2(Q,A,P). By Exercise 
7.1.7, the covariance function is positive definite on T. A key result of M. Loéve 
(see [223, pp. 466—467]) is that, conversely, any positive definite function on a set 
T is the covariance function of a second-order stochastic process, and that this 
process can be chosen Gaussian. 


Remark 7.2.22. Let now Xo be a fixed real-valued random variable. The function 
f(t) = E(e’**°) is called the characteristic function of the random variable. It is 
continuous at the origin, and positive definite. The converse statement is true, and 
is one of the facets of Bochner’s theorem. 


We saw earlier in the section that the function e~|"! is positive definite (that 
is, the associated kernel e~!*~*! is positive definite on R). See (7.2.11) and the 
related discussion. Another proof of this fact will be provided in the following 
section, using a result on conditionally negative functions (see Remark 7.3.4). We 
conclude this section with yet another way to see that e—!"! is positive definite. 
This is in fact a particular case of a theorem of Polya, and is based on Exercise 
6.1.28. 


Question 7.2.23. 


(1) Show that a function f satisfying the assumptions of Exercise 6.1.28 is posi- 
tive definite on R. 
(2) Show that the function e—|"| is positive definite on R. 


7.3 Conditionally negative functions 


In this section we present exercises related to the notion of conditionally negative 
function (or kernel) (such functions are called negative definite kernels in the 
book [69], to which we refer for more information on the present topic). A (say 
scalar-valued, but more general cases are possible) function M(z,w) is said to be 
conditionally negative on 2 if for every n € N, every choice of wi,...,Wn € Q, 
and every choice of c,,...,¢, € C such that 


n 
) Cj = 0, 
j=1 


348 Chapter 7. Reproducing Kernel Hilbert Spaces 


it holds that 


n 


s GM (w;,wr)ce < 0. 
j,k=1 


Question 7.3.1. In the notation of Question 7.2.21: 


(1) Show that the function (AU B) is conditionally negative. 
(2) Show that the function u(AAB) is conditionally negative, where A denotes 
the symmetric difference of sets. 


Hint: For (1) write 

w(AU B) = w(A) + u(B) — u(An 8B), (7.3.1) 
and for (2) 

M(AAB) = p(A) + w(B) — 2u(AN B). 
(See also (7.2.2) for the latter.) 
Question 7.3.2. 

(a) Show that the functions 
M(t,s)=(t-—s)? and |t-s| 


are conditionally negative on Q = R (for the second function, see the hint 
after the exercise). 
(b) What can you say about the functions e~*™ (4) for x > 0? 


For an application of the above, see Exercise 7.2.15. 
The proof that the function |t— s| is conditionally negative is a direct conse- 
quence of Exercise 7.3.6 below but seems otherwise quite illusive without a hint. 


The hint we now give is in fact a specialization of the proof of Question 7.3.6 to 
the present case. 


Hint to prove that the function |t — s| is conditionally negative on R: Let n € N 
and t1,...,tn € N and cy,...,c, € C. Show that for every z > 0 we have 


g(a)“ S* Gepe*!s—"*| > 0, (see Question 7.2.23). 
j,k=1 


Assume now that ae cj; = 0. Show that y(0) = 0. Compute y’(0) to conclude. 


The preceding exercise corresponds to the values p = 2 and p = 1 in the 
much more difficult result presented now. 


Exercise 7.3.3. Let p © (0,2]. Show that the function M(t, s) = |t — s|P ts condi- 
tionally negative on the real line. 
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Hint: (see for instance [221, p. 154]). Recall (see [Exercise 5.3.5, p. 202, CAPB] or 
Exercise 7.2.9 above) that 


°° 1 — cos(tu) 
where xp /2)( 
cos(rp/2)C(1 — p 
ad 1 = a Ne Pp # 1, 
a PO pj (1— p)p 
0 yer T = 
2? p= 1 


Remark 7.3.4. It follows from the preceding exercise that the functions 
eer (7.3.3) 


are positive definite in R for p € (0,2] (see also Remark 7.2.16 and formula 
(7.2.13)). It then follows from Remark 7.2.22 that there exists a random variable 
X such that 

E(e#*) = ene 


This is an example of the Lévy-Khintchine formula for random variables with 
infinitely divisible distribution. We will not elaborate on this point in the present 
work. 


We present as questions two key results relating positive definite kernels and 
conditionally negative kernels. See [69, Lemma 2.1 and Theorem 2.2, p. 74] for 
more information. 


Question 7.3.5 (see [69, Lemma 2.1, p. 74]). Let M(z,w) denote a Hermitian kernel 
on the set Q, and let wo € Q. Then, M(z,w) is conditionally negative if and only 
if the function 


M(z,wo) + M(wo,w) — M(z,w) — M(wo, wo) 


is positive definite. What can be said if M(wo, wo) > 0? 


Question 7.3.6 (see [69, Theorem 2.2, p. 74]). Let M(z,w) denote a Hermitian 
kernel on the set Q. 

(a) Show that M(z,w) is conditionally negative if and only if the kernel e~*“@ (2) 
is positive definite for every x > 0. 


(b) Give another proof that the kernels (7.3.3) are conditionally negative. 


We can now present the solution to Menger’s imbedding problem (Problem 
3.9.29 above). 


Theorem 7.3.7. The metric space (E,d) can be isometrically imbedded inside l2 if 
and only if d? is conditionally negative on E. 
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As another consequence of the previous exercises we have: 


Question 7.3.8. Show that for r continuous on the real line 


e*"8)>0 Va >0 <> r(t)t+r(s)—r(t—s)—r(0)>0. 


Exercise 7.3.9 (see [280, p. 536]). 
(1) Compute the integral 


el@utyr) dudy 
I. (eq ¢+uaon oe 


(2) Show that the function 


M(x, y) = max((a|,|yl) 


is conditionally negative on R. 


Hint: Following Schoenberg in [280, p. 536], make the change of variables 
a=u+v and b=u-v. 


From the proof of the preceding exercise one gets the following result: 
Question 7.3.10. Let f € Li(R,B,dx) be real-valued. Then the kernel (where f 


denotes the inverse Fourier transform) 


K(x,y) = f(e—y)f(@+y) 
is positive definite on R. 


Hint: It suffices to replace jx and ~4p by f(a) and f(b) in (7.8.8). 


7.4 Vector-valued functions 


In the definition of a positive definite function, one can assume K(z,w) to be 
C”*"_valued. Then, (7.1.1) is replaced by 


cj K(wj,wr)cr 2 0 (7.4.1) 


N 
k=1 


J 


where the c; belong now to C”. More generally, one can assume that the values 
of K(z,w) are continuous operators from a topological vector space V into its 
anti-dual V* (that is, the space of anti-linear continuous functionals). We will use 
the notation K(z,w) € C(V, V*). The terms GK (w;, wz)cx are then replaced by 


(K(z, uy, u)y*v, 
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where v,u € V and the brackets denote the duality between V and Y*. The fact 
that K(z,w) is Hermitian means that 


(K(z,w)c, d)y« yp = (K(w,z)d,c)yvxy, 6 dev. (7.4.2) 


This equality is made more explicit in the next exercise. We first recall the canon- 
ical injection 7 from V into Y** is defined by: 


(T(v), Ux )ver ye = (Ux, U)vxv, VueVvVandy, € V*. (7.4.3) 


It is also useful to recall the definition of the adjoint T* of a continuous operator 
T from V into V* (see, e.g., [79, II.49]): 


Fins = Oates, tab” aid BEV. (7.4.4) 


Exercise 7.4.1. Let K(z,w) be a C(V, V*)-valued function, positive definite on the 
set Q. Compare K(z,w) and K(w, z)*. 


In the case of a Hilbert space, Riesz’ representation theorem allows us to 
identify V and Y*, and the brackets denote then the inner product. 


Exercise 7.4.2. Let V be a Hilbert space. Show that if K(z,w) is positive definite 
on Q, then L(z,w) = K(z,w)* need not be positive definite there. 


Hint: Take for instance Q = C”*” with n > 1 and the function K(A, B) = A*B. 
This example appears in [44, Example 7.6, p. 454]. 


More generally, let V be a topological vector space, and let T, be a C(V, #)- 
valued function. The C(V, V*)-valued function function 


K(z,w) = Ti T- (7.4.5) 
is positive definite on 2. 


The product of two scalar positive definite functions is positive definite. The 
product of two positive matrices (of same size) need not be Hermitian, let alone 
positive, and this implies in particular that the product of two matrix-valued 
positive definite functions (of the same size) will not be in general positive definite. 
On the other hand the tensor product of two positive matrices is positive, as we 
recalled before Section 1.6 (see also [CABP, Exercise 14.3.3, p. 485]). This fact is 
the key to the following exercise. 


Exercise 7.4.3. Assume that K, and K2 are positive definite kernels on the set 
Q, and respectively C™*™ and C™*"2-valued. Show that the C™"2*"1"2 valued 
function 

Kyi (z,w) ® Ko(z,w) 


is positive definite in Q. 
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Question 7.4.4. In the notation of the previous exercise, let T; be a L(C™,H;)- 
valued function, where H, is a Hilbert space, and let Kj(z,w) =1Tj(w)*T;(z), for 
j =1,2. Show that 


Ky (z,w) ® Ko(z,w) = (Ti(w) ®Te(w))* (Ti(w) ® Te(w)). 
In relation to the previous exercise, see M. Bozejko’s paper [80]. 


One can ask the converse question: Given a C(V, Y*)-valued function positive 
definite on a set 2, can it be factorized via a Hilbert space as in (7.4.5). When 
Y = C the answer is yes, and the result is in fact the essence of the Aronszajn— 
Moore construction of a reproducing kernel Hilbert space associated with a posi- 
tive definite kernel. More generally, the class of (locally convex) topological vector 
spaces for which a factorization of the form (7.4.5) always hold for positive definite 
functions has been characterized in [161]. These are the spaces with the factoriza- 
tion property. See Section 5.5. As already mentioned earlier, this family includes 
in particular Banach spaces and nuclear spaces. 


7.5 Reproducing kernel Hilbert spaces 


A Hilbert space H of functions defined on a set 2 is called a reproducing kernel 
Hilbert space if the point evaluations 


fo fw), wen 


are bounded. By Riesz’ representation theorem there exists a uniquely determined 
function K(z,w) defined on 2 x Q, and with the following properties: 


(1) For every w € 2, the function 
Ky : z+ K(z,w) 


belongs to H, and 
(2) For every f € H andwe€eQ, 


(f, Kw)n = f(w). (7.5.1) 


Question 7.5.1. Show that the function K(z,w) is positive definite in Q. 


The function A(z, w) is called the reproducing kernel of the space H. 
Conversely, the following fundamental result holds (see [52]): 
Theorem 7.5.2. Associated to a function K(z,w) positive definite on a set Q is a 


uniquely determined Hilbert space H(K), whose elements are functions on Q, and 
with reproducing kernel K(z,w). 
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Remark 7.5.3. Quite often this space provides a useful framework within which 
one can proceed. A number of interesting and illustrative examples can be found in 
the book [71] of Berlinet and Thomas-Agnan. See in particular [71, pp. 298-326]. 


Question 7.5.4. Using the existence of an associated reproducing kernel Hilbert 
space prove that every positive definite function can be written in the form (7.1.3), 
or, equivalently, in the form (7.1.10). 


Most of the reproducing kernel Hilbert spaces we will meet in this book are 
made of analytic functions. Specific properties of the analytic case are considered 
in Section 8.1. We begin with some examples of functions of a real variable. 


Question 7.5.5. The function 


aCe 1, ift=s, 
0, ts, 


is positive definite for t,s € [0,1]. Show that the associated reproducing kernel 
Hilbert space consists of the functions of the form >) .e,o,1) X(t, 8)¢s (where the cs 
are complez numbers) which vanish everywhere but on a finite or countable set of 
points and such that >) .<,0,1 |cs|? < 00. It is not separable. 


Exercise 7.5.6. Consider the Sobolev space H(m) of all the functions with m con- 
tinuous derivatives in the interval [0,1] and first m—1 derivatives vanishing at 0, 
with the norm: 


1 
[F, glen = [ f°) (a) g™ (ade, 


and set: | 
(ep) 
G(t,x2) = (m—1)!? t<a, 


0, else. 


Then Him) with the inner product Ly eae is a reproducing kernel Hilbert space 
with reproducing kernel: 


Klay) = f G(u, x)G(u, y)du. (7.5.2) 


Exercise 7.5.7. Show that, for p=1,2,... the spaces K, defined in (6.1.20): 


Kp = {! _ So nits ; So (n +1)? lan/? << ~}. 
n=0 


n=0 


are reproducing kernel spaces of functions and find their respective reproducing 
kernels. What happens for p = 0? 
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Hint: It is useful to recall that the normalized Hermite functions are uniformly 
bounded: There exists a constant A such that 


ln (u)| < A, Vu € Rand Vn € No. (7.5.3) 


See [177, (26), p. 435], [178, p. 90]. Note that the Hermite function is denoted by 
E,, in [177] while it is denoted by H,, in [178]. More precise bounds are given in 
these references, but will not be needed here. 


When K(z, w) is positive definite on a set 9 so is tA (z, w) for every t > 0. As 
vector spaces the corresponding reproducing kernel Hilbert spaces coincide, but 
their norms are different when t # 1 as is shown in the next exercise. 


Exercise 7.5.8. Let K(z,w) be positive definite on Q andt > 0. Show that, as sets, 
H(tk) =H(K) 


and that the corresponding norms of these spaces are related by 


1 
If llFeex) = llfllaecy: 


The following result is well known and allows us to gather under a common 
roof a wide family of reproducing kernel spaces, of which we mention here the 
Hardy and the Fock space. Still, for each specific case, the questions set in Remark 
0.0.1 need to be addressed. 


Question 7.5.9 (see for instance [9, Example 2.1.5]). Let L C No, and let (Qn) nex 
be a sequence of strictly positive numbers such that the power series 


pen 
as 
has a strictly positive radius of convergence. Then the set of functions of the form 
F(z) = De Anz”, 


neL 


such that 


def. 
FILS SO anlanl? 


neL 
is a reproducing kernel Hilbert space, with reproducing kernel equal to 


2m" 


K(z,w) = » = 


nel 


The following two exercises illustrate this result. Other examples appear in 
the sequel. 
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Exercise 7.5.10 (see [37, Proposition 9.2]). Let an = (n!)?. Show that the corre- 
sponding reproducing kernel Hilbert space is the space of entire functions F such 
that 


1 2 
; [Per Koetepaale) < oe 


where Ko denotes the modified Bessel function of the second kind of order 0, also 
called MacDonald’s function, or Bessel’s function of the third kind. 


Hint: Use the fact that the Mellin transform of 2K0(2./z) is the square of the 
function Gamma, meaning 


[oe Koevaide = C1)? where Ko(r) = | * enreosh tgp (7.5.4) 
0 0 


See [101, p. 50] (where a factor 2 is missing) and [215, Exercise 6, p. 14]. For the 
second formula in (7.5.4), see (215, (5.10.23), p. 119]. 


The first item in the following exercise is classical. See Section 8.2 for a more 
detailed study of the corresponding reproducing kernel Hilbert space. The second 
is much less classical and is taken from the work of Jorgensen and Pedersen. See 
[194]. 


Exercise 7.5.11. 


(1) Show that the function a: is positive definite in the open unit disk and 
characterize its associated reproducing kernel Hilbert space. 
(2) Let A C No be defined by 


A=4AU{14+4A}. 


Compute 


Ka(z,w) = > Fala (7.5.5) 
ned 


in form of an infinite product. 


Remark 7.5.12. Let us denote by H2(A) the reproducing kernel Hilbert space with 
reproducing kernel (7.5.5). Jorgensen and Pedersen show in [194] that there exists 
a singular measure dy on [0,1] such that 


H(A) = L2((0, il dj), 


and that furthermore, {z”, n € A} is an orthonormal basis of L2((0, 1], djs). Finally, 
note that the elements of A are exactly the integers of the form 


S74, 


where the sum is finite and b; € {0,1, 2,3}. 
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Exercise 7.5.13. Show that the function (0.0.4) 
K(t,s) = min(t, s) 


is positive definite on [0,00) and describe the associate reproducing kernel Hilbert 
space. 


There are Hilbert spaces of functions which are not reproducing kernel Hilbert 
spaces. The construction of such spaces involves the axiom of choice. Exercise 
7.5.14 follows [40]. In the exercise, we consider the space H2(D), and k,, denotes 


the function 
1 


“low 


kw (z) 


Exercise 7.5.14. 


(1) Build a dense set (zn)nen of pairwise distinct points in D, and a family 
(Wnym)nen Of pairwise distinct points also in D, all distinct from 2, Z2,..., 
and such that 


lim Wnm = Zn- 
m—- oo . 


(2) Show that there is a Hamel basis in H2(D) which contains the functions 
k 


(3) Define an operator T on — by 


z 


‘Wn,m* 


Then on = Mkwe ms 


and Tf = f if f is in the Hamel basis and f # k . Show that T is 
unbounded. 


(4) Let Hr = Ran T with the inner product 


‘Wn,m 


ry. T9) Hr = ‘ 9) H2(D)- 


Show that Hr = Ran T is a Hilbert space of functions, such the point evalu- 
ations Tf + (Tf)(Zn) are not bounded. 


Remark 7.5.15. As vector spaces, #7 = H2(D). So in the previous exercise we 
endow the Hardy space H2(D) with a Hilbert space structure in which point 
evaluations are unbounded for points in a dense subset of D. Such results were 
proved first by Donoghue and Masani. See [117]. See also Remark 1.1.12 for a 
related discussion. 


Question 7.5.16. Characterize the reproducing kernel Hilbert spaces associated with 
the positive functions appearing in Exercise 7.2.21. 


Operator ranges and reproducing kernel spaces are closely related. The fol- 
lowing exercise is a follow-up of Exercise 4.2.40. 
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Exercise 7.5.17. In the notation of Exercise 4.2.40, if moreover H has reproducing 
kernel k(z,w) then ran VT has reproducing kernel the function K, defined by 


K(z,w) = (Tkw)(z). 
Question 7.5.18. Let K(z,w) be positive definite on the set Q, with representation 
(7.1.3). 


1) (see also Exercise 7.1.17) Show that the function eX”) admits a represen- 
tation of the form (7.1.3), and express it in terms of the representation of 
K(z,w). 

2) Characterize the associated reproducing kernel Hilbert space. 

Exercise 7.5.19. 


1) The reproducing kernel Hilbert space associated with the positive kernel 


k(t — s) = [emda w) (7.5.6) 


consists of the functions of the form 


F(t) = [ e'* f(u)da(u) (7.5.7) 


0 


where f belongs to the closed linear span of the functions u > e™® in 
L2(R,B,do) when s runs through R, and norm 


IF Il = IIflle- (7.5.8) 


(2) Explain the special case given in equation (7.2.11), that is K(t,s) = e7'*-*!. 
In particular, show that the elements of H(K) are continuous and have a 
derivative in the sense of distributions. 


Hint: For (2), use Exercise 6.1.25. 


In the previous exercise one could ask the characterization of the reproducing 
kernel Hilbert space associated with the restriction of F' to an interval [—T,T]. 
Of course one can apply the theorem on restriction of positive functions. A more 
explicit description will involve the closed linear span Zr of the functions u +> e’™ 
for jt} <T. 


Theorem 7.5.20. The reproducing kernel Hilbert space associated with the function 
k given by (7.5.6) and restricted to [-T,T] is the set of functions of the form 
(7.5.7) with f € Zp and norm (7.5.8). 


The spaces Zr are Hilbert spaces of entire functions of the type introduced 
by de Branges. See the discussion after Exercise 6.1.22. There o is a bit more 


iut \ ‘ 
- —- are considered rather than the exponentials. 


general and the functions u > 
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Question 7.5.21. Let K(z,w) be a function positive definite on a set Q and let 
H(K) the associated reproducing kernel Hilbert space. Let 


K(z,w) = > fal2)fatw) 
acA 


be a representation of the kernel in terms of an orthonormal basis of H(K). Let 
Ca be a sequence of numbers such that 0 < ca <1. Then the functions 


Ky(z,w) = bo Cafa(2) fa(w) 


acA 


and 


Ko(z,w) = Soa — Ca) falz) fa(w) 


acA 


are positive in Q. Their sum is equal to K and we have: 


H(Ky) = { Droste ; S- al < ~| 


and 


Let f(z) = Voaeatafa(z) be in H(K). Then the decomposition f = fi + fo with 


filz) = ‘a GaCatalzZ), fa(z) = be La(1 — Ca) fa(z) 


acA acA 


is such that f; © H(K,;) for j =1,2 and 
IF lec) = WPM) + We llecica): 


Discussion: By definition of the norms in H(k1) and in H(K2) we have: 


2 |atal? ee 2 
Ifillucc) a Ds ae b> |za|"Ca, 


acA , acA 
tal? _ Ca)" 
I felleucs) = 2 ae = DL Hal? (1 — a). 
acA a acA 


When c, = c is independent of the index a, we get to the decomposition 
K(z,w) =cK(z,w)+ (1-—c)K(z,w). 


The previous question is a special case of the following key result: 
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Theorem 7.5.22. Let Ky(z,w) and K2(z,w) be two C"*”-valued functions positive 
definite on a given set Q. The reproducing kernel Hilbert space H(K, + K2) with 
reproducing kernel Ky, + Ko is the sum of the reproducing kernel Hilbert spaces 
H(K1) and H(Ko): 


H( Ky + Ke) =H(K1) + H(Ko). (7.5.9) 
Furthermore 
Il fllsacr+e2) = res II fallgccey) + Wf2llzcces): 


fiCH(Ki), i=1,2 
and the sum (7.5.9) is direct and orthogonal if and only if H(K1) NW H(K2) = {0}. 
This theorem will be used again and again in the sequel. Its proof goes along 


the line of the proof of Exercise 1.6.11, and can be divided into the following steps: 
STEP 1: Let K = Kk, + Ko. Show that the linear relation spanned by the pairs 


(K(z,w)ec, (Ki(z,wye, Ko(z, w)c)) € H(K) x (H(K1) x H(K2)), ceC", wen, 


extends to the graph of an everywhere defined isometry, say T. 
STEP 2: Compute T* and show that T is unitary if and only if 


H(Ki1)NH(K1) = {0}. 


We now turn to the product of positive definite functions. 


Exercise 7.5.23. Let Ky, and Kz be two complex-valued functions, positive definite 
on the sets Qy and Qe respectively. Show that the function 


K (21, 22, W1, W2) = Ky (21, wi) K2 (22, we) 


is positive definite on Qy x Qe, and characterize the associated reproducing kernel 
Hilbert space. 


Question 7.5.24. Using the characterization given in the solution of the preceding 
exercise, give a description of the elements of the reproducing kernel Hilbert space 
with reproducing kernel given by 


1 


(1 = 4m)(1 — 2209) (7.5.10) 


K (21, 22, W1, W2) = 


The space appearing in the previous question is the Hardy space of the 
bidisk. 

The following question is an adaptation of results in [105], where real-valued 
functions are considered. It is motivated by applications of reproducing kernel 
spaces to statistics. 
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Question 7.5.25. Let K be a function definite positive in a set Q, and let wy, ... 
wn €Q. For f © H(K) we set 


? 


N 
X(f) = { [] if (w,)| | ec lheco (7.5.11) 


The aim of the question is to show that there exists fax € H(K) such that 


CA Frade) = fen) X(f). 


(1) Show that there exists a constant C (which depends on N and on the numbers 
W1,---,WN) such that 


X(f)<C, Vf EH(K). 


(2) Show on an example (with K £0) that the expression (7.5.11) may be iden- 
tically equal to 0. Give a necessary and sufficient condition for the supremum 


sup X(f)>0. 
fEH(k) 


(3) Assume that the condition in (2) holds. Show that there is a number M > 0 


such that 
sup X(f)= sup X(f). 
fEH(K) fEH(K) 
Wf llecac) <M 


(4) Let fi, fo... be a sequence of elements in H(K) such that 


lim X(fn) = sup X(f). 


Show that we may assume this sequence to be weakly convergent. 
(5) Show that the weak limit attains the maximum. 


In the above-mentioned paper [105], stronger statements are made. First, it 
is assumed that a function with X(f) > 0 exists in a closed convex subspace of 
H(kK) rather than looking for such a function in all of H(A’). Since (see Exercise 
4.1.21) a convex closed set is weakly closed, the existence of the maximum follows. 
Next, the maximum is shown to be unique using the second Fréchet derivative of 
the functional 

In(X(f)?). 


The last exercise in this section is related to boundary values. 


Exercise 7.5.26. Let K(z,w) be a function positive definite in the open unit disk, 
with associated reproducing kernel Hilbert space H(K), let 6 © [0,27) and let 
(Tn)nen be a sequence of numbers in (0,1) such that limy-.o Tn = 1. 
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(1) Assume that 
sup K(rne’’, rne’’) < 00 (7.5.12) 
nen 
Show that there is a subsequence (nk)ken such that the map which to f € 
H(K) associates 


lim f(rn,e.?) (7.5.13) 
k-00 
is bounded. 
(2) Suppose that 
im f(rne’®) (7.5.14) 


exists (as a complex number) for all f © HUK). Show that (7.5.12) holds. 


Hint: Use the uniform boundedness theorem. 


7.6 Linear operators in reproducing kernel 
Hilbert spaces 


As is well known not every bounded operator in the Lebesgue space L2(R) is of 
the form 


T f(t) = i: K(t,s)f(s)ds, (7.6.1) 


for some function K(t, s), that is, is defined by a kernel A(t, s). We also mention 
that a linear operator from L2(R) into itself is of Hilbert-Schmidt class (see Ques- 
tion 4.2.22) if and only if it can be written in the form (7.6.1) with a function 


K(t,s) subject to 
| |K(t, s)|?dtds < 00. 
R2 


See [257, Theorem VI.24, p. 211]. We take this opportunity to also mention that 
every linear continuous operator from the Schwartz space into its dual (the latter 
being endowed with the weak topology) is defined by a kernel, that is, by a distri- 
bution in two variables. This is the celebrated kernel theorem due to L. Schwartz. 
See for instance [167, Théoréme 5, p. 73], and see Yger’s book [324], and Zema- 
nian’s books [327, 326] for some of its applications to linear systems and signal 
theory. 


In the case of a reproducing kernel Hilbert space we have: 


Theorem 7.6.1. Let K(x,y) be a positive definite function on the set Q with as- 
sociated reproducing kernel Hilbert space H(K) and let T be a bounded operator 
from H(K) into itself. Then there exists a function A(x, y) from QxQ, into C with 
the following properties: 

1. For every y € Q the function «++ A(a,y) belongs to H(K). 

2. It holds that 
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Not every function A(#,y) from 2 x Q into C with the first property in the 
theorem defines a bounded operator: 


Theorem 7.6.2. Let K(x,y) be a positive definite function on the set Q with asso- 
ciated reproducing kernel Hilbert space H(K). Let A(x, y) be a function from QxQ 
into C such that for every y € Q the function x + A(a,y) belongs toH(K). Then 
the formula 


T f(x) = (f(-), AC, @)) aK) (7.6.3) 
defines a bounded operator in H(K) if and only if there exists a strictly positive 
number & such that the function 


K(2,y) — K(A(-,y), AC, &)) UK) (7.6.4) 
is positive definite on Q. 
Question 7.6.3. What can be said when 
A(-.,2) = K(-, y(2)), (7.6.5) 
where is a function from Q into itself? 
Hint: See Exercise 7.6.6 below if needed. 


In the case of a functional (that is, with range the complex numbers), equa- 
tion (7.6.3) becomes Tf = (vy, f) where 


gly) =T(K(-,y)). 


This result is called the representer theorem and has important applications in 
the approximation of linear forms (this is a result of Golomb and Weinberger [159] 
and Boor and Lynch, [103]). See [226]. 


In terms of orthonormal basis one can go further: 


Theorem 7.6.4. In the notation of Theorem 7.6.2, let by (where the index u runs 
in a not necessarily finite or countable set U) be an orthonormal basis of H(K), 


and let a 
A(e,y) = Yo bul@)eu). 


uceU 
Then (7.6.4) becomes 


K(a,y)—# & <0) : (7.6.6) 


ucU 


When this function is positive definite on Q the operator T defined by (7.6.3) is 
given by the formula 


Th(e)=Dieule)fu with f(a) = D7 bul) fu 


u€U ucU 
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Remarks 7.6.5. It is of interest to link the properties of T and of A. Furthermore, 
the fact that the kernel (7.6.6) is positive definite is equivalent to the fact that 
the reproducing kernel Hilbert space with reproducing kernel }7)cy Cu(X)Cu(y) is 
continuously included in H(K). 


A function s defined on 2 is called a multiplier if the kernel 
(1 — s(z)s(w))K (z, w) 
is still positive definite in 2. 


Exercise 7.6.6. Let H(K,) and H(K2) be two reproducing kernel Hilbert spaces of 
C™ -valued and CN -valued functions, defined on the set Q, and let —y be a function 
from © into itself. Let furthermore m denote a C“*% -valued function defined 
on Q. 


(1) The operator 
(Tmo f)(2) = mz) F(e(2)) (7.6.7) 
is a contraction from H(k1) into H(K2) if and only if the kernel 


Ka(z,w) — am(2)Ki(pl2), p(w) )m(w)" (7.6.8) 


is positive definite in Q for some c > 0. The smallest such c is equal to the 
norm of the operator Tm. 
(2) What can be said when 


Ko(z,w) = m(z)Ki(y(z), p(w))m(w)*, zz, w EQ. (7.6.9) 


(3) Find the representation (7.6.2) of Tmo. 


Definition 7.6.7. Operators of the form Tj,,, are called weighted composition op- 
erators. 


Remark 7.6.8. We note the formula (7.8.17) 
Th p(Ka(-, w)€) = Ki(-, p(w))m(w)*€, 


which is proved in the solution of the exercise. 


Remark 7.6.9. Specializing (7.6.8) to m(z) = In (resp. to y(z) = z) one gets the 
characterization of composition operators (resp. of multiplication operators) in a 
reproducing kernel Hilbert space. 


See also Remark 7.8.5 after the solution of the exercise. 


An example of operator of the form (7.6.7) appears in Exercise 8.6.8, where 


it is shown that ; i 
rie) =+1(-4) 
z z 
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defines a unitary transformation from the Hardy space H2(C+) onto itself. For 
other examples of such an operator in this book, see (10.4.3) in Exercise 10.4.4 
(for the Bergman space of polyanalytic functions in the disk), Exercise 8.7.3 (for 
the fractional Hardy space) and Exercise 11.1.9 (for the Fock space). 


Question 7.6.10. Consider the positive definite function (see Exercise 7.2.9), 
ky(t,s) = |e?" + |sP* —|t—sP", t,5 eR, 


where H € (0,1) is preassigned, and let a > 0. Show that the map which to f 
associates the function 

g(t) =a" f (at) 
is unitary from H(kx) onto itself. 
Remark 7.6.11. As already mentioned, the function ky is the correlation function 
of the fractional Brownian motion. The preceding question expresses that the 


fractional Brownian motion is a wide sense p-self-similar random process in the 
sense of Yazici and Kashyap; see [230], [323]. 


An important consequence of Exercise 7.6.6 is the following characterization 
of the elements of a reproducing kernel Hilbert space. 


Exercise 7.6.12. Let K be a CN* -valued function positive definite on the set Q 
and let H(K) be the associated reproducing kernel Hilbert spaces of C% -valued 
functions defined on Q. Show that the function f : Q —+ CN belongs to H(K) 
if and only if there exists M > 0 such that the kernel 


K(z,w) — fe\ioy" (7.6.10) 
is positive definite in Q. 


Hint: There are at least two ways to prove this result. One is to consider the 
decomposition 


K(z,w) = (G0) = cae ‘ Heir" 


of K(z,w) into a sum of two positive definite kernels. The second one is to apply 
the preceding exercise with m(z) = f(z) and Ky(z,w) =1. 


As a direct consequence of Exercise 7.6.12 we have: 


Exercise 7.6.13. 
(1) Let K be a positive definite on Q and let wo € Q be such that K (wo, wo) > 0. 
Show that the kernel 
K(z, wo) K (wo, w) 
K(z,w) — —__—_ 
se) K (wo, wo) 


is positive definite in Q. 


7.6. Linear operators in reproducing kernel Hilbert spaces 365 


(2) Show that the kernel 
otha (7.6.11) 


is positive definite on [0,00). 


We note that the kernel (7.6.11) appears in particular in the paper [96]. 


More generally: 


Exercise 7.6.14. Let Ki(z,w) and K2(z,w) be two positive definite kernels on the 
set Q, and let ~ denote a map from Q into itself, and assume that the operator 
Cy, is bounded from H(ix1) into H(K2). Let f be an entire function, with Taylor 
series f(z) = > i Anz” with an > 0 for alln € No. Show that there exists M > 0 
such that Cy, is a contraction from H(f(K1)) into H(f(MEk2)). 


To summarize: 


Remark 7.6.15. There are a number of important problems which can be consid- 
ered in a reproducing kernel Hilbert space, namely: 


e Study of the multipliers. 
e Study of the composition operators. 


e More generally, study of the bounded operators of the form (7.6.7), that is: 
(Im,pf)(2) = m(z) F(e(z)), 


where m is a function defined on 2 and y sends (2 into itself. 
e Interpolation in the space itself. 
e Interpolation in the class of multipliers. 
e Multiplicative decomposition of the kernel. 


These problems have been studied for a long time, but new aspects and 
insights pop up regularly. We now discuss some of these. First, a simple question: 


Question 7.6.16. Let K be a positive definite kernel on a set Q, and let H(K) be 
the associated reproducing kernel Hilbert space. Let (w1,81),...,(wn,sn) be N 
pairs of elements in Q x C. 


(1) Show that a necessary condition for a contractive multiplier s to exist such 
that 
s(we) = Sr, K=1,...,N 


is that the N x N Hermitian matrix with (j,k) entry equal to 
(1 — 875%). (wj, we) 


as non-negative. 
(2) Show by a counterexample that the condition in (1) is not sufficient in general. 
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Remark 7.6.17. Kernels for which the above condition is also sufficient are called 
complete Nevanlinna—Pick kernels. They were characterized by J. Agler as those 
positive definite kernels k such that k~! has one positive square in 9, meaning 


that 
1 


Fay = ata — 012), (a) 


where a is complex-valued, and b is a H-valued function for some Hilbert space 
H. For instance the kernels 


k(z, w) = — Z,W,E 
1— zw 
and 
Ce 
me 1 (hy kay? 


where h, k varies in the open unit ball of some Hilbert space H.. See [254, 2]. Results 
of Kaluza and Lamperti (see Exercise 2.1.1 and the remark after that exercise) 
and of Baricz, Vesti, and Vuorinen (see in particular [62, Theorem 2.11, p. 11]) 
allow us to describe a wide class of complete kernels. See [287, p. 277], [59]. For 
instance the kernel 


a z,w € B(0, \/S) such that zw = 0. 


is such a kernel. See [211, p. 91] and Question 2.1.4. 


As is well known, an everywhere defined linear operator in a Hilbert space 
need not be continuous (we recalled a counterexample in Exercise 7.5.14 above). 
On the other hand we have: 


Question 7.6.18. Let Q denote an open subset of C and let H be a reproducing 
kernel Hilbert space of functions analytic in Q. Let a € Q and assume that the 
function Raf is defined by (1.7.3): 


£2) = £@) 
(Rfe=4  a-a 77% 
f(a), z=a 


belongs to H. Show that Ra is continuous. 


Hint: Show that the operator is closed (that is, has a closed graph) and use the 
closed graph theorem (see Theorem 4.2.6). 


Exercise 7.6.19. Let K(z,w) be a positive definite function on the set Q, and 
let H(K) be the associated reproducing kernel Hilbert space, and assume that for 
every w € Q) there exists fy € H(K) such that fw(w) 4 0. Let (Sn)nen be a family 
of multipliers of HUK). Show that, via maybe a subsequence, (Sn)nen converges 
pointwise to a multiplier. What can be said when the function f(w) = 1 belongs to 
H(K)? 


Hint: Use Exercise 4.2.26. 
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7.7 Finite-dimensional reproducing kernel spaces 


The case of finite-dimensional reproducing kernel Hilbert spaces is of special in- 
terest, and hints at deep relationships with linear algebra. Let # denote a finite- 
dimensional space of C’-valued functions, defined on some set 2, and let f1,..., fn 
denote a basis of the space and let P denote the n x n matrix with (¢,k) entry 
given by 

Por = (fees fe) ze- 


Then, P is strictly positive. Furthermore, let F' denote the 
valued function 


CN" valued matrix- 


F(z)=(filz) fale) +++ fal2))- 
The reproducing kernel of # is then given by the formula: 
K(z,w) = F(z)P'F(w)*. (Et) 
Exercise 7.7.1. Prove formula (7.7.1). 


When the basis is orthonormal, we have P = I, and the formula becomes 
K(2,w) = >- fiz) fiw)", (7.7.2) 


which is the finite-dimensional case of (7.1.10). 
When n = 1, (7.7.1) becomes 


where f is a basis of # and p = (f, f) v. For instance, let w € C+ and let 


2 Ww 


z— W 


By(z) = 
Then, the well-known formula (see for instance [CAPB, (1.1.52), p. 21]), 


bee) Oe Ox, (7.7.3) 


z—3 (z —@W)(J—w) 


expresses the fact that the space spanned by f(z) = mG endowed with the 
inner product of the Hardy space of the open upper half-plane has reproducing 


kernel —— 7 ra 
f@fw) _ 1- Bulz)Buv) 
Iflic,  —2mi(z—B) 
with 
2 = 1 = = 
Il fllz.cc.) = —2ri(w—w)  4n(Imw) 
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More generally, when the Blaschke factor &,, is replaced by a quotient of finite 
Blaschke products, formula (7.7.3) can be generalized as follows: Let m € N and 
W1,-..,Wm € C be such that 


w; #We, Wik Ee {1,...,N}, (7.7.4) 
and set - 
Zz — Wy 
B(z)= J. 7.7.5 
(2) ee, (7.7.5) 


Let P denote the m x m matrix with (j,k) entry equal to 


Py = j,k=1,...,m. (7.7.6) 


—i(we — Wj)’ 


Then it holds that (and here we denote by w rather than v the second variable) 


L-PPT (a te alge) Po 
—i(z = w) —i(z—-W1 i(z—Wa) i(z—Wm) 


i(W-—Wm 
(7.7.7) 
Note that condition (7.7.4) insures the uniqueness of the solution of an un- 
derlying Lyapunov equation. It will automatically be in force when all the points 
are in the lower open half-plane or in the upper open half-plane. 


To prove formula (7.7.7) one direct possibility is to compare the residues at 
both sides of this equation, and use formulas for matrices with entries of the form 
(7.7.6). We here choose another avenue and consider the finite-dimensional version 
of Exercise 4.2.46. We first make another remark: 


Remark 7.7.2. There are analogs of Blaschke factors and of formula (7.7.7) when 
one moves from the plane (that is, the Riemann sphere) to a real compact Riemann 
surface. Two key players are then the prime form and Fay’s identity. We send the 
reader to [129] for these and to [46] for the generalization of (7.7.7). We will 
elaborate on the underlying mathematics in the sequel to this book. 


Exercise 7.7.3. Let J €¢ C"*” be invertible and such that J = J* = J~} (that is, 
J is a signature matriz; see (1.5.4)). Let (C,A) © C™*™ x C™*™ such that 


() ker C:A® = {0}. (7.7.8) 
k=0 
(1) Show that (7.7.8) holds if and only if the following condition holds: Let f € 


C™. Then, 
C(Iln -—2A) *f=0 => f=0. (7.7.9) 
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(2) Let PE C™*™ be a Hermitian invertible matrix, and define 
Q(z) = In tizC(Im — zA) 1 PC" J. (7.7.10) 
Show that it holds that 
J — O(z)JO(w)* 


— ? 


—i(z —@ 


CUlm—2A)'P-'Um—wA)"*C* = z,weéC, (7.7.11) 


if and only if P is a solution of the Lyapunov equation 
PA-A*P=iC' JC. (7.7.12) 


(3) Let _ 
O(z) =f, —10(2ln — A) POC* I. 
Show that 


J — O(z) JO(w)* 


Im — A)7'P7*(wIm — A)*C* = gal 
Clz ) (w FC “iG — 3) (7.7.13) 
if and only if P is a solution of the Lyapunov equation 

A*P—PA=iC' JC. (7.7.14) 


Theorem 1.5.11 allows us to characterize when (7.7.12) and (7.7.14) have 
a unique solution. The next question is a simple illustration of the case where 
non-uniqueness arises. 


Question 7.7.4. Let 


1 O 1 1 : = 
r= (4 a a={7 3) and A= diag (w,®W), 


where a,B € C andw € Cy. 


(1) Show that (7.7.14) has a solution if and only if aB = 1. 
(2) The matriz P is a strictly positive solution of (7.7.14) if and only if it is of 


the form 
ae r 
a. ~ 1=|2)* }* 
—i(w—w) 


where |a| <1 and z€C is such that 
1 — |a|?)((8? -1 
ap < Gz lever 1) 
|w — wl? 


A pair of matrices (C, A) € C"*™ x C™*™ which satisfies condition (7.7.8) 
is said to be observable. Observability is an important concept in the theory of 
linear systems. 
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Question 7.7.5. Let (C,A) © C™*™ x C™*™. Show that 


oo m—-1 
() kerCA* = [] kerCA*. 
k=0 k=0 


Hint: Use the Cayley—Hamilton theorem (see also the proof of Exercise 1.5.1 for a 
similar argument). 


We note that the function O(1/z), 
@(1/z) = In +1C (2h — A) ' P10" J, 
satisfies 
O(z)JO(z)*=J, zE€ RN P(A), (7.7.15) 


where p(A) denotes the resolvent set of A, that is the set of points z where (zI,,—A) 
is invertible. Property (7.7.15) is called J-unitarity on the real line and 0 is called 
a rational function J-unitary on the real line. 


Remark 7.7.6. When n = 1, it is easy to check that a rational function is unitary 
on the real line if and only if it is a finite product of terms of the form 


z — Wo 


Buy (z) = (7.7.16) 


z—-Wo’ 
where wo 4 Wo, times a unitary constant. When all the points wo belong to the 
open upper half-plane, an element (7.7.16) is called a Blaschke factor (see [CAPB, 
(1.1.44), p. 19 and (1.1.52), p. 21]) and the product is called a finite Blaschke 
product (in both cases, of the upper open half-plane). Thus a rational function is 
unitary on the real line if and only if it is a quotient of two finite Blaschke products. 
This is a very special case, set in the setting of the open upper half-plane, of a 
result of Krein and Langer on functions s analytic in some open neighborhood of 
the open unit disk and such that the kernel 


_ 1+ s(e)ata) 


ks(z,w) — (7.7.17) 
1— zw 
has a finite number of negative squares. See [208], and Definition 7.1.3 for the 


notion of negative squares. 


Question 7.7.7. Assume m = 1 and P > 0. Using Exercise 7.7.3 find all corre- 
sponding rational J-unitary functions. 


Hint: Three cases occur, depending on whether © has a pole in the lower open 
half-plane, in the upper open half-plane, or on the real axis. The first case will 
occur only when J has at least one positive eigenvalue and the second case will 
occur only when J has at least one negative eigenvalue. The last case may happen 
only when J is indefinite. 
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Remarks 7.7.8. 


(1) The elements corresponding to the above cases are called Blaschke-Potapov 
factors of the first, second and third kind respectively. Up to a normalizing factor, 
they are of the form (see also (1.7.17)) 


uu* J 


u* Ju’ 


O(z) = In + (Buy (Z) - (7.7.18) 


with u € C” such that u*Ju > 0 and wo € C+ for Blaschke—Potapov factors of 
the first kind, and u*Ju < 0 and Wo € C+ for Blaschke—Potapov factors of the 
second kind. 


Blaschke—Potapov factors of the third kind are of the form 


O(z) =In+ uu’, (7.7.19) 


where now u* Ju = 0, 9 € R and k > 0. 
Equation (7.7.13) reduces respectively to 


uu*  —__ —2i(Imwo) 
J—o()e(wyr _ 4 — Bo) wo)’ 


kuu* 
(z — 20)(W — xo) 
(2) Besides (7.7.15) Blaschke—Potapov factors satisfy 
O(z)JO(z)* < J, 2 € Cz Np(A), (7.7.20) 
and in particular are J-contractive (see Definition 4.2.47). 


Definition 7.7.9. A function satisfying (7.7.15) and which satisfies also (7.7.20) is 
called J-inner on the real line and © is called a J-inner rational function. 


It is an important result that any rational inner function is a finite product of 
terms of the kind discussed in Question 7.7.7. See V. Potapov’s paper [253], where 
such results (and much more) are first proved (in the setting of the open unit 
disk, rather than the open half-plane). When P is Hermitian, but not positive, 
the situation is much more involved. For indefinite J, there are J-unitary rational 
functions of any degree without minimal J-unitary factorizations (see Section 1.7 
for the notion of minimal factorization). See for instance [29] and Question 7.7.10 
below. Still for such P but for J = I, the function O can be written as a quotient 
of two Blaschke—Potapov products. This is an illustration of the general result of 
Krein and Langer mentioned above. See [208] for the latter. 


: ay and O polynomial. 


Then a complete classification of the elementary factors exists, and is related to 


Another case of interest is when n = 2 and J = ( 
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the generalized Schur algorithm. This classification was first given by C. Chamfy 
[97]. See also the works of Delsarte, Genin, Y. and Kamp, [107, 108] and the works 
of Azizov, Dijksma, Langer, Wanjala and the author [12, 17, 18]. 


Question 7.7.10. Show that the function 


ik 
O(z) = I, + ——— uu", 7.7.21 
()=h+ os (7.7.21) 


(where as above u*Ju = 0, % € R and k > 0) is J-unitary on the real line for any 
integer n, but does not admit minimal J-unitary factorizations. 


Formula (7.7.13) (and its open unit disk counterpart (7.7.30)) allows us to 
prove as special cases various well-known formulas for orthogonal polynomials, 
such as the Christofell—-Darboux formula. As an example, see Exercise 7.7.14 below 
(see also the remark 7.8.6 after the proof). 


Exercise 7.7.11. 


(1) Prove formula (7.7.7) using the previous exercise. 
(2) Show that the (j,k) entry of the inverse of the matrix P defined by (7.7.6) is 


given by 
= Wj — Wt —_ Wk — Wt 
ee (a — wi) hig; a, G — we) Tie a 
de —i(wr — U5) 


caaes)) 
Hint: Set A = diag(W7,...,@y). Find C and J such that (7.7.14) holds. 


Remark 7.7.12. Let us summarize the strategy in the previous exercise: 


1. One starts from a Hermitian matrix P satisfying a matrix equation. 

2. One associates to P a backward shift invariant subspace M, made of rational 
functions and with (possibly indefinite) metric defined by P. 

3. One then computes the reproducing kernel of M in two different ways. The 
first way uses the formula for the reproducing kernel of a finite-dimensional 
reproducing kernel space (this is independent of the underlying structure), 
and the second way uses the matrix equation satisfied by P. 


The last item in the remark above can also be replaced by an argument which 
does not (explicitly) uses the equation satisfied by P. Such an argument, outlined 
in the next question, is of special interest in the setting of real compact Riemann 
surfaces. See [46, Corollary 3.5, p. 305] for the latter. 


Question 7.7.13. Let w1,...,Wm be distinct points in the complex plane such that 


w; # Wp, j,k =1,...,m, 
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and let M be the span of the functions fy,..., fm with 


1 
fel2) = Soe al eer fe 


Show that there is a unique (possibly indefinite) inner product on M such that the 


1—B(z)B(w) 
= for some scalar 


reproducing kernel of M is of the form kp(z,w) = 
function B. 


Hint: From the reproducing kernel formula one sees that B can be chosen equal 
to (7.7.5), that is B(z) = ][j*, = One then has 
fe(z) = kp(z, wx), k=1,...,m 
and the claim follows from 
[kB(-, w), kp: v)| = kav, w) 


applied to v,w = w1,...,Wm- 


Another case of importance is when P is a Hankel matrix. 
Exercise 7.7.14. Let ho,...,hon be real numbers, and let P = Hy denote the 
(N +1) x (N +1) matrix with (j,k) entry equal to hj+x, with j,k € {0,..., N}. 
Let Ac RN+DX(N+) and J € C?*? be defined by 


0 1 O 0 
00 1 0) 0 
0 i 
A= and r= (j . 
0 0 -::- 0 1 
0 0 ::: 0 O 


(1) Find C such that (7.7.12) holds. 
(2) Consider the space of polynomials of degree less than or equal to N: 


Pn =ls. dilceige by 
endowed with the inner product 
? wen Shh f,.6 = O..25N, (7.7.23) 


Show that Ay is a reproducing kernel Hilbert space and that there exist 
polynomial functions Ay and By such that the reproducing kernel of Ay is 
of the form 


By(z)An(w) = Ay (z)By(w) 


zZ—Ww 


(7.7.24) 
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Hint: For the second item, multiply formula (7.7.11) by (1 0) on the left and by 
its transpose on the right, and use formula (7.7.10) for ©. One finds in particular 


0 
ho 
Ayi@j=l=a=21 2. = 2) ay ; (7.7.25) 
hn-1 
1 
0 
Bya@j=2a(Ql # s+ 2) OR). |. (7.7.26) 
0 


We note that reproducing kernel spaces with a reproducing kernel of the form 
(7.7.24) (with Ay and By not necessarily polynomials) play an important role in 
analysis. L. de Branges and J. Rovnyak studied and characterized such spaces. See 
(83, 85, 86, 84]. 

Let us now add a real number h2y+1 such that the corresponding Hankel 
matrix Hy41 is strictly positive, and consider the space Ay 41 with the corre- 
sponding inner product. We have: 


Exercise 7.7.15. Show that up to a multiplicative constant, An(z) in (7.7.25) is 
equal to Py+1(z) with 


1 z gNtl 
ho hye ANd 

Py+1(z) = det ; (7.7.27) 
hn hnit eh han4+1 


The following question exhibits an example of kernel of the form (7.7.24) 
appearing in the setting of Hermite polynomials. 


Question 7.7.16. Prove the reproducing kernel formula 


> H(z) Hu(w) -_ An+1(2)An(w) = A(z) Hn41(w) (7 7 28) 
= 2¢u! 2"-nl(z — W) _ 
for the Hermite polynomials. 


Hint: A first approach is to follow [177, p. 440], using Mehler’s formula (6.1.21) and 
the recursion (2.1.23). Another approach is to compute the inner product of z” 


x 


and z™ in the inner product associated with the weight e~ 0 and apply Exercise 


7.7.14. In both approaches the formula 
/ Hee? de = rl 
R 


(see [177, (31), p. 436]) will be useful. 
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We now give the counterpart of Exercise 7.7.3 in the open unit disk case. In 
the statement we denote by 2.4 the set of points such that det(I, — zA) 4 0. 


Exercise 7.7.17. Let J © C"*” be a signature matrix, and let (C,A) € C"™*™ x 
c™*™ be an observable pair of matrices (see (7.7.8) for the latter). Let Pe C™*™ 
be a Hermitian invertible matria, let wo € T be such that (Im —woA) is invertible, 
and define 


Q(z) = In — (1 — 209)C(UIm — 2A)~*P7~*(Um — woA)~*C* J. (7.7.29) 
Then, it holds that 
J — O(z)JO(w)* 


1-—2w 


Cl.=24) (PO, sr = , 2,weQ, (7.7.30) 


if and only if P is a solution of the Stein equation 
P—-A*PA=C'IC. (7.7.31) 


We note that Exercise 7.7.17 is used in particular in Exercise 9.2.5 in the 
solution of the Nevanlinna—Pick interpolation problem using reproducing kernel 
Hilbert spaces methods. 

As in Exercise 7.7.3 we make the following remark: The function © satisfies 


Q(z) JO(z)* = J, 21 eTMp(A) (7.7.32) 


where p(A) denotes the resolvent set of A. Property (7.7.15) is called J-unitarity 
on the unit circle and O is called a rational function J-unitary on the unit circle. 
For an illustration of formula (7.7.30), see (8.8.10). More generally: 


Question 7.7.18. Illustrate Exercise 7.7.17 on functions of the form (1.7.17). 


Exercise 7.7.19. 


(1) Show by an example that (7.7.31) may have more than one solution. 
(2) Assume that the spectral radius (see Definition 4.2.12) of A is strictly less 
than 1: 


1/m 


lim sup || A™ || <l. 
m—-oo 


Show that (7.7.31) has a unique solution, given by 


P= ACCA. (7.7.33) 


m=0 
We conclude with the following question, which has connections with the 


Cuntz relations. See [34]. 


Question 7.7.20. Let © be of the form (7.7.29) and J-unitary on the unit circle, 
and let N EN. Find a realization of the function Q(z’). 
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7.8 Solutions of the exercises 


Solution of Exercise 7.1.6: Let z,w € Q, and 


(EO. Fee). 


Since A is positive it is in particular Hermitian (see for instance [CAPB, p. 484]), 
A = A*, and we get K(z,w) = K(w,z). The second claim follows from the fact 
that the sum of two positive matrices (of the same size) is still positive. The third 
claim follows from the fact that the Hadamard product (that is, coordinatewise 
product) of two positive matrices (of the same size) is still positive. See [CABP, 
Exercise 14.3.3, p. 485] if need be. As for the fourth claim, taking the conjugate 
of (7.1.1) we have 


N 


> cj K (wy, Wk )Ck > 0. 
jk=1 


Replacing the numbers c; by their conjugates we obtain the result. 


Solution of Exercise 7.1.7: 
(1) Let N EN and wi,...,wy € 2 and c,...,cn € C. Then, 


N N 
GFK (w;, Wk) Ck — \ Cj ((Ravg shew; 30) Ck 
j,k=1 j,k=1 
aa f, f)x 2 0, 


with f= >) 4 hayes 
(2) Let 
K(z,w) = (hw, hz) = (Gws 92)G (7.8.1) 


be two minimal representations of K(z,w), where Y is also a Hilbert space. The 
idea is to define a map 
Uhz = 9: (7.8.2) 


and show that it extends to a unitary map from # onto Y. The problem is that the 
vectors hz, are not assumed linearly independent in #. To remedy this, one uses 
the notion of linear relation (see Definition 4.2.49). Consider the linear subspace 
Rof # x Y spanned by the pairs (hz,g-) when z runs through (2. By definition, 
R is a relation. Its domain 


Dom R= {he #3149 € Y such that (h,g) € R} 


is dense. Furthermore, let (f,g) € R. Thus 


N N 
f= oS cjhz, amd g= b> C5Gz; 
j=l j=l 
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for some N € N and z%,...,zy € Q and c,...,cn € C. It follows from (7.8.1) 


that 
N 


Flloe = Iii = D5 GK (w;, weer, 
j,k=1 

that is, R is isometric. Recall, see Exercise 4.2.50, that a densely defined isometry 
relation defined on a pair of Hilbert spaces extends uniquely to the graph of an 
isometric operator. Therefore the map (7.8.2) indeed is well defined and extends 
to an isometry from # into Y. To show that U is unitary, one can for instance 
define in a similar way an isometry V from Y into # by Vg, = h,. Then, on dense 
domains and hence everywhere, UV = Ig and VU = Iv, and so U is unitary, 
with inverse V. 


(3) The minimality hypothesis implies that 
F(z) =0 => f =0. 


Thus f determines uniquely F' in (7.1.4), and (7.1.5) indeed defines a norm, some- 
times called the lifted norm. Furthermore, (7.1.3) shows that Ky is of the form 
(7.1.4) with f = hy. The norm (7.1.5) is defined by the inner product of #, and 
we have 

ap Kw) H(K) — ths hw) = F(w), 
that is, (7.1.6) holds. 
(4) We note that (7.1.7) is a mere rewriting of (4.2.16). 


Solution of Exercise 7.1.8: In the first case it suffices to take #4 = C% and 
hz = 


The corresponding space H(/‘) consists of the linear functions of N variables 


N 
F(z) = Sane a1,...,an EC, 
n=1 


with norm ||Fllgc) = / Spy lanl?. 


The second case is similar with @2(N) replacing C%. 


Solution of Exercise 7.1.9: It suffices to write 


K(t,s) = (As, he)o, 


with hy(u) = V/a(u)1jo,4(u). 
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Solution of Exercise 7.1.12: We first note that 
[ eOreawar= fo Hat = -(w) (7.8.3) 
0 u 


Using Fubini’s theorem and (7.8.3) we have: 


I... y’ (t)W! (s)K (t, s)dtds 
7 Il... Powe) (f 10,4 (u)Lf0,5] (w)a(u)du) dtds 
7 i’ a) UI... y' (t)b"(s)1f0,4(&) 1 fo, | (u vw) 
= [acy (f° Or on(u yar) (fv W'(s)1po,4)(u)d s) du 
= a(u) ([- #'(bdt) ([- v'(@)ds) Ati 


Solution of Exercise 7.1.14: In Exercise 2.1.33 we proved that 


S~ fn(2)Fn(w) = eal z,w EC,. 


n=0 (2 + w)iry 
The left-hand side of this equation is positive definite, as a converging sum of 


positive definite functions, and this ends the proof. More precisely, the functions 


Kmu(z,w) = ne \fn(w), M =0,1,2... 
n=0 


are all positive definite in view of item (2) of Exercise 7.1.6. Thus for every choice 
of N €N and wy,...,wy € C, and every c € C% and with 


Amn = (Kur(w;, wr) 5 k=1,...,N 


we have c* Ayy,nc > 0. The result follows by letting M — oo. 


Solution of Exercise 7.1.17: 


(1) A finite product of summable families is a summable family, and its sum is 
independent of the way the elements are summed. Regrouping the products of N 
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elements of the sequence (an)nen for which ay, appears k; times (j = 1,2,...) we 
obtain (since there are x such terms) 


5a N 
n=1 (i1,...,4n JENN : 


(2) Write the kernel in the form (7.1.10): 
K(z,w) =>) fi(fi), zw eo. 
jeJ 
The index need not be countable, but for a given z € Q, there is at most a countable 
subset of J for which f;(z) #0, and as in (1) we can write 


K(z,w)" = 0 (FF) 
InN 


where now ¢; denotes the set of sequences of elements of No indexed by J, and 
for which at most a finite number of elements are not equal to 0. Thus 


ek (zw) _ 3 pa (f(z) f(w))* 


N=0 keely 
|k|=N 


which can be written as 


! 
keely ki 
(3) We now have J = N and f,(z) = Zn, and 
kook 
(Z,W)eg — ow 
e 2= es 
! ? 
kee ki 
which can be rewritten as (ew, €z)¢,(e), with 
ok 
. Rey. 


(€z)k — VEL 
Solution of Exercise 7.1.18: We have for v,w € C 
(hw, hv) = K(v,w) 
=k(v—w) 
= k((u+ 2) — (w+ 2)) 
=K(v+z,w+z) 


= (Rhw+z; lute): 
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By item (2) of Exercise (7.1.7) there exists a unitary operator U, such that (7.1.15) 
holds. The formulas 


Uz, 422 (hy) = hajteoty = Uy (hzotu) = Uz, (Uz, (hy)), 21, 22,U EC, 


show that (Uz)zec is a group of unitary operators. 


Solution of Exercise 7.2.1: Write g = e” with r < 0. Using the hint we write: 


K(A, B)= rt{(AAB) 
= aie La(x)dp(x We —r{ Sane du(& rere Lp f(x)du(x)} 


The function 
M(A,B) = / Aii= Cate, 
ANB 


is an inner product and hence is positive definite on 2: 


y cnM(A;, Ax) - fr 


j,k=l1 


La p(x) > 0. 


So e7 ane 4H)} ig also positive definite since r < 0. Write now: 
(AB) = f tasa(e)du(e) 
Q 
= i ij) +1g@)—iaete) ane), 
Q 


and so: 
gi A5B) = gh) gt(B) g- Jaq tans (x)du(a) 


= gi) gt) (7a Lana (@)du(2)) 


which shows that the function q#(44) is positive definite on P(Q). 
Solution of Exercise 7.2.4: Define 
n n n 
fn = © ? & BPR G, 6 0,0,...) .: 
Formula (1.6.3) then leads to 


K(m, n) = (fm, Sn)eo 


and it follows from Exercise 7.1.7 that K (m,n) is positive definite on No. 
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Solution of Exercise 7.2.5: We write 


Fy(z,w) =e" (2 — |z — wu”) 
a co Mayr 
Sy ao 
— 


wee to zWe 


+ Zw + |z|?|w]? pee 


n=0 


can 


equal to e* "Zw 


CO Laan 
2 2 z “W 
— (2? + wP) > = 


n=0 
= 2+ 2w + |z/?|w|? — (|Z? + wl?) 


naan 


+ ee _ {2(n +1) + n(n +1) + [2[?|w/? — (n+ D(l2/? + [wl?)} 


2+ Zw +t |z|?|w|? — (\z|? + |w|?) for n =0, 
1) + n(n +1) + |z?|w/? — (n+ 1)(\z|? + |wl?) 
forn = 1,2,.... 


An(z,w) = ¢ 2(n 


To conclude we remark that, 
ag(z,w) = 1+ Zw + (\z|? — 1)(lw|? — 1), 
and that forn = 1,2,..., 
dn (z,w) =n +14 (zl? — (rn +1))(\wl? — (n +1). 


This expresses F4(z,w) as a sum of “squares” as in (7.1.10). 


Solution of Exercise 7.2.6: The three claims follow directly from Exercise 7.1.7, 
with # = Lo(do) and # = R (cases (1) and (2)) and # = Cx (case (3)), and 


ee (first case), 


ena 0 
hi(u) = uo? ae (second case), 


—it, U= 
ee (third case). 


In all three cases (and using (6.3.2) in the third case) it is clear that hy € L2(dco). 
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Solution of Exercise 7.2.8: Rewriting (for u 4 0) 
( itu 4 itu ) 1 (e* — 1)(u? +1) — itu 
et | — cS ar Sd 


wei) uw (u? + 1)u? 
_ et —1—itu itu 
— uz w+1’ 


we see that the function inside the integral in (7.2.8) makes sense at the origin. 
We now compute (7.2.7): 


a : itu ; 
t — t— _ __ pitu 1 _ patsu 1 
r(t) +r(s) —r(t—s) [ ( ee apse eel e€ + 


isu ae i(t — s)u 
grey tt) aot) 


i(t—s)u _ itu _ p,—isu 1 
=| ees do(u) 
R U 


tut __ 1 —1Us __ 1 
eel 
R 


U U 


which is (7.2.6). 


Solution of Exercise 7.2.9: The function o’(u) is even and so the formula for r 


reduces to 
o' (uw) °° 1 — cos(tu) 
r(t) = fo _ cos(tu)) — >~ du => 2 | —a Ae. 


Setting tu = v and assuming first t > 0 we have 


nye" (2 f° sae). 


This last integral was computed in [Exercise 5.3.5, p. 202, CABP] and is equal to 
cos(7H)T(2 — 2H) 
(i—2m)H 


when H # 4. 


sinh wu 
cosh wu 


Solution of Exercise 7.2.10: Since | 


kernel follows from 
— 1 
cosh(t—s)  (cosht)(1 — tanht tanh s)(cosh s) 
1 1 


~ (cosht)(cosh s) 1 — tanht tanh s 


1 co 
= ————__ tanh” ¢tanh” s | . 
(cosh t)(cosh s) (> = a ‘ 


| <1 for u € R the positivity of the given 
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The positivity is also a direct consequence of Exercise 6.1.9. Indeed, formula (6.1.5) 
for the inverse Fourier transform applied to (6.4.7) gives 


1 iut 
_ wu d 
cosht i ean 


with du(u) = coon SEY 
cos. aS 


Solution of Exercise 7.2.11: Take o to be absolutely continuous with respect to 
Lebesgue measure, and with density equal to 


o'(u) = zy wu € [=1, 1, 


0, |u| > 1. 


Then 


tp. sin) 449 
[ e'“da(u) —_ >| edu = t ? # ’ 
R 2 -1 1, t= 0, 


and this ends the proof. 


Solution of Exercise 7.2.15: We have 


| eH Ut) dy = : a» be. 
[0,00) 1+t 


Hence 


1 2 
eS ee —u(1+(t—s) dd 
1+(t—s) Pees 7 “ 


2 2 
-| e Ue ut e Us e2Uts dy 
[0 


a=0 


which exhibits zs as a sum of positive definite functions. 


oe 
1+(t—s) 


Remark 7.8.1. In fact in the previous exercise we have expressed the function 
oa as an integral of exponentials of conditionally negative functions. See Ques- 
tion 7.3.2. Such an approach is conducive to more examples. See for instance [69, 
Exercise 2.1.2 (c)], and more generally Chapter 3 in that book. 
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Solution of Exercise 7.2.19: 
(1) Let s € %. Since k Ce maxzer |(x* + 1)s(x)| < co we have 


K 
< R 
b@I Sao, eR, 
and so Y C Li(R, B, dz). 
(2) Recall that, for real ¢, 
le 1] = if edul < It], (7.8.4) 
0 
and so, for a real-valued Schwartz function s, 
le) — 1] < |s(x)|, Ve ER. (7.8.5) 


This proves the claim in view of item (1). 
(3) Let 51,52 € Ag. We have: 


aliniees eae —1) da) (fy ((e#8t @ —1) (e782) —1) e821) —1 467182) 1) da) 


=e 
= edn(e2 © —1) de 

x ieee ile aide) 
x tale “8 —i)de- 


Now, the kernel 
[ (e#1) — 1)(e— #82) — 1)dx 
R 
is an inner product, and so is positive definite on .%g, and so is its exponential 
ani = 1le 2 1) de) 
e *82(®) 1) da 


The claim then follows since the multiplication by efale*t) 1) deo fal 
does not affect the definite positivity property. 


(4) Recall first the well-known and elementary estimate 
|e* — 1] < |z|(e-1) (7.8.6) 


for |z| < 1, obtained from the power series expansion 


Let s € pg be such that 


le +1s@)ls=, reR. (7.8.7) 
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Then, with z = f,(e’*) — 1)dz, and using (7.8.5), we have |z| < 1. Using (7.8.6) 
and (7.8.4) for such functions s, we have: 


iene fie ace 


< ([, jeis() - fen) 
< ( [ le(wplae) (e-1) 
< (5) (max? + nist) (e= 0. 


; 2 
{s CSR; max & |s(a)| < €/2 and max |s(x)| < ej2h 


The set 


is open in .%g, and its functions satisfy (7.8.7) for € small enough. For such ¢€ an 
element s in this set satisfies 


Jefa(e —1)de _ 1| < 2 dx (e _ 1) 
R x? +1 : 


and this proves the asserted continuity. 


Solution of Exercise 7.3.3: Following an argument in the book [221, p. 154] of 
Li and Queffélec, and using (7.3.2) we write for N € N and ty,...,ty € R and 
C1,...,en € C such that ys cj = 0: 


N N — — 
= a i i ka1 CICK — CjEK co8((t; — te)) 
D2 cGelty — tel? = hp fe | Sd 
j,k=1 o 


=-t [* Djutar CFR CO8( (ty ~ teu) 


upti 


ky oe pa1 CjCk(COS(t;u) cos(thu) + sin(t;u) sin(t,w)) 
air a 


N 
_ ig, fe Deere cosltsu)? +1 Fe ey sinltyu)? 
at a 


Solution of Exercise 7.3.9: Following the hint we make the change of variables 


a=ut+, 


b=u-v. 
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The given integral then splits and is equal to 


a(rt+y) 


I ell®"+¥) dudy a aa = * db 
we t(ut+v)2)(1+(u—v)?) 2\ Je 1+4? ge 140? 


(7.8.8) 


Using (7.2.11) we have 


I ei(tutyr) dudy nr? — letult|e—ul 
= — ; 
rp (L+ (ut v)?)(14+ (u— v)?) 2 


and hence the result since 


jy | se lag 


SH = max(|2|; [yl 


This proves (1). Item (2) follows from Exercise 7.3.2. 


Solution of Exercise 7.4.1: We start from (7.4.2): 
(K(z,w)e,d)y-y = (K(w,2)dcyey, Gd ev. 
Let 7 be the canonical injection from VY into V**. Then (see (7.4.3)) 
(K(w,z)d, vey = (KG, we, dy-y 
= (1(d), K (2, w)e) ver ve 
(and, by definition of the adjoint K(z,w)* € C(V**, V*); see (7.4.4)) 
= (K(z,w)"(7(d)), )v-v, 


and hence we have: 


K(z,w)*rt = K(w,z), 2z,weEn. 
Solution of Exercise 7.4.2: We take Q = C"*” with n > 1 and 
K(A, B) = A*B 


Then for N € N and A;,..., An € C”*” and cy,...,cn € C” we have 


(K (Ax, Aj ej, Ck) cn = (Aj, Ajcj, Ck) cn 


(Ajc;, AgCk)cn 


N N 
= (So Aien See) > 0, 
cn 


j=l k=1 
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so the function K(A, B) is positive definite. On the other hand, let 
HA N= KA Bs BA. 
Let N = 2 and Aj, Ao, ci, c2 be such that 
Aycy = Aocg =0, Aico #0, Aoc, £0, 


and 
Re (Aico, Aoci)cn < 0. 


For instance, n = 2 and 
1 0 0 1 0 ik 
ai=(9 0) = (0 0)» a= G)- e=-(), 


Re (Aic2, A2c1)c2 =-2. 


Then 


Such a choice will show that L(A, B) is not positive definite. Indeed, 


2 
S> (L(Ak, Ag)ey, Ch) c2 = (L(A1, Ar)e1, ¢1)c2 + (E(Aa, Aa)e2, c2)¢2 
j=l + (L(Ao, Ai)c1, c2)c2 + (L(A1, A2)ea, c1) c2 
= CAT Ac + ch A5 Agcot 
+ ch Aj Agcy + cf AS Ace 
= ch Aj Agcy + cf AS Alco 


<0. 


Solution of Exercise 7.4.3: Recall first that the tensor product of A € C?*? and 
Be C4 is the matrix A ® B € CP4*P4 defined by 


ay,B ai2B a A1pB 

a21B a2B aie as A27B 
A®B= 

Op1B apB +--+ appB 


The tensor product of two positive matrices is still positive (here too we refer to 
[CABP, Exercise 14.3.3, p. 485]), and the claim follows using 


A = (Ki (wi, w;))ij=1 


ware 


where N EN and wj,...,wn € 2. 
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Solution of Exercise 7.5.6: Let a € [0,1]. Taylor’s formula with remainder (see for 


instance [48, p. 279] if need be) gives, for f € Him), 


F sa? 0 aati flm-D 0 
f(a) = f(0) +af"(0) +4 Ota a 


cg fete ecm) 
| ona feat 


= | G(t, a) f™ (t)dt, 
10) 


where 


(a—t)™—* 
Giant Gm? *S% 
else. 


? 


Thus, for f € Him) it stands that: 


1 
fla) = f Glt,ayr™ (eat 
0 
from which the claim follows, since the function 


ay (x = "ty = pet 


Kew =f Gt2)G(,yat = [Oat 


belongs to Him). To verify this last claim note that, for x < y, 


Ona) Peay ae 
oa =| m= ina 

PK (ey) _ f? (@— ty — 
Ox -{ mia 


m—1 x _ #\m-1 
okey) _ [ Wa0 
0 


Oxm—1 (m—1)! 
a™K(a,y) _ (ya) 
Ox™ (m—1)! ° 


Solution of Exercise 7.5.7: Consider a series of the form 


lore) 
s AnTn 
n=0 


with (dn)nen, Satisfying 


S > (n +1)"|an|? < 00, 


n=0 


(7.8.9) 
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where p > 1. Then the bound (7.5.3) and the Cauchy—Schwarz inequality imply 
that 


—- 

aut] 4 (Sellen NT) 

<(Sm+umon) (Sse) <= 
n=0 


n=0 
and so (7.8.9) converges uniformly and absolutely on R. The space K,, is isomorphic 
to a weighted @2 space and hence is a Hilbert space. Its reproducing kernel is equal 
to the sum 
<= Mn(t)n(8) (7.8.10) 
mera eo) lle a 


When p = 0 the sum (7.8.10) converges in the sense of distributions to the kernel 
d(t — s): 


S| m(t)nn(s) = d(t — 8). (7:81) 
n=0 


See the remark below about the term kernel. 


Remarks 7.8.2. 


(1) In (7.8.11) we use the term kernel in the sense of Schwartz’ kernel theorem 
that is, a distribution of two variables (or of two sets of variables in the case 
of several variables). See for instance [148, 324] for more discussions on the 
kernel theorem. See also the discussion at the beginning of Section 7.6. 

(2) There seems to be no closed formula for the sum (7.8.10). If in the definition 
of Ky one replaces the weights (n? + 1) by 2”, n = 0,1,..., one can then use 
Mehler’s formula to characterize the corresponding space. See [41]. 


Solution of Exercise 7.5.8: Let, with N EN, wi,...,wn € Q and cy,...,cn EC, 


N 
= K (Zz, wW;)cj; = be (z,w;)ejt € H(tK). 
g=1 
Then, 
N 
IIfll3eceny = ba Gtk (zi, 23) cj = oS Gtk (zi, 25) ejt = al flee 
t,j=1 ie 1 


This concludes the proof since such functions f are dense in both spaces. 


Remark 7.8.3. Exercise 7.5.8 and its proof are given for scalar functions, but the 
proof is readily adapted to the vector case. 
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Solution of Exercise 7.5.10: We look for a planar measure of the form du(z) = 
ra(r)drd@ such that 


20 oo 
| 2-2" du(z) =| atom itag | 2°Z™a(r)rdr = bnm(n!)?, 
Cc 0 0 


an f r2"+1a(r)dr = (n!)?,_ n ENo. 
0 


that is 


The change of variable p = r? gives 
nf oal,/Dde = (T(n+1))?, meNo. 
0 
In view of (7.5.4) with s=n+1,n € No, we can take 


a( VP) = = Kol2VP) 


and hence the result. 


Remark 7.8.4. In the preceding argument we did not address the question of 
uniqueness of the underlying measure. 


Solution of Exercise 7.5.11: 
(2) Let F(@) =D nen 2". Sitice 
4AN {1+ 4A} =9, 


we have 
2) =fe) +272"), 
so that 
f(z) = ]Ja+2") 
p=0 


Solution of Exercise 7.5.13: The formula 
min(t, s) = (1}0,4], 1[0,5]) Lo (Ry dz) 


expresses the given function as an inner product, and hence as a positive definite 
function by item (1) of Exercise 7.1.7. One can also remark that min(t,s) is the 
restriction to [0,00) of the function (6.1.28) to express it as an inner product. It 
follows from item (3) of Exercise 7.1.7 and from Exercise 6.3.3 (or, more precisely, 
from Remark 6.3.4) that 


H(K) = {Fe - [ f(u)du; fe La(R,, de) } 
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with the norm 
Fil = Ilf_lle- 


Such functions are by definition restrictions to [0,00) of functions in the Sobolev 
space of functions in L2(R,6,dx) with distributional derivative of the Fourier 
transform also in L2(R, 6, dz). 


Solution of Exercise 7.5.14: 


(1) Take the z, to be the points in D with rational coordinates and 
Wn,m = tmZn; 


where (tm)men is a sequence of pointwise different irrational numbers in 
D \ {0} and tending to 1 as m goes to oo. for instance 


mt+l4+7 


1+(m+1)r’ ia , 


tm , 
(2) The functions k,,,,,,, are linearly independent and are included, by the axiom 
of choice, in a Hamel basis. 


(3) Assume that the point evaluation at z, is bounded. By Riesz’ theorem there 
exists gn € H2(D) such that, for all f € H2(D): 


(Tf) (2n) = Ph T9n) Hr 
= ag Jn) Ho (D)- 


The choice f =k leads to 


We re 
m 


ee 
1 — ZnWnm ( Wn,m In) Ho (D)» 


and so 
mm 


a aT 


It follows that g, is not continuous at the point z,,, and this contradicts the 
fact that gn € H2(D). 


Solution of Exercise 7.5.17: The function K(-,w) belongs to the range of T and 
hence to the range of VT. Furthermore, by definition of the inner product we have 
for f € H: 
(VIS, Kw) san vE = (f: (E — 0) VP hw) 
= (VIF, kw) 1 
= (VP f)(w). 
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Solution of Exercise 7.5.19: 


(1) This is a direct consequence of Exercise 7.1.7. 
(2) It follows from the first item that H(A) consists of functions of the form 


> 


where f € Lo(R,B, 4). We check directly that f uniquely determines F. 


> U241 
Indeed, La(R, B, el Cc L1(R,B, a4) and we have 
lf(u)| 
d 
gpltu? las 


It follows that F is continuous (see for instance [Exercise 15.6.3, p. 503, 
CABP]). Since the function g: 


uf (u) 


: b> 
oe 1+ u2 


€ Lo(R, B, du) 


it follows from item (2) of Exercise 6.1.25 that F' has a distributional deriva- 
tive, which is g. Since 


FR, + ll, = [| ee aw = [a = IF 


we see that H(K’) is equal to the Sobolev space of functions F’ € La(R, B, dx 
with distributional derivative also in L2(R, 5, dz). 


Solution of Exercise 7.5.23: Let H(A;) be the reproducing kernel Hilbert spaces 
associated with K;, 4 = 1,2. Let (f:)ter and (gs)ses be orthonormal basis of 
H(k1) and H(K2) respectively. Then the formula 


K(21,22,01,w2)= > felzr)gs(z2) fe(wr)gs (wa) 
(t,s)ETXS 


exhibits the function K as a sum of positive definite functions, and one obtains 
from this representation the characterization of elements in H(K) as follows: The 
function f(z1,z2) belongs to the space H(k) if and only if it can be written in 
one of the three equivalent ways: 


(1) F(z1,22)= SD) cesft(z1)96(z2), 


(t,s)ETXS 


where c.g; € C are such that 


YY. eal aoe (7.8.12) 


(t,s)ETXS 
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(2) f(z, 22) = >> felzree(z2), 


ter 


where the functions c, € H(K2) and are such that 


S/lleellzscx2) < 00- (7.8.13) 
teT 
(3) f (21, 22) = a (21)d 
ses 


where the functions d, € H(/ 1) and are such that 


S- IIdsll3c4q) < 00. (7.8.14) 
ses 


Then the norm of f is given by either of the equal quantities (7.8.12)—(7.8.14). 


Solution of Exercise 7.5.26: 


(1) We assume that sup,,cy K(rne”’, rne’”) < oo. Thus the family of functions 
K(-,rne’’) is uniformly bounded in norm in H(K). Since closed balls in 
H(kK) are weakly compact and metrizable, there is a subsequence (nz) ren 
such that K(-,r,e’’) tends weakly to some element, say g, in H(K). Thus 
for every f © H(K) 


10 


jim (Ff, KC .8°)) = Cp 9) 


that is 
lim f(tn,e”) = (f,9); 


k—-0o 
and in particular (7.5.13) defines a bounded operator. 
(2) Suppose that (7.5.14) exists for all f € H(i). We define an operator T,, by 


Tr(f) = Tae") a (f, K(-, tne’). 


By hypothesis, for every f € H(X), we have sup, cy |In(f)| < oo. The uni- 
form boundedness principle implies that sup,,ey ||Tn|| < 00, that is (7.5.12) 
holds (see Theorem 4.1.19 for the norm of the map T,, if need be). 


Solution of Exercise 7.6.6: 


(1) We first assume that the operator is bounded. Then there is a c > 0 such that 


CTucK) — Tin ry di 2 0, (7.8.15) 


mop — 
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and the smallest such c is equal to ||TIm,,|| (see Exercise 4.2.20). By continuity of 
the operator, (7.8.15) is equivalent to 


Fe bites = Tele) t aay 2 0 


for every function f of the form 


U 
f(z) => Kolz, wu)éu, (7.8.16) 
u=1 
where U € N and w,...,wy € Q and &,...,€y € C%. To conclude we compute 


T,g on the kernels. For w,z € and € € CX, nE€C™ we have: 


(Tp (Ka(-, w)§), Ki (+, 2)m) (Ki) = (K2() w)E, Tmy(K1(-, 2)n)) 
= (Ko(-,w), m(-)(Ki(¢(-), 2)0)) are) 
(m(-)(Ka(~(-), 2)n) , Ka(-, w)§) are) 
= &m(w)Ki(e(w), 2)n 
1 (Ki (z, p(w))m(w)*6) , 
so that 
Tp (Kal, wé) = Ki(-, p(w))m(w)*€. (7.8.17) 
Thus, with f of the form (7.8.16), 


(f (CP TucK,) — Tmo Tiny) f) HK) 


U 
=c (> b> esteem) = S- CUM (Wu) Ar (p(wu), P(We))m(we)*&v 


uv=l uv=1 
U 
= SO EK (wu, we)bo, 
uv=1 
with 
K(z,w) = Ka(z,w) — m(z) Fi (p(z), p(w) mw)", 
and hence the kernel (7.6.8) is positive definite in 2. 


Conversely, assume that K is positive definite. The linear relation R C 
H(K2) x H(K1) spanned by the pairs of the form 


(Ko(-, w)€, K1(-, p(w))m(w)*§), wen, g € Cc, 


is densely defined (see Definition 4.2.49). It is contractive since the kernel K is 
positive definite. Indeed, let (f,g) € R with f as in (7.8.16) and 


U 
=F Ki, p(wu))m(wuy*Eu- 
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We have . 
(f, face) — (9, HK) = a EE us We Ge 2 0, 


u,v=1 


Hence, R extends to the graph of an everywhere defined contraction X (see Exer- 
cise 4.2.50). For f € H(K1) and w € 0 and € € C% we have 


and so X* = Tiny. 
(2) The map T,,,y is then unitary from H(A) onto H(K2). 
(3) As in (7.6.2) we consider the scalar case, M = N = 1. From 
mv) f(~)) = (FC), 16, 9%) mM) ay, 4 € 2, 
we see that A(-,v) = Ki(-,y(v))m(v). 
Remark 7.8.5. With K, and 2 as above, positive definite kernels of the form 


U 
K(z,w) = Ki(z,w) — }) mu(z)ko(9(z), ep(w))mu(w)*, zw € O, 
u=1 
where the functions m1,...,my are C’@*-valued and ko(z, w) is positive definite 


in Q and CX*-valued, are of course a special case of (7.6.8) with 
m(z) = (mi(z) +++ my(z)) and Ko(z,w) = diag (ko(z, w),...,ke(z,w)). 


This case is of special importance when K(z,w) = 0. Then a decomposition of the 
form 


U 
H(K1) = 5 > muH(ke,y), where ke,y(2,w) = ke(y(z), p(w), 


holds, and every element f € H(K,) can be written (in a possibly non unique 
way) as 


U 
f(2) = do mal2)oulv2)), 
u=1 
where g1,..-,gu © H(k2). Such decompositions are used to solve linear combina- 


tion interpolation problems of the type given in Problem 8.5.3. See [35, 36] for 
more on these problems. 
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Solution of Exercise 7.6.12: By Exercise 7.6.6, the function f belongs to H(K) if 
and only if the operator My; is bounded from C into H(i), that is if and only the 
kernel (7.6.10) is positive definite for some M > 0. That the smallest such M is 
the norm of f follows also from Exercise 7.6.6. 


Solution of Exercise 7.6.13: 

(1) It suffices to apply the preceding exercise with f(z) = K(z,wo). Then, 
I Fll3ecxe) = K (wo, wo). 

(2) The kernel e~!'~*! is positive in R and so also on [0,00). Applying item (1) 

to wo = t = 0 we obtain the required result. 


Solution of Exercise 7.6.14: By Exercise 7.6.6 there exists M/ > 0 such that the 
kernel 
Ki(z,w) — MK2(9(z), p(w) (7.8.18) 


is positive definite in Q. For n € N the function 


n-1 


So Mr (Ky (2, w))*(Ka(y(z), p(w)" 
k=0 


is positive definite in since it is a sum of products of positive definite functions. 
Thus the function 


(Ki(z,w))" — (MKa(p(z), e(w)))” = (Ki (2, v) — MBa(e(z), e(w))) 
x (x Kay) MBL). be) } 
is positive definite in 2. Hence, 
f(Ki(z,w) — f(MKa(y(z), e(w))) 


= S- an ((Ki(z,w))” — (MKo(9(z), 9(w)))") 


is positive definite, and the claim follows from Exercise 7.6.6. 


Solution of Exercise 7.6.19: By Exercise 4.2.26 there is a subsequence of the family 
of operators (M,,,)nen converging weakly to some contraction operator, say T. 
Thus, for every f € H(K) and w € 2, and denoting the subsequence by (nz)xen, 


lim (8n.(-)F(C), 4, w)) = (Tf) (w). 


k—- oo 


Thus, for every w € Q, 


dim, 5p, (w) Fw) = (L)(w). 
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By hypothesis, for every w € H(K) there exists f., € H(K) such that f.,(w) 4 0. 
So 
(Lfw)(w) 


im, Sn, (w) = falw) ” VYweQ. 
Denoting by s(w) the above limit we have T = Ms. 


When one can choose f(z) = 1 we have s(w) = (T'1)(w). 


Solution of Exercise 7.7.1: The function z+ K(z,w)c belongs to the linear span 
of the functions f; and therefore belongs to #. Furthermore, let f(z) = F(z)d be 
a function in #. Since 


K(z,w)c = F(z)P~'F(w)*c 
we have 


[f(), KC, wae = [F()4, F(.) PF (w)* ele 
= (P~'F(w)*c)*Pd = c*F(w)d = c* f(w). 


The proof still works, mutatis mutandis, when the matrix P is Hermitian 
and invertible, but not necessarily positive. The function K(z,w) is not positive 
anymore, but has a finite number of positive squares, i.e., there is a fixed number 
« (the number of negative eigenvalues of P) such that all the Hermitian matrices 
or r have at most « strictly negative eigenvalues, and 
exactly « such eigenvalues for some choice of r,w 1,...,w,. See Definition 7.1.3. 
This notion is a natural extension of the notion of positive definite function and 
was introduced by M.G. Krein. The metric is nonpositive, and the space is a 
reproducing kernel Pontryagin space; see [55], [293], for more on these notions. 


In the above result, is an arbitrary set. An important case is the situa- 
tion where 2 C C and where the functions are rational. It is then of interest to 
determine the form of the reproducing kernel K(z,w) under some supplementary 
conditions. This has been extensively studied by H. Dym to clarify the distinction 
between general reproducing kernel Hilbert and Krein spaces and the special class 
of spaces considered by L. de Branges; see, e.g., [123], [124], and the references 
therein. 


Finally, we mention that the Gram matrix also makes sense in the setting of 
spaces in duality; then it need not be Hermitian anymore. See [89, pp. 17-20] for 
a discussion. 


Solution of Exercise 7.7.3: 


(1) For z in a neighborhood of the origin we have 


CUIm — 2A)" f = CA*f. 


k=0 
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Thus 
Olm-—zA)'fs0 <— > fEenegkerCA*, 


which ends the proof. 
(2) Let z,w be either equal to 0 or such that their inverse belongs to the resolvent 
set of A (that is, such that the matrices (I, — zA) and (Im — wA) are invertible). 
Then, 
J —O(z)JO(w)* = J 
— Un + i220 (Im — 24) P1C* J) In + WCU, — wA) 1 POC )* 
= O(L, — zA) 1 P {-iz(a — WA*)P + iPw, — ZA) 
+(iz)(tw)C* JC} P-*(n, — wA)-*C 
= C(Im — 2A) *P' {-i(2-—w)P 
+izt(A*P — PA+iC*JC)} P~'(Im — wA)~*C, 
which can be rewritten as 
J — O(z)JO(w)* 
—i(z —@B) 
iz 


= OCU, — 2A)" Pn — wA)*C 


em Om — zA)1P“'(A*P — PA+iC* JC)P(Im — wA)*C. 
=) 2 = Ww 

(7.8.19) 
Thus equation (7.7.12) implies (7.7.11), even without the observability condition 
(7.7.8). Suppose now that (7.7.11) holds. Then we have from (7.8.19) 


eC Im — zA)~1P-1(A*P — PA+iC*IC)P71(Im — wA)-*C = 0, 


—i(z —W) 
i.e., 
C(Im — zA)-+P7\(A*P — PA+iC*JC)P~+(Im — wA)~*C =), 


where z,w are such that the corresponding inverses exist. Taking into account 
(7.7.9) twice, first for the variable z and then for the variable w, we see first that 


(A*P — PA+iC*JC)P “(Im — wA)*C =0, 


and then, A*P — PA+iC*JC = 0, which is (7.7.12). 


(3) It suffices to replace z and w by 1/z and 1/w respectively and J by —J in 
(7.7.10) and (7.7.11). 


Solution of Exercise 7.7.11: 
(1) With A as in the hint, we have 


A*P—PA=iC"C, with C=(1 1 -= 1). 
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Thus (7.7.14) holds with this choice of A and C and J = 1. Furthermore 


C(zIm — A)~! = (-i) x ( 


Still with A and C as above, let 


il 1 as 1 
—i(z-W1) —i(z—-We) : 


—i(z—-Um) 
B(z) =1+4+iC(zIm — A)7'PC*. 
The function B is rational, analytic at infinity, with value at infinity B(oo) = 1, 
and with poles at the points W7,...,@m. Furthermore, (7.7.13) leads to 
1-—B(z)B 
Cll — A)-1P-'(wly — AY*C* = LZ BBW) 
—i(z —W) 

and so B has modulus one on the real line. It follows that B is equal to Bo given 
by (7.7.5). 
(2) We rewrite (7.7.7) as 


7 (P7")ik _ 1-Biz)Bw) 
Py @—W)\T— wy) iz) © 
Hence 
(P~*) sx 


an, 1—B@)BWw) 24 

= eae eer a Ye ae eee 
wrwWE 

The result follows since 


Jim (2-7) Ble) = (; - w) TT 2 


. Wi — We 
tAj 


Remark 7.8.6. Let Hj = (Wj — w;) [Ly; 


a ul Formula (7.7.22) becomes 
‘Wj — Wt 


H; Hy 


—i(we — Wj) 


(Po) 5% = 
To prove directly that these formulas indeed define the inverse we need to show 
that 
- Hy Hy 
»; — =6;4, j,k=1,...,m. (7.8.20) 
<j (wij — Wo) (We — we)” 
We now prove this formula for 7 £. Then (7.8.20) reads 


(E4s)-EAs)| 


= "W, 
v=l1 k 
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But the exactity relation (see [CAPB, Exercise 7.3.6, p. 326]) applied to the func- 
B(z) 


zZ—wt 


tions (with t =1,...,m) gives 


and hence the required result for 7 £ k. 


Solution of Exercise 7.7.14: 
(1) With P and A as in the exercise we have 


0 ho hy ss Any 
0 hy ho on hn 
PA= 
0 hn hnit ei han-1 
Thus 
0 ho hy hn-1 
=hig O° 0° 2% 0 
PA-—A*P= —h, 0 =iC* JC 
—hn-1 O O 0 
with 
. 0 1 1 0 O -:--: 0 
i= (2, i) and o=(5 a. She Bee nan 


(2) We denote by Ow the function given by (7.7.10); it is a polynomial since 
ANT Ovw+1)x(N+1)- Furthermore 


1 z 2 gN-l ZN 
0 1 z gN-2 yN-1 
_ 00 1 
(In+1 — 2A)7* = 
1 z 
0 0 0 1 
and so 
(1 O}CUwir—24)"°=(1 2 2? «- gN-d 2%), 
Formula (7.7.11) leads to 
(1 we @F 42¢ gh eV ay (i wow -. wNol ay" 
= (1 )ewt2(2, 4) exw" () 
a ENS. (7821) 
zZ—-—Ww 


By(z)An(w) = An (z)Bn(w) 


Z—-W 


| 
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with 
(An(z) By(z)) =(1 0) On(z), 
that is, Ay and By are given by formulas (7.7.25) and (7.7.26). 
On the other hand the space #y endowed with the inner product (7.7.23) 
is a Hilbert space since Hy > 0. It is a reproducing kernel Hilbert space since its 


elements are functions and it is finite dimensional. Its reproducing kernel is given 
by formula (7.7.1), that is, by the left-hand side of (7.8.21). 


Remark 7.8.7. The right-hand side of (7.8.21) expresses the structured form of the 
kernel, coming from the fact that the Gram matrix is Hankel. This is one example 
of a recurring theme, which appears various times in this book. The structure of 
the Gram matrix reflects on the structure of the reproducing kernel. Note that the 
solution of the exercise uses Exercise 7.7.3, where one can find a general example 
of such a relation between the Gram matrix and the reproducing kernel. 


Solution of Exercise 7.7.15: By definition of the inner product in Ay +1 we have 


hj; hy41 ae hj-n4i 
ho hy ot Ag 
‘i = = _ 
(Pn41, 27) Py 41 = det hj hj4a dees hj+N41 = 0, j =0,...,N. 
hn Anat sets hon41 


Thus Py +1 is orthogonal to Ay. We now show that the same holds for Ay(z). 
We have for j € {0,..., N} 


0 
_, | ho 
(An, 2’) a y41 = hy — (hjzr jz2 ++ Ay+n4i) Hy |. 
hn 

0 

ho 

=hy-(0 0 «+ O 1 0 ++ OT , 


the 1 is at the 7 + 1th entry he 
= 0. 


But, up to a multiplicative constant, there is only one polynomial of degree N +1 
orthogonal to Ay, and this ends the proof. 


Remark 7.8.8. Let 
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We have for 7 = 0,...,N 


1, if j=0, 
0, otherwise. 


(Gn, z\pn = 


Solution of Exercise 7.7.17: With F 
J — O(z)JO(w)* = (1 — 209) F(z) P~ 0)* + (1 — wot) F(wo)P~ 1 F(w)* 
— (1 — 2%) (1 — wo) F(z) P~' F(wo)* JF (wo) PF (w)* 
= F(z)P™*\(Im — ee 

x { (1 — 209)Um — wA)* PUIm — woA) 
+ (1 — wo) (Im — woA)*P(Im — 2A) 
— (1 — 29)(1 —upW)C* JC } 

x (Im —woA)'P7'F(w)*. 


2) = C(Im — zA)~ we have 


a aa 


In view of the observability of the pair (C, A), the reproducing kernel formula 


J—O(z)JO(w)* _ 4 8 
a oe F(z)P °F (w) 


will hold if and only if we have 
(1 — 2@)(m — woA)* Pm — woA) = (1 — 200)(Im — wA)* Pm — woA) 
+ (1 — wo) (Im — wo A)* P(UIm — 2A) 
— (1 — 2) (1 —upB)C* JC, 
or equivalently 
(1 — 2) (Im — woA)*P(UIm — woA) = (1 — 206)(Im — wA)* Pm — woA) 
+ (1 — wo) (Im — woA)* Pm — 2A) 
+ (1 — 209)(1 — wot)(P + A* PA) 
+ (1 — 209)(1 — w9W)(C* JC — P — A* PA). 


But an easy, albeit unpleasant, computation shows that 

(1 — 2W)(Im — woA)*P(UIm — wo A) = (1 — 200)(Im — wA)*PUm — woA) 
+ (1 — wo) (Im — woA)* PUm — 2A) 
+ (1 — 2&9)(1 — wot)(P + A* PA). 


Thus we get the formula 

J — O(z)JO(w)* 
(1 — 2) 

(1 — 25)(1 — woos) 


= F(z)P7'F(w)* 


F(z)P-\(m —woA)-*AUm — woA) PF (w)*, 


1— zw 
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where we have set A = C* JC — P — A*PA. Thus formula (7.7.30) is in force if 
and only if 


F(z)P~'(Im — woA)~* AUm — wp A)' PF (w)* = 0. 


Since the pair (C, A) is observable, this will be the case if and only if A = 0, that 
is, if and only if the Stein equation (7.7.31) holds. 


Solution of Exercise 7.7.19: 


(1) Take 
I= (5 =i) o=(4), A=t 


Then equation (7.7.31) becomes P—P = 0, and any real (or even complex number) 
solves it. 


(2) Let r € (0,1). Let r € (r(T),1). By definition of the limsup, there exists no 
such that: 
n>no => sup ||A™||/™ <r. 
m>n 


In particular ||A™|| <r for m > no. It follows that 
|A"C* JCA™ || < 1?" ||C* IC||, 


and so the series (7.7.33) converges in norm to a matrix P which satisfies the 
Stein equation. This is the only solution. Indeed, let P,; and P be two solutions 
of (7.7.31). Then the difference Q = P, — P» satisfies 


Q=AQA=A7QA? =... = ATQA™ =... , 


and letting m— oo gives Q = 0. 


Chapter 8 


Hardy Spaces 


In this chapter we present exercises related to Hardy spaces. These spaces played a 
key role in operator theory in particular in view of Beurling’s theorem, and more 
generally, of its vector-valued version, namely the Beurling—Lax theorem. They 
also play a key role in the theory of linear systems. The fractional Hardy spaces 
play an important role in the theory of self-similar systems. 


8.1 Reproducing kernel Hilbert spaces of 
analytic functions 


We first specify some of the results discussed in Sections 7.1 and 7.5 to the case 
of analytic kernels. 
Exercise 8.1.1. Let Q C C be an open set and let K(z,w) be a function analytic 
in z and @W in Q and positive definite there. 

(1) Show that the elements of the associated reproducing kernel Hilbert space are 


analytic in Q. 
(2) Show that for everyn € N and wo € Q, the function 


n 
Zz > Ayr % wo) 


belongs to the associated reproducing kernel Hilbert space H(K) and that 
Or k 


We will rewrite in a shorter way (8.1.1) as 


(-,wo)) = f((wo), Vf EH(K) and Vue €Q. (8.1.1) 


Recall that we have denoted by 02 the boundary of a set 0; see (3.1.7). 
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Exercise 8.1.2. In the notation of the previous exercise, assume that 02 4 0 and 
let w € OQ. Let (Wn)nen be a sequence of numbers in Q with limit w and such that 


sup K(Wn,Wn) < 00. (8.1.2) 
neN 


(1) Show that there exists a subsequence (Wn, )ken Such that the limit 
lim f(wn,) 
k—-00 


exists for all f € HU), and defines a bounded map from H(K) into C. 
(2) Express it in terms of a limit of kernels. 


8.2 The Hardy space of the open unit disk 


The Hardy space H2(D) (see Definition 8.2.1 below) provides a convenient setting 
to describe shift-invariant subspaces of @2(No) (see Section 8.3), and this was the 
main motivation for introducing this space. It now has applications to numerous 
other problems in analysis and digital signal processing. Indeed, a sequence in 
f2(No) represents a finite energy discrete signal, and its associated power series 
belongs to H2(D). This allows us to translate various problems in signal processing 
into problems in the setting of function theory in the open unit disk. 


We recall (see Question 2.1.20) that, given a function f analytic in the open 
unit disk, the function (2.1.24) 


1 2n ; 
Ma(r) = 5- [ [stre)Pat, re (0.1), 


is increasing. 


Definition 8.2.1. The space H2(D) is the set of functions analytic in D and such 
that 


1 20 ; 
— |f(re"*)|?dt < 00, (8.2.1) 


or equivalently, such that 


Y> lanl? < 00, (8.2.2) 


n=0 
holds, where f(z) = )>7°.9 dnz” is the power series of f at the origin. 


We also refer to [CABP] for the following exercise; see Exercise 5.6.11, p. 213 
there. A proof is given here. 


Exercise 8.2.2. Show that the two definitions of H2(D) are equivalent. 
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The second definition brings us back to item (1) of Exercise 7.5.11, and we 
have here an important example of a recurring theme (see Remark 0.0.1): We are 
given a Hilbert space of functions which: 


(1) has a reproducing kernel, namely 


1 


kw(z) = ——=, (8.2.3) 
1— zw 
see Exercise 7.5.11. 
(2) It has an analytic description in terms of power series; see (8.2.2). 
(3) It has a geometric description; here, (8.2.1). 


(4) Last, but not least, has a transform interpretation (the z-transform) 


[oe) 
(Gn)neNo tO z+ S° anz” : 
n=0 


from by (No) onto Hp» (D). 


Each of these four equivalent characterizations thus reveals a different facet 
of the space. A similar situation holds in other cases, such as the Bergman space 
(see Section 10.1), the Bargmann—Segal—Fock space (see Exercise 11.1), and others 
such as the Dirichlet space, to name a few. 


The reproducing kernel description leads to (use Exercise 7.6.12): 


Exercise 8.2.3. Let f be defined in the open unit disk. Then f belongs to the Hardy 
space and has norm less than or equal to 1 if and only if the kernel 


~~ f(z) Fw) (8.2.4) 


1— zw 
is positive definite in D. 


The previous result has an important consequence, namely a representation 
result for elements of the unit ball of H2(D). Indeed, the kernel (8.2.4) can be 
rewritten as 


with 


where s is C?-valued, analytic and contractive in the open unit disk. This is indeed 
the case and s can be chosen analytic in D. This is a consequence of a result of 
Leech. See for instance [261]. 
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More generally, replacing D by a subset FE of the open unit disk, we have: 


Question 8.2.4. Let f be defined in E CD. Then f is the restriction of a function 
of the Hardy space of norm less than or equal to 1 if and only if the kernel (8.2.4) 
is positive definite in E. 

We now turn to an exercise related to the boundary behaviour of func- 
tions in the Hardy space. This exercise is used in Exercise 9.3.1, which discusses 
Carathéodory’s theorem. 


Exercise 8.2.5. 


(1) Let 09 € [0,27). Assume that h € H2(D) is such that the function 


gage. (8.2.5) 


z — eto 


is also in H2(D). Show that 
lim h(re’®°) =0. 


trea 
ré(0,1) 


(2) More generally, if 00,..-,@n € (0,27) are pairwise distinct and such that the 


function 
h(z) 
2 oa (8.2.6) 
TTu=o(2 — e*") 
is also in H2(D). Show that 
lim A(re+)=0, u=O0,...,n. (8.2.7) 


rl 
r€(0,1) 


In a similar vein one has: 


Question 8.2.6. Let H be a C"*™ -valued function, with entries in H2(D). Assume 
that for @) € (0,27), ce C™ and d€ C” the function 


; H.(D))” 
zy HE! © (a) 
Then, 
lim ||H(re®*)c— dl] = 0, 
re(0,1) 
where || - || denotes any norm in C”. 


Let n € No. The function 


il 


kn(z,w) = Gay 


(8.2.8) 
is a product of positive definite functions and hence is positive definite in the open 
unit disk. The associated reproducing kernel Hilbert space is called the weighted 
Bergman space. More generally: 
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Question 8.2.7. Let v > —1. Show that the function 


1 


ki (z,w) = G— amit 


is positive definite in the open unit disk. The associated reproducing kernel Hilbert 
space is called the fractional Hardy space of the open unit disk. 


8.3. Some operator theory in H2(D) 


First a remark. The map I defined by 


- 3 Anz” (8.3.1) 
n=0 


is unitary and sends ¢2(No) onto H2(D), and the shift operator 
Z (ao, @1,---) = (0, a0, @1,--.) 
is sent to the operator M, of multiplication by z in H2(D): 
IZI* = M,. 


Exercise 8.3.1. 


(1) Show that the operator M, of multiplication by z is an isometry from H2(D) 
into itself, and compute its adjoint. 


(2) Same question for the Blaschke factor ba(z) = #54, where a € D. 


(3) Same question for the finite Blaschke product b(z) = Te san In par- 
ticular, when the zeros of the Blaschke product are all different Toth 0 and 
simple, prove that there exist complex numbers co,...cn such that 


(Mj f)(2) = tof (z )+ oa welived (8.3.2) 


Z—Wn 


for f € H2(D). 
Remark 8.3.2. See Question 1.7.2 and formula (1.7.5) in connection with (8.3.2). 


Furthermore, note that each n = 1,...,N, the function 
era z f(z) — Unf (wn) 
Z—Wn 


has a removable singularity at z = w,, with value at that point equal to 


(2f(2))'le=wn = f(Wn) + Wn f"(wn). 
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Exercise 8.3.3. Compute the spectra of Mz and of M? in H2(D). 


Exercise 8.3.4. 


(1) Show that the resolvent set of Re M, (in Ho(D)) is C \ [-1, 1]. 
(2) Show that the operator Re M, has no point spectrum. 
(3) Show that it has no residual spectrum. 


Remark 8.3.5. We note that Re M, has no point spectrum in the Fock space 
(where it is an unbounded operator). See Exercise 11.1.8. 


The following exercise can be proved using Exercise 7.7.17. The key point 
is to identify the function © defined there by (7.7.29) with the finite Blaschke 
product b defined in the statement of the exercise. In item (3), note that equality 
holds in (8.3.3) when all the w, 4 0. 


Exercise 8.3.6. Let w1,...,wy be distinct points in D, and let M denote the linear 
span of the functions kw,,...,kwy, endowed with the H2(D) inner product. 


(1) Show that M is the finite-dimensional reproducing kernel Hilbert space with 
reproducing kernel 


= 1 — b(z)b(w) 


1-— zw 


ko(z, w) 


with b(z) = ih-4 ae : 
(2) Show that 


M = H2(D) 6 bH2(D). 
(3) Show that for every a €D, 


RaMcmM, (8.3.3) 
where Ra is defined by (1.7.3), that is: 

f(z) = f(@) 

(Refe)=) ana * 77 
H"(a), 2a. 

Hint: Apply Exercise 7.7.17 with 
J=1, C=(1 1 --- 1) and A= diag (W7,%,..., Wy). 
Se 


N times 


Exercise 8.3.7. Let B(z) = te ba, (z), where ai,... are not necessarily different 
points in D, and set Bo(z) =1 and By(z) = ee ba, (2), KH 1, 2,002, 


(1) Show that 


H,(D) 6 BH2(D) = ©. Be-1(Ha(D) © ba, Ho(D)). (8.3.4) 


(2) Using (8.3.4), find an orthogonal basis for H2(D) © BH2(D). 
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Exercise 8.3.6 suggests the following question. 
Problem 8.3.8. Find the structure of the closed Ro invariant subspaces of H2(D). 


The famous Beurling theorem characterizes closed M,-invariant subspaces of 
H.(D). We first present a finite-dimensional version of this theorem. 


Exercise 8.3.9. Let N be a closed M,-invariant subspace of H2(D), and assume 
that N has finite co-dimension, that is, dimH2(D) ON < co. Show that there is 
a finite Blaschke product b (with possibly multiple zeros) such that N = bH2(D). 


Hint: Consider N+ and show first that a space of functions analytic at the origin 
is Ro-invariant if and only if it is spanned by the entry of a row function of the 
form C(In — zA)~1, where the pair (C, A) € C1** x C’*% is observable, that is 

n_5 kerCA™ = {0}. (8.3.5) 


Then show that the spectrum of A is inside the open unit disk. 
Recall that b, was defined by (1.2.9), that is: 


ba(z) 


Tae 


Question 8.3.10. In the preceding question write 


K 
b(z) =e [] (ba, (2), 


k=1 


where c € T and where the points a,,... are pairwise different. Characterize N in 
terms of interpolation conditions. 


The case of spaces V of possibly infinite co-dimension is much more involved, 
and is the content of Beurling’s theorem. 


Exercise 8.3.11. Let M C H2(D) be closed and invariant under the operator M, 
of multiplication by z, and let N=MozM. 


(1) Show that dimN = 1. 
(2) Show that 
M = G72". 


(3) Conclude that there is a function j analytic in D such that M = jH2(D). 


Remark 8.3.12. The function 7 in the preceding exercise is inner, meaning that 
its boundary values, which exist almost everywhere, are almost everywhere of 
modulus one. We will not consider these important problems here. 


Multipliers of the Hardy space are characterized in the following question 
(see the questions mentioned in Remark 7.6.15). 
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Question 8.3.13. 


(1) Let s be defined in a subset Q of the open unit disk. Show that s is the 
restriction to Q of a function analytic and contractive in D if and only if the 
kernel (7.7.17): 

_ 
ks(z,w) = Sey) 

1— zw 
is positive definite in Q. 

(2) Interpret the previous result when Q =D. 

(3) Show that the operator of multiplication by s is a contraction in H2(D) if and 
only if the kernel k, is positive definite. 


We conclude with an important result on multipliers. It has key implications 
in the theory of linear systems. Recall that M7, denotes the operator of multipli- 
cation by z. 


Exercise 8.3.14. Let T be a linear bounded operator from H2(D) into itself, which 
commutes with M,, and let yy) =T1 € H2(D). 


(1) Show that for any polynomial p it holds that 
Tp = wp. (8.3.6) 


) Show that polynomials are dense in H2(D). 
(3) Let f € H2(D) and let (pn)nen be a sequence of polynomials tending to f in 
the H2(D)-norm. Show that, for every z € D, 


Jim Pr(z) = F(z), 


(8.3.7) 
(Tpn)(z) = (Tf) (z)- 


lim 
noo 
Conclude that (8.3.6) holds for all f € H2(D). 


) 
(5) Using the previous exercise, or computing directly T* on the reproducing 
kernel, show that yw is bounded in modulus in the open unit disk. 


8.4 Composition operators 


The first exercise is a classic, and can be found for instance in [86, p. 50]. See 
Remark 2.3.8 for a related discussion. In the proof of the first two exercises use 
is made of the reproducing kernel H(s) with reproducing kernel (7.7.17). These 
spaces were introduced and studied by de Branges and Rovnyak in [86]. See Chap- 
ter 9. In the proofs we use the fact that the kernel (7.7.17) is positive definite in 
D for s analytic and contractive there. See Question 8.3.13. 


Exercise 8.4.1. Let s be a function analytic and contractive in the open unit disk, 
and suppose that s(0) = 0. Prove that the composition operator f 4 fos isa 
contraction from the Hardy space H2(D) into itself. 
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Hint: Write s(z) = zo(z) where o is analytic and contractive in the open unit 
disk, and apply Exercise 7.6.6. 


The condition s(0) = 0 in the previous exercise can be relaxed. This is the 
topic of the next exercise 


Exercise 8.4.2. Let s be analytic and strictly contractive! in D, let wo € D, and let 
fo denote the function: 
1— 
_, Le stalatwo) 
1 — zo 
(1) Show that there exists kg > 0 such that the kernel 


———— 
1 eRORO (8.4.1) 


1-— 2w 


is positive definite in 
(2) Show that there exists hei > 0 such that the kernel 


— (8.4.2) 


is positive definite in D. 

(3) Show that the composition operator C’; is a bounded operator from the Hardy 
space H2(D) into itself. 

(4) Find its representation (7.6.2). 


Question 8.4.3. Prove formula (2.3.16). 


8.5 Cuntz relations 


Let N EN, let H be a Hilbert space and let S),...,S5y be N isometries of H: 
SiS; =In, j=l,...,N. 


If furthermore it holds that 
> 55S} = Tn, 
j=l 


the isometries are said to satisfy the Cuntz relations. When N = 1 we merely have 
a unitary map from H into itself, and the case of interest is when N > 2. 
—— 
Let v € D and 6,(z) = 5S. (z) = 
form an orthonormal basis of the space ae (D) © b,H2(D) and that the weiehted 
composition operator 


(Ty f) (2) = ev(z) f(bv(2)) (8.5.1) 


l(that is, in view of the maximum modulus principle, different from a unitary constant) 
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is a unitary map from H2(D) © b,H2(D) onto itself. In the following question and 
exercise, taken from [35], we explore what happens if one replaces b, by a finite 
Blaschke product 6 and the function e, by an orthonormal basis of H2(D)GbH2(D). 
In the following, we assume for simplicity that the Blaschke product has pairwise 
disjoint zeros. This hypothesis can easily be removed, at the price of some extra 
notation. 


Question 8.5.1. Let b be the finite Blaschke product 


N 
b(z) = [] b,, 


k=1 


where the points v,,...,Un are assumed pairwise disjoint, and let e,,...,en be an 
orthonormal basis of H2(D) © bH2(D). Show that the operators 


Sof =e f(), Je law, 


satisfy the Cuntz relations in the Hardy space. 
Exercise 8.5.2. Let b be the finite Blaschke product 


N 
b(z) = |] b,., 


k=1 


where the points v1,...,Un are assumed pairwise disjoint. 


(1) Show that the kernel 
1 


1 — b(z)b(w) 
is positive definite in D and describe the associated reproducing kernel Hilbert 
space. 
(2) Let e1,...,en denote an orthonormal basis of H2(D) © bH2(D). Writing 


1 1, L=b(2)b(w) 


1-20 1—B(z)b(w) 1—2o 


(8.5.2) 


show that any element f € H2(D) can be written in a unique way as 


N 


f(z) = do enlz)fn(b(2)), fn € Ha(D), (8.5.3) 


n=1 
and 


N 
Ifllz,@ = >— Ifnllz,@- 
n=1 
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Using (8.5.3) one can solve the following multipoint interpolation problem 
(see [35]): 


Problem 8.5.3. Given N pairwise points w1,...,wn, and numbers aj,...,4N,C, 
describe the set of all functions f € H2(D) such that 


N 
Saf iy) = (8.5.4) 


u=1 


Question 8.5.4. Using (8.5.3) reduce Problem 8.5.8 to a one point tangential in- 
terpolation problem in (H2(D))%. 


Remark 8.5.5. When N = 2 one can use Question 1.2.8 to solve (8.5.4). See the 
work by Bolotnikov, Rodman and the author [13]. 


Related to Problem 8.5.6 see also the following section. 


Problem 8.5.6. Let M € N. What can be said when one replaces (8.5.2) by its 
M-th power: 


———\ M 
ae 1 1 — b(z)bQw) 
waar - oe * ( een 


8.6 The Hardy space of the open upper half-plane 


We already met the Hardy space of the unit disk in Section 8.2. Here we focus on 
the open upper half-plane case. Recall that the Lebesgue space Lo(R, 6, dx) is not 
a space of functions, let alone a space of analytic functions. Still, it admits a key 
decomposition into an orthogonal sum of two spaces, one of (equivalence classes) 
of functions with, in each equivalence class, one representative whose values are 
almost everywhere the (non-tangential) boundary values of a function analytic in 
the open lower half-plane C_, and the other of (equivalent classes) of functions 
with one representative whose values are almost everywhere the (non-tangential) 
boundary values of a function analytic in the open upper half-plane C,. An- 
other natural orthogonal decomposition is obtained when writing an element in 
L2(R, 8, dz) as a sum of a function with support in (—oo, 0] and of a function with 
support in [0, 00): 


F(U) = 1 (00,0 (4) F(U) + To,00) (u) f(u). (8.6.1) 


These two decompositions are related by the Fourier transform. These various 
connections form the main topic of the exercises of the present section. 


Let 


a (=). neéZ. (8.6.2) 
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The difficulty in the following exercise is not to show that the functions f,, form an 
orthonormal set (the mixed inner products are easily computed using the residue 
theorem), but lies in proving the completeness of this set. 


Exercise 8.6.1. 


(1) Show that the family (fn)nez ts an orthonormal basis of L2(R, B, dx). 
(2) Show that 


SS In(z)in@e), 2 we Ce. (8.6.3) 


n=0 


=o (z- 
(3) Compute 


Yo Fon z)f-n(w), z,weC_, 


where C_ denotes the open lower half-plane. 


Hint: To prove completeness, prove that any f orthogonal to all the f, satisfies 
(6.2.10): 
f(t) 


Rt-z 


du=0, VzEC\R, 
and apply Exercise 6.2.9. 


Another way to prove completeness would be to use approximation by contin- 
uous functions with compact support and then by rational functions. Yet another 
way could be by using Vitali’s theorem (see [270, Theorem 26, p. 25] and Exercise 
6.3.3 above). 


We note that the inverse Fourier transform of the f,,n = 0,1,2,... are 
called Laguerre functions (see also [126, Exercise 2, p. 35], and the reference there 
to Y.W. Lee’s book [217]). 


We denote by H2(C,) (or He for short) the closed linear span of the f,,n = 
0,1,2,..., and by H2(C_) (or HZ for short) the closed linear span of the f,,n = 
—1,-2,-—3,.... The space H2(C+) is the Hardy space of the open right half-plane. 
In view of (8.6.3) and of the formula (7.1.13) for the reproducing kernel we have: 


Theorem 8.6.2. The space H2(C,) is the reproducing kernel Hilbert space with 
reproducing kernel 


ae 
—27ri(z—W) * 


Exercise 8.6.3. The map 
Ls 
— 6.4 
ase! | (8.6.4) 


is unitary from L2(R_,B,du) onto HZ, and from L2(R,,B,du) onto Hz. 
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Hint: We have for z,w € Cy 


1 1 foe 
es 
—2ni(z—-W) 2m J(_20,9] 


and so for N EN, c,...,cw € C and wy,...,wn € Cy we have 


1 ete IWr' 
re) = Seas kf oe (Soe) 
—_——S Eee 


n=1 
f(t) 
Use then (6.1.4) to show that 


N —_ 
CnCm -~ 
IF lita = S- —2ri(wm —W.) = 2n\lf lL) a II fllzoc): 


nym=1 


Conclude by a density argument. 


By Exercise 8.6.3, and after a change of variable, one sees that there exist 
functions fo, fi,... € Le(R+, dx) such that 


1 /t-i\” 1 ; 


(fn fm) Lo(R4,dz) = Onyms n.m € No. (8.6.6) 
Question 8.6.4. Show that the functions fp, are of the form 


and 


falu) =e “pa(u), 2=0,1,... 
where py is a polynomial of degree n. 


Hint: Following [217, p. 474], use (2.1.30). 


We have in particular 
| ep, (U)Pm(u)du = On,ms nM E No, 
[0,00) 


and the functions f,, and p, are (up to a change of variable) the Laguerre functions 
and Laguerre polynomials. 


Question 8.6.5. Let f+ € Lo(R;,dx). The expression 


Fy(z)= — i ef. (u)du (8.6.7) 
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defines a function analytic in the open upper half-plane C,. The formula 


(F4,G+) = (f, 9)ne(R4,dz) 


defines an inner product on the set of functions of the form (8.6.7), and this set 
is a Hilbert space with respect to the associated norm. Show that this space is a 
Hardy space. 


Question 8.6.6. Show that a function f analytic in C+ belongs to He if and only if 
sup f |f (a + iy) |?da < oo. 
y>O/JR 


Question 8.6.7. Recall that the functions 7, (t € R) were defined in (6.1.26): 


eitu_y 
ju? U # 0, 


t u = 0. 


What is the closed linear span of {%4,t € I} in Lo(R, B, dx) for 
I=(0,~0), I=(-0,0] and I=(0,T], (> 0). 


Exercise 8.6.8. Show that the weighted composition operator which to f associates 
the function 


Tf(z) = +f (-:) (8.6.8) 


is unitary from Lo(R, B, dx) into itself and from H2(Cx) into itself. 


Hint: Compute T'f,,, where f,, is given by (8.6.2), and conclude that the operator 
(8.6.8), a priori only densely defined on L2(R,8,dx) admits a unitary extension 
to that space. One can also use Exercise 7.6.6 in the case of H2(C+). 


We note that finding appropriate extensions of the Hardy space and the 
associated Schur functions is a fruitful strategy in Schur analysis. 


Question 8.6.9. Let R, be defined by (1.7.3). Show that for f,g © Ho(C+) and 
a,b€ Cy tt holds that 


(Raf, 9) — (f, Reg) — (a — b)(Ra, Ro) = 2mig(b) f(a). (8.6.9) 
Hint: Compute (8.6.9) on an appropriate dense set. 


Remark 8.6.10. In some sense, the identity (8.6.9) is a weakening of the inner 
product in the Hardy space H2(C,). It allows us to extend part of the theory of 
this space to wider settings. The identity was introduced by L. de Branges (see 
[83]) and is called de Branges’ identity (for the half-plane; a similar identity holds 
for the disk case). 
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Question 8.6.11. Let H be a reproducing kernel Hilbert space of functions analytic 
inQ Cc Cy, and suppose that (8.6.9) holds on a dense set. Show that the operators 
Ra (a € Q) have continuous extensions to H. 


Hint: Show that (8.6.9) implies an inequality of the form 
[Raf ll? < KallRafll fll + Call fll? 


for some strictly positive constants K, and Cy, for f on the given dense set. 


Define an inner function to be a function j analytic in the open unit disk and 
such that the operator M,; of multiplication by 7 is an isometry from the space 
H2(C) into itself. 


Question 8.6.12. Let j be an inner function of the open upper half-plane. Show 
that the space H2(C+) © jH2(C+) is the reproducing kernel Hilbert space with 
reproducing kernel 


1~ j(2)j(w) 
—2ri(z —W) 
We now recall that the functions f;, have been defined by (8.6.2): 
1 1 fz-i\" 
n = -—— > Z.. 
Question 8.6.13. Let n © N and define: 


aat)= (F) 


Show that H2(C,) GC ByH2(C+) is spanned by the functions fo,..., fn—1, and 
write formula (7.7.1) in this setting. 


Question 8.6.14. Show that the operators Rq (defined by (1.7.3)) are bounded in 
H2(C+) fora € Cx, and find the structure of the finite-dimensional Rq-invariant 
subspaces of H2(C+). 

We conclude this section with a question inspired from the definition of the 
Schwartz functions in terms of their Hermite coefficients (see Remark 6.1.18) and 
which may have connections with infinite-dimensional analysis and the theory of 
distributions. 


Problem 8.6.15. Characterize those functions f = pee anfn © Ho(C+) such that 


S- lan|?(n +1)? <co, p=0,1,..., (8.6.10) 
n=0 
and such that 7 
Sle -2 <e6,. pe Ulex. (8.6.11) 
n=0 


and their respective duals. 
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8.7 The fractional Hardy space H% of the open 
upper half-plane 


The following exercise introduces the fractional Hardy space of the open upper 
half-plane. A first characterization of the space in terms of a transform can be 
obtained using formula (8.7.2) given in the hint. We recall the various aspects of 
the space at the end of the section. Some of the analysis relies on the paper [230] 
by Mamadou Mboup. 


Exercise 8.7.1 (see [84, p. 216]). Let v > —1. Show that the function 


T(1+v) 


is positive definite in C1, and describe the associated reproducing kernel Hilbert 
space. 


Hint: First prove the formula 


ee 1+ 
| te US pose) Rez > 0. (8.7.2) 
0 


gltv 


Remark 8.7.2. (8.7.2) is an example of a Laplace transform. More generally the 
Laplace transform is defined by 


for f € Ly([0, 00), dx). 
Exercise 8.7.3. Show that the Hankel matrix (1.6.6) is strictly positive. 


The reproducing kernel Hilbert space associated with the kernel (8.7.1) will 
be denoted by H4. It is called the fractional Hardy space of the open upper half- 
plane. 


The following exercise is [230, Proposition 3.4, p. 279]. As pointed out in 
that paper, the invariance under the operator T,, (defined in (8.7.3)) allows us to 
express self-similarity of a system in the frequency domain in a way similar to the 
time domain. We refer to [230] for more details. We also note that in [84, 50], 
L. de Branges studies spaces of entire functions invariant under the map ar TL, 
and for which this map is unitary. Paley-Wiener spaces are an example of such 
spaces. 


Exercise 8.7.4. Let v > —1. Show that for every a € (0,1) the function 


1+v 


T(F)(z) =a F(az) (8.7.3) 


belongs to H5 and has the same norm as F. 
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As mentioned in the introduction, a reproducing kernel Hilbert space can 
often be characterized in a number of equivalent ways, each one more appropriate 
for a specific application. The following theorem illustrates this fact for the space 
H4. In the statement, the functions f have been defined in (2.1.41). 

Theorem 8.7.5. Let F be analytic in C+. The following are equivalent: 


(1) F belongs to H. 
(2) F can be written as 


for some f € Lo(Ry, dx), and 
Fila; = IFIP. 
(3) F can be written as 
F(z) = > dn fl” (iz), 
n=0 


with 


Co 


IF Be = So lanl. 


n=0 


8.8 Solutions of the exercises 


Solution of Exercise 8.1.1: We only consider (1), and leave the second item to the 
reader. Let w € 2 and let (hn)nen be a sequence of numbers going to 0 and such 
that w +h, € © for n = 1,2,.... Since the function A(z, w) is analytic in z and 
@ we can write, for numbers a,b,...,e which represent the partial derivatives at 
(w,w), 


K(w + hn, w+hn) = K(w,w) +ahn + blim + h2e+ |hnl2d + en + 0(|hnl?), 
K(w+h (w,w) + ahn + h2e+ |An|?d + o(|An|), 
K(w,w + hn) = K(w,w) + bin tela, + 0(\Rn|?). 


3 
S 
l 
a 


Thus 
K(wt+hn,w + hp) + K(w,w) — K(w,w + hn) — K(w + hn, w) 
[Pin |? 
7K o(\hn |) 
Fab + Re 


since e = Kw, w). 
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Let now 


Then, fn € H(A) and 


I fall? = K(wthn,w+t+h,)+K(w,w) — K(w,w+ hn) — K(wt hy, w) 
—— [Pin |? 


Thus the family (fn)nen is bounded in norm in H(K) and admits a weak limit 
(via a subsequence, which we will still denote by (fn)nen) to some g € H(K). We 
have for z € 2 


e. Kw thn) — K(z,w) 
noo An 
ik 
= Stew) 


Hence the function z +> OK (2, w) belongs to H(K) and for f € H(K) 


(f,9) = (f, fn) = f’(w). 


lim 
noo 


Solution of Exercise 8.1.2: 


(1) The family of elements Ky,,Kw,,... of H(A) is uniformly bounded and 
so admits a weakly converging subsequence since a closed ball of a Hilbert 
space is weakly compact and metrizable. Let (wn, )ken be a subsequence of 
the original sequence and let g € H(A) such that the weak limit of the 
functions K,,,,, is g. Thus 


(F.9) = lim (f, King) VF € HK). 
¢— > Co 
This ends the proof since (f, Kw,) = f(wn,)- 
(2) Let z € 2. We have 


g(z) = (9, Kz) 


= lim (Kw, , 
k—>o00 k 


K,) 


= lim K(z,wWn,). 
k—>00 


Solution of Exercise 8.2.2: We use the dominated convergence and the monotone 
convergence theorem (see [CABP]). One can of course use more direct, but a bit 
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longer, arguments. A shorter argument uses Parseval’s equality. Let f be analytic 
in the open unit disk, with power series centered at the origin equal to 


co 
— s ane", 
n=0 


By the Cauchy—Schwarz inequality, we have for r € (0,1), t € [0,27] and N EN: 


“< (Selon?) (Sort) < Cepsalea 


n=0 


re eint 


Furthermore, for every t € [0, - 


= |f(re")/?. 


lim 
noo 


The dominated convergence theorem insures that 


1 27 ; 1 on, N | . 
— | |f(re*)Pdt = lim — [| |S - anr"e'*| dt 
QT (0) Noo 27 0 na 
N 
= lim yr la, P 
N- oo 
n=0 
oe) 
=e lan? 
n=0 


The monotone convergence theorem implies then that 


20 


li a= . 
im J, Were Yl 


where both sides will be simultaneously finite or infinite. We leave to the reader 


to check that 
27 ; 2n 


rtl Jo r— 1 Jo 


since the first integral exists. 


Solution of Exercise 8.2.3: This is an application of Exercise 7.6.12 with Q = E 
and K(z,w) = —. 


1-zw 


Solution of Exercise 8.2.5: 


(1) Using the reproducing kernel property at the point re’ for the function g 
defined by (8.2.5) 
h(z) 


g(z) = oa elon? 
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we have (rei) 
F h(re’”° 
g(re”?) = ae ie (9; Keio); 
and so 
pe yl 2 tially 
rol foe 
It follows that 
1 Ill 
h(re*)| < |Ig||-4/ ——-(1—r)=V1_-r- 
In(re)| < lal aag 0-7) = VT HL, 


and hence the result. 


(2) We prove (8.2.7) for u = 0 for simplicity. The argument is similar to the one 
in (1). We now set 
h(z) 


12) = TG ey 


and have, for r € [0, 1), 


h(ret®° ) ea 
(revo = eo) T]""_, (reo _ e9u) = (Gs Kreio); 


|h(re® )| 1 
a : 93 Tk 
ee slay a 


The result follows as in (1). 


g(re*) = 


and so 


Solution of Exercise 8.3.1: 
(1) Let f € Ho(D), with power series expansion f(z) = 77°.) @nz". We have 
(M.f)(z) = 3-5 Gnz"*! and hence 


n=0 


[Ze f\I? = D0 lanl? = IAI? 


n=0 


Formula (7.8.17) gives (with ky(z) = += and Ro defined by (1.7.3) 


(Mi kw) (z) = - = (Rokw)(z), 


and so M¥ = Ro. This can also be checked by direct computation. 


1— 2w 


(2) More generally, let a € D. We have for z € 


zZ-a z-a 

i-a@ (S40) 

z(1— |al?) 
1-24 


= -a+ (1-|al?) & a) 


n=0 


= -—-a + 
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So 
(ba, ba) = |al? + (1 — |al?)? (> er) 
n=0 
=1+(1-|a?)?—_, 
1— ap 
— 1, 
and 


(Mzbq, ba) = —G-0 + (1 — Jal”)  (—a) + (1 — Jal?)? (> ao?) 


= (1- lal?) (-2+ = la) 7) - 
= 0. 


Since M, is an isometry it follows that, for n,m € No, 
(Mba, Mi" ba) = On.m 
where dn,m denotes Kronecker’s symbol. It follows that for any polynomial p we 
have 
(baD, baP) = (Dp, P)- 
Since the polynomials are dense in H2(D) the operator M,, extends to a uniquely 


defined isometry from H2(D) into itself. Its adjoint can be computed on the kernels 
kw using formula (7.8.17): 


(My, kw)(z) = 


(3) One can proceed as above and view M, as the composition My, Mp, --- Mbox. 
One can also proceed as follows; consider the partial fraction expansion of b: 


N 
b(z) =co+ >> — (8.8.1) 


1 — zWy, 


where, for simplicity, we assumed the zeros of b simple and different from 0 and 
obtain (8.3.2) 


N 
(My f)(2) = tf (2) + pm 


zZ— Wn 


for f € H2(D). This formula can easily be checked on monomials f(z) as follows, 
and then is valid for all f € H2(D) by continuity. Let thus w € D and M € N. We 
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have (with some abuse of notation) 


(Miz™ , kw) = (2™, bkw) 


1 
N 
1 1 1 
ee _/,M _ 
ais + ome ’ 2(Wn — BD) (<= —x)) 
N 
1 1 1 
_ i —/ M41 _ 
ad +a: aa Cee ca 


(where we have used the fact that M, is an isometry in H2(D)) 


N 
=. wt —wMtl 
=CcCow + ) Cy 
n=1 


n 
? 
Wn — W 


which is exactly (8.3.2) for f(z) = z™. 
Remarks 8.8.1. 


(1) Formula (8.3.2) is in fact valid for any function b of the form (8.8.1), not 
necessarily a Blaschke product. 
(2) One can also check formula (8.3.2) for b(z) = = and f(z) = ~+= (of 


1l-—zu 
course, this b is not a Blaschke product, but part of the expansion (8.8.1)) 


One then obtains 


1 1 
M; ——— es 
( of )(2) 1-tw, 1-2 
on the one hand and 
z Wn Z— ZWnU — Wyn + ZUWy 
zf(z)— wnf (wn) _ 1-2 Ll-—wrt _ (1 — zu)(1 — w,T) 
z— Wn 7 z— Wn, 7 zZ— Wn 
1 1 


1— Uw, “[- 2 
on the other hand. 


Solution of Exercise 8.3.3: The spectra of M, and Mj? are inside the closed unit 
disk. We show that in fact they consist of the whole closed unit disk in both cases. 


(1) The operator M,: The forward shift operator has no point spectrum since, for 
any A € C, the equation 
zf(z) =Af(z) 


has only solution f = 0 in the Hardy space. 
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Let \ € D and 
ky(z) = =, (8.8.2) 


By the reproducing kernel property 
(Mz — A)f, ka) Hq) = 9, 


and so D is made of points in the residual spectrum. We now show that the unit 
circle T consists of points in the essential spectrum. Let  € T, and let g € H2(D) 
be such that 


((M, ~~ A)f, 9) ¥(D) = 0, Vf € H2( D). 
The choice f(z) = z” leads to 


Co 
AQn =Gn41, 2=0,1,... where g(z) = Gar”. 
n=0 


Thus g(z) = ~44, which will not belong to the Hardy space, unless go = 0. Since 
o(Mz) = 0,(M-z) Uoe(M-z) Vo,(Mz), 


we have: 
@,(M,)=W,. @(M,)=T,. and @,4,)=D. (8.8.3) 
(2) The operator Ro: With k) as in (8.8.2) one readily sees that 
Roky = Xk, (8.8.4) 


and so the open unit disk consists of eigenvalues. That the unit disk cannot include 
part of the point spectrum is clear since the solution of the equation Ry f = Af are 
multiples of &,. Since the spectrum is closed we have that T belongs to either the 
residual or the essential spectrum of Rg. We show that for every  € T, the range 
ran(Ro — AL) is dense. This will show that T consists of points in the essential 
spectrum (we do not need to show that the above range is not closed since we 
already know that is a spectrum point). Let g be orthogonal to ran (Ro — AJ). 
In particular 

((Ro —ADkw,g) =0, Vw e D. 
In view of (8.8.4) we have (w — A)g(w) = 0 and so g = 0. 


Thus 
Op(Ro) =D, o-(Ro) =T, and o,(Ro) =9. (8.8.5) 


Remark 8.8.2. It is interesting to compare (8.8.3) and (8.8.5), taking into account 
that 


o,(T) C o,(T*), 
o,(L) C o,(T*) Vo,(T") 


for every bounded operator acting in a Hilbert space. See [257, Proposition, p. 194] 
for the latter. 
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Solution of Exercise 8.3.4: 


(1) The operator norm of M, is equal to 1 and so ||ReM,]|| < 1 (see Question 
4.2.21) and the spectrum (which is real since Re M, is self-adjoint) is inside [—1, 1]. 
We now show that all points in [—1, 1] are in the spectrum of Re M,. Let \ € [—1, 1] 
and u € H2(D), and consider the equation 


oo = 1) Hest, 
2 
where the unknown f € H2(D). Then, 
_ 22zu(z) + £(0) 
ee ge 


Set A = cos@ for some real number 9. Then 


2zu(z) + f(0) 


f(i~y= (— e%) (2 — 8)’ zéED. 


By Exercise 8.2.5 applied to h(z) = 2zu(z)+ f(0) and 69 = —0; = 0 we have 


Qe . lim u(re’?) = 2e7”. lim u(re~”) = —f(0). 
rl ror 


But it is easy to find functions for which this condition will not hold. For instance 
u(z) = 1 and f(0) = —2e” leads to 


2 


Ss D 
flz)= ae, - €D, 


which does not belong to H2(D). 
(2) Let \ be an eigenvalue of Re M-,, with corresponding eigenvector f. Then, 


f(z) = F0) + 2’ F(z) 


= 2Xf(z), 
z 
where the left-hand side is equal to f’(0) when z = 0. Thus, 
(0) 
= >=. D. 
P) 22 —2QzrA4+1? as 


In view of (1), we have \ € [—1,1]. Set as above A = cos@ for some real number 
é. Then 


= D 
(2—e*)(z—ewy) 7S 


which does not belong to H2(D) unless f(0) = 0 since the function 


1 
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does not belong to H2(D). To verify this last point write 


ooo = 1)2” if -1 8. 
(eee) (lag- 210 je", ife ; (8.8.6) 


and 


1 ae 1 1 
(z —e%)(z—e-) — Qisind \e-® —z el —z 


1 cae ass ; 
oo i(n+1)O nn _ —i(n+1)0 -n 
2i sind (>. ° aa 7 
n=0 n=0 
3 sin(n+1)0 ,, 
= SS 
sind 


n=0 


otherwise. In either case, the sequence of Taylor coefficients does not belong to f2. 


(3) We now show that Re M, has no residual spectrum. Let A € [—1,1] and let 
u € H2(D) be orthogonal to the range of Re M, — XJ. Then, for all f € H2(D) we 
have 


(u, (Re M, = AL) f)5(0) = 0) 
The choice f(z) = z” leads to (with u(z) = 07.9 unz” and u_; = 0) 


Unti tUn—-1 = AUn, n=O0,1,... 


It follows that 

ae ug + zu, — AzUo 
~  g2@— zt] 
but such a function does not belong to H2(D) (unless uo = ui = 0) since the 
product of the zeros of the polynomial z? — \z + 1 is equal to 1. 


3 


Solution of Exercise 8.3.6: 
(1) We first note that 
(Rigs (2) Raga) teag (2) = CU = ZA)", 
with C and A as in the hint, that is, 
C=(1 1 --- 1) and A=diag (wr, W2,...,Wy). 
Nine 


Furthermore, the Gram matrix of the space M with respect to the H2(D) inner 
product is equal to 


1 


= —_——} 
1 — wre; 


Poy = (kw; swe) 0,j=1,...,N. 
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Since for m € No, 


we have that P is given by 


P= » Fel al OE 
m=0 

(see Exercise 7.7.19), and so is the (unique) solution of (7.7.31). Formula (7.7.30) 
with © given by (7.7.29) gives then the reproducing kernel of M. In the present 
case, O has no poles in the closed unit disk. Since it is rational and unitary on 
the unit circle, it is a finite Blaschke product, see [CAPB, Exercise 11.5.3, p. 438]. 
Since the points w, are assumed different, there is at most one n for which w, = 0. 
The finite poles of © are at the points 1/@, for those n for which w,, 4 0. Hence 
O is equal, up to a multiplicative unitary constant, to the Blaschke product given 
in the statement of the exercise. 


(2) Let f € H2(D). We have 
feMt <> (f,ku,) =0, n=1,...,N 
<— f(wr,)=0, n=1,...,N 


where we use Exercise 2.1.18 and where fh is analytic in D, 
<=> f(z) = bz)h(z) 


where fh is analytic in D. 


To conclude we show that h is in H2(D). Since the function f/b has only 
removable singularities inside the open unit disk, it is enough to show that 


20 it) 2 
sup | ie) £< OO. 
r€(0,1) 0 b(re**) 
r>maxXn=1,..., N |wn|l 
This follows from the bound 
N 
1 1+ |wy| 
< 
|b(z)| ~ II To — |Wnl 


valid for |z| > ro > maXp=i,....N |Wnl- 
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(3) This follows from 
(Roku, )(z) = Wnkw,(z), n=1,2,...,N, 


and from the resolvent identity (1.7.4) (see Question 4.2.10). 
Remark 8.8.3. In fact it holds that 


27 it) 2 27 
re Fs 
sup | I a) dt = sup | | f (re™*)|? dt. 
r€(0,1) 0 b(re’*) r€(0,1) 0 
r>mMaxn—1 Nn |wnl r>Maxn=i,..., N |Wn| 


pesiey 


This equality will follow once we know that h € H2(D). It could also be proved 
directly using for instance the dominated convergence theorem if we assume known 
the existence of non-tangential limits for f. 


Solution of Exercise 8.3.7: 


(1) Using Theorem 7.5.22, we see that the decomposition 


1— Blz ba, (z) ba, (w) <————~ 
a = 3) Ble) 2) Bae) 


Be Ey 


of the positive definite function + into a sum of N positive definite func- 
tions leads to the vector space decomposition 


H2(D) 6 BH, (D =P. 1(H2(D) © b,,, H2(D)). (8.8.7) 


To show that this sum is orthogonal, let k,@ € {1,...,N} and assume k < &. 


Recall that H2(D) © b,,H2(D) is spanned by the function 5 and similarly 
for H2(D) © ba,H2(D). Let F(z) = 2 and Fy(z) = 4+. Then (with the 


convention that ba, -+-ba,_, = lif k= 1): 


1_, nlite) 


1 — 2G,’ 1 — za 


(Fre, Fe) =( 


where we have used that M,, is an isometry from H»2(D) into itself and Cauchy’s 
formula (or, equivalently, the reproducing kernel property). 


(2) Since ||F,||? = ar the functions Jor n = 1,...,N form an or- 
thonormal basis of H2(D) © BH2(D). 


Solution of Exercise 8.3.9: We follow the hint given after the exercise, and divide 
the proof in a number of steps. We set M = N+. 


STEP 1: The space M is Ro-invariant. 
This is because Ro is the adjoint of M, in the Hardy space H2(D). 
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STEP 2: There exists an observable pair of matrices (C, A) € C!*% x CN*% such 
that the entries of the row function F(z) = C(In — zA)~} form a basis fi,..., fn 
of M. 


Indeed, let fi,..., fn be a basis of M. Since M is Ro-invariant, for every 
j € {1,...,n} there exists a vector a; € C% such that Rof; = Fa; and so 
RoF = FAwith A= (a, +: an). Writing 
F(z) — F(0) 
z 
for z #4 0 we get the required form for F' with C = F(0). 
STEP 3: The spectrum of A is inside the open unit disk. 


Indeed, we have Ro f = FA. Let now 7 be an eigenvector of A, corresponding 
to the eigenvalue A. Then, 


=F(z)A 


RoF'n = FAn = Fn, 
and so F'n is an eigenvector of Ro. From Ro F'n = AF'n follows that 
_ F(0)n 
1—Az 


We note that F(0)n 4 0. Otherwise (8.8.8) implies F(z)n = 0, and so 7 = 0. But 
(8.8.8) belongs to H2(D) if and only if \ € D. 


STEP 4: Let P be the Gram matrix of the basis f,,..., fx, and let 
b(z) =1— (1 —z)C(Iy — 2A) P41 (Iy — A)*C*. 


F(z)n (8.8.8) 


We show that P is the unique solution of the equation 
P—A*PA=C'C, (8.8.9) 


and that _ 


_ 1 = d(2)bCw) 


1-— 2w 


F(z)P~'F(w)* , z,weD. (8.8.10) 


An element of M can be written as F'n for a unique 7 € C%. Let now € be another 
element of C%. Since 


F(z)n = (CA")2” and F(z)€ = 5 (CA"E)z2”, 
n=0 n=0 


we have by definition of the inner product in H2(D) (see (8.2.2)) 


co 


(F(-)n, F(-)6)e2@) = >> (CAE)* (CAN) 


n=0 


n=0 
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and so the Gram matrix is equal to 


S> A™C*CA", (8.8.11) 


n=0 


and equation (8.8.9) has a unique solution, given by this series, since a(A) C 


Finally, we note that (8.8.10) is a special case of formula (7.7.30). See Exercise 
7.7.17. (It is also another example of the formula (7.7.1) for a finite-dimensional 
reproducing kernel Hilbert space.) 
1~b(z)b(w) 


STEP 5: Show that M is the span of the functions z ++ —7==— when w runs 


through D. 
This comes from (8.8.10) since the span of the vectors P~'F(w)*n when 7 


runs through C% and w runs through D is all of C%. To check this last point take 
€€CN such that 


&*P-1F(w)*n=0, Vn €CN and weD. 


Then, 

F(w)P'€=0 
and this implies € = 0 since the entries of F' form a basis of M. 
STEP 6: It holds that 


H2(D) = (MpH2(D)) 6 (J — MyM; )H2(D)). 


Since multiplication by 6 is an isometry from H2(D) into itself we have that 
the sum is indeed orthogonal. To see that it is equal to all of H2(D), note that 
ran M,M; Cc ran M, (and that in fact there is equality). 


STEP 7: Show that N = bH2(D). 
This is because 


(« — M,M*) (; -=)) (z) = oe 


Solution of Exercise 8.3.11: 


(1) Let f; and fo be in N, both not identically equal to 0. We assume that 
fi (0) = fo(0). Assume that there is m9 > 0 and a, 4 0 such that 


filz) — fo(z) = angz” +°°° 


For any g € M, 
(fi — fo, Mznog) = 0. 


By definition of the inner product, this gives a, + dny41z +°:: = 0, and so 
Gno = 0, contradicting our assumption. Thus f; = fe. 


434 Chapter 8. Hardy Spaces 


(2) From (1) we have 
M= (@p12"N) @zNtImM, VNEN. 


It follows that an element of M 6 (@f_,z*N) will be in NY_,2N*1M, and 
hence equal to 0. 
(3) Let j be a function spanning NV. It follows from (2) that any m € N can be 


written as 
m(z) = (>. one j(2), 
n=0 


and that 


Im? = (> en?) lll’. 


n=0 
Solution of Exercise 8.3.14: 


(1) From TM, = M,T we get that TM, = MzmT for all m € N. Applying to 
f =1 we get that, for every w € 


? 


(Tp)(w) = p(w) ((T1)(w)) , 


for p(z) = 2™. The result follows by linearity. 


(2) Let f € Ho(D), with power series expansion f(z) = )>>°_)@mz™, and let 
DalZ) = > nts. Then 
Co 
II f — Prll#. (a = > [al — 0, an > oo. 
m=nt+l1 


(3) Since T is continuous we have limps. ||T'Pn — Tf ||H,@) = 0. But in a re- 
producing kernel Hilbert space, convergence in norm implies pointwise con- 
vergence, and this implies (8.3.7). 

(4) From (8.3.7) we have 


(Tf)(2) = lim (Cpn)(z) = lim V(2)pn(z) = v(2)F(2). (8.8.12) 


(5) Since T is bounded by hypothesis, equation (8.8.12) implies that a is a mul- 
tiplier, and so is bounded. To check this directly, recall that (with ky(z) = 
1 


as) 


(T*ky) = DWwykw, we D. 
Since there exists a M < oo such that |/T*kw||H,@) < M||kwllH,(@) we get 


Ww. M_ep 


V1 -|wP? 7 V1 — lw 


and so w is bounded in absolute value by M. 
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Solution of Exercise 8.4.1: By Schwarz’ lemma we can write s(z) = zo(z) where 
o is analytic and bounded by one in modulus in the open unit disk. We write 


This formula expresses the kernel 


1 1 


1-20  1—s(z)s(w) 


as a product of two positive definite kernels in the open unit disk, and the claim 
follows from Exercise 7.6.6. 


Solution of Exercise 8.4.2: 


(1) The function 
1 — zWo9 


~ 1=s(z)s(wo) 


is analytic and bounded in the open unit disk. More precisely 


(fo(z))~* 


1 + |wo| 


— rn, “vze 
1 — |s(wo)| 


|fo(z)|-" < 


By Exercise 7.6.12 we can take ko = || f>*||2,- 
(2) The function fp belongs to the reproducing kernel Hilbert space H(s), with 


norm 
{1—|s(wo)|? der. 
Il follz(s) i— lwo Viki 


By Exercise 7.6.6 (or by Exercise 7.6.12) the kernel 


1—s(z)s(w) — fo(z) fo(w) 
sah (8.8.13) 


is positive definite in D. Since the kernel 


k 1 
SS (8.8.14) 


fo(z) fo(w) 1 — s(z)s(w) 


is positive definite in D the result follows by multiplying the kernels (8.8.13) and 
(8.8.14). 
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(3) We will use Exercise 7.6.6 and compute: 


i 


1 —————— 
1 7 kok. _ ko fo(z) fo (w) 
1 il 
ns ko fo(z)fo(w) __ kok 


l= 2u 1— s(z)s(w) 
1 — —+—— 
_ | eRe 
1—-2w 


cri ee oom} 
koki | fo(z)fo(w) 1-20 1-s(z)s(w) J’ 


which is positive definite in D since the kernels (8.4.1) and (8.4.2) are positive 
definite there. 


(4) By formula (7.6.5) (or by direct inspection), we have 


1 
A(z, w) et} 
1 — zs(w) 
Remark 8.8.4. We note that one gets the following bound on the operator norm 
of Cs: 
I|Csll < V Rok, 
and so 
5 P 
th L 
Can 4 gs EY 
woeD | vep| 1— 209 1 — |wo|? 
Solution of Exercise 8.5.2: 
(1) It suffices to write 
1 = yr", ewe 
- Zz w))", 2, w 
1—b(z)b(w) 7= 


For f € H2(D) (or in fact for f analytic in D) we have: 


f(ib(z))=0 = f=o. 
It follows that the space H2(b) of functions of the form F = f(b) with f € H2(D) 
and norm 
Fl.) = fll 
is a Hilbert space. The function kp», 
1 


Poe) = Tae) 
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belongs to H»(b) for every w € D and we have (with ky(z) = —+= and (,,-)o 
denoting the inner product in H2(D)), 


E Kb,w) H2(b) = (f, kow))2 = f(b(w)) = Fw). 


(2) Let e1,...,en be an orthonormal basis of the reproducing kernel Hilbert space 


with eoedeee kernel iO) (that is, of H2(D) © bH2(D)). We have (see 
Exercise 7.7.1 and formula (7.7.2) if need be) 


1— b(z 
ae = So ene 


and thus 


It follows from Theorem 7.5.22 that 


H2(D) = Sen H2(b). 


To show that the sum is orthogonal, it is enough to verify that 
(e;b", end") = On,m0j,k- 


This is done as follows. The result is clear when n = m and 7 = k. Assume now 
n > m. By properties of the inner product we have 


(ejb”, exb™)2 = (ejb"~-™, ex)2 = 0, 


since e;b"—™ © bH2(D) and e;, € H2(D) 6 bH2(D). The other cases are treated in 
much the same way. 


Solution of Exercise 8.6.1: 
(1) We note that 


so that 


a 


and in particular 
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We now assume n > m. Then, 


1 (u = it 


(Jnsdeala = =f ae 


We compute this integral using Cauchy’s theorem. For R > 0, consider the contour 
Yr made of the concatenation of the interval [—R, R] and of the part Cf of the 
circle Cr (centered at the origin and with radius R) in the open upper half-plane. 


By Cauchy’s theorem, 
_ 4\n—m-1 
7 i alae ne 
7 (z+i)r—mt1 


For R > 1 and z € Cy we have: 


( = iyo 2 (R at ie 
(z + qyr—mt1 _ (R = 1)n—m+ti ? 
and so we have 
(z —_ qo reat (R ch Lon 
<1 _______dz|<a7R > 0 
he (z+ i)r—mt1 a) SH (R- leer 
as R goes to infinity. It follows that 
n—m—-1 
lim aa) dz =0, 


R300 [-R,R] (z+ i)r—mt 
and hence the result. The case n < m follows since (fn, fm)2 = (fm; fn)2. We 
now turn to the proof that the f,, form an orthonormal basis of Lo(R, B, dx). Let 
f € Lo(R,B,dzx) be such that (f, fr)2 = 0 for all n ©€ Z, and let « € D. The 
dominated convergence theorem allows us to interchange integral and sum in the 
following equation: 


Soe fH (BY wee f LO (Se (H41)") 


n=0 


[su 


_ 1 ftw, 
1l—e Jpu-—w 


? 


with 
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Note that Im w = ae and so the orthogonality of f to fo, fi, fo,... implies 
(6.2.10) for w in the open upper half-plane. In the same way, the fact that (f, fr)2 = 
0 for n = —1. — 2,... implies that (6.2.10) for w in the open lower half-plane. 
Therefore, for any w € Cy, 


f(t) f(t) 
Bera [ =a 


f@) 


Applying the Stieltjes—Perron inversion formula (see Proposition 6.2.7) we con- 
clude that f(t) = 0 almost everywhere. 


so that 


(2) For z,w € Cy we can write: 


— { 1 
mine) = aaa z—twti 
Sew 4 
7 1 
~ -«((w —i)(z +4) — (+ i)(z —4)) 
7 1 
~ —Qri(z —W)’ 


which is the reproducing kernel of the space H2(C+). 


(3) A similar computation gives for z,w € C_, 


_ — 2 1 
» f-n(2) f-n(w) = Qni(z —)’ 


n=1 


which is the of the reproducing kernel of the space H2(C_). 


Solution of Exercise 8.6.3: Following the hint we have for z,w € Ci, 


1 1 (ee 
—2ni(z—-W) 2m J/_20,0] 


and so for N EN, c,...,cw € C and wy,...,wn € Cy we have 
as -~/ et a eitnt dt 
— =e (z- Tonite a) 2m J (—c0,0] er , 
—— Se 
f(t) 
We now use (6.1.4) and get 
a Cram 
2 0 nem _ 2 _ || FyJ2 
Figs = S- Tritt, Te) 2m f\lLo@_) = Ifllz@- 


nym=1 
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We conclude by a density argument. Assume that there is f € Lo(R;,dx) such 
that 


/ e * F(t)dt=0, VzeE Cy. (8.8.15) 
(—0o,0] 
Let z = 5+ ih for some fixed h > 0. Then, (8.8.15) becomes 
/ e teh F(t\dt =0, VseER. 
(—00,0] 
Taking conjugate we get 


| e teh f(—t)dt=0, Vs ER. 
[0,00) 


Adding these two equalities we get that f(t) = 0. 


Solution of Exercise 8.6.8: Let f,, be defined by (8.6.2), 


1 1 z—-t\" 
n = ; Z, 


and denote by T' the operator T f(z) = +,f(—1/z). We have 


ae er aa 
Tia(2)= et (5) 


VE a(-F +i) \-F +t 
eee 


= -i(-1)" fal2). 
Thus, we have that Tf € Lo(R,B,dxz) and has the same norm as f when f is a 
finite linear combination of f,,. This ends the proof (in both cases at hand) since 


a densely defined unitary map between Hilbert spaces has a (unique) everywhere 
unitary extension. In the case of H2(C+) one can also use Exercise 7.6.6 with 


l 1 
m(z)=- and y(z)=—-, 
z z 
and note that 
[Ss ee Cir, 


Solution of Exercise 8.7.1: To prove (8.7.2) we first recall the formula for the 
Gamma function 


I'(s) = _ Pte “dt, Res > 0) 
0 
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Thus for real vy > —1, 
if t’e *dt =T(v +1). (8.8.16) 
0 
For a > 0 the change of variable t ++ at leads to 
= Twv+1 
| te dt — (v ) ; 
0 


qutl 


which is formula (8.7.2) restricted to (0,00). In order to extend this formula by 
analytic continuation to the open right half-plane we need to show that both sides 
of (8.7.2) define functions which are analytic there. This is clear for the right-hand 
side. The case of the left-hand side has been treated in Exercise 2.1.31. 


Let now z,w € C,. Then —i(z —W) € C,. and formula (8.7.2) gives 


T(1+v) eee ma ea 
Cig-m) =| t etl edt = (e te *)1.2([0,00),t”dt) (8.8.17) 


and this expresses the function (8.7.1) as an inner product, and so (8.7.1) is positive 


definite in Cx. 


From Exercise 2.1.33, with FY as in (2.1.41) and with a change of variable 
zt> iz, we have that 


Le) <5 gage. 
n=0 


(—i(z—w))” 


It follows that the functions f(”) (iz), f$” (iz), ... form an orthonormal basis of the 
associated reproducing kernel Hilbert space H3. 


Remark 8.8.5. The function (8.8.17) is the reproducing kernel of the fractional 
Hardy space of the open upper half-plane. For v > 0 this space can be characterized 
as the set of functions f analytic in C;, and such that the integral 


| [ |f(a + iy)|?y”1dady < 00. 
o JR 


The integral is then equal to 2n2- || fllZy- See for instance [84, Probleme 265, 
p. 216]. 


Solution of Exercise 8.7.3: It suffices to set x = i(j + $) and y = i(k +4) (k,j = 
0,..., NV) in (8.8.17). 


Solution of Exercise 8.7.4: We use Exercise 7.6.7 with m(z) = a> and p(z) = az. 


Then, 
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de Branges—Rovnyak Spaces 


The de Branges—Rovnyak spaces are reproducing kernel spaces which appear in 
various fields, from operator theory to interpolation theory, stochastic processes 
and system theory. In this chapter we merely outline some of their elementary 
properties. 


9.1 de Branges—Rovnyak spaces 


The theory of de Branges—Rovnyak spaces originated with the work [86] of 1966, 
where de Branges and Rovnyak introduced reproducing kernel Hilbert spaces of 
functions analytic in the open unit disk and with reproducing kernel (7.7.17), 
that is, 

1 ~ s(z)s(w) 

1-20 

In other words, s is a Schur multiplier of the Hardy space of the open unit disk, or 
equivalently, s is analytic and contractive in the open unit disk. See [86]. Later, in 
joint and independent work, they introduced a variety of other kernels, of various 
forms, but which can be encompassed in a single formula as 


X(z) JX (w)* 
Pu(z) 


In this expression, the denominator is of the form 


K(z,w) = (9.1.1) 


Pw(z) = a(z)a(w) — b(z)b(w), 

where a and 0 are analytic in a connected set U such that the sets 
Uy, ={z EU, |a(z)| > |b(z)I} 
U_={zeU, |a(z)| < |b(z)|t 
Uo = {z EU, |a(z)| = |b(z)|} 
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are all non-empty, the function X is matrix-valued and meromorphic in Q4 and 
J is a signature matrix, that is, is both Hermitian and self-adjoint (in fact if both 
U, and U_ are non-empty then Up is also non-empty; see [CAPB, Exercise 4.1.12, 
p. 148]). Such a formulation and general setting is developed in particular in [24], 
[26]. Typical examples of kernels of the form (9.1.1) are 


1-s(z)sw) — v(z) + ow) 


l-zw ’ 


a er J— Bigew) . 
1— zw 1— zw 

See [84], [85], [86] for the original papers, which consider the cases py(z) = 
1— 2H and py(z) = —i(z — W) and [25], [26] for the theory in the general setting 
of denominators of the form 


a(z)a(w) — b(z)b(w). 


The book [9] explores relationships of these spaces with the theory of linear systems 
and the book [122] studies interpolation theory using these spaces. de Branges 
spaces of entire functions play an important role in prediction theory and in inverse 
problems: see [126], [125] and [22, 23]. 


To give a specific (but by no mean unique) motivation to study these spaces 
we start from the Hardy space of the open unit disk H2(D). Beurling’s theorem 
(see Theorem 8.3.11) can be rewritten as: 


Theorem 9.1.1. A closed subspace M C Ha(D) is backward shift invariant if and 
only if it is of the form 
H2(D) 6 j7H2(D) (9.1.2) 


where j is an inner function. 


The space (9.1.2) is the reproducing kernel Hilbert space with reproducing 
kernel 


z,w ED, (9.1.3) 


and so, equivalently: 


Theorem 9.1.2. There is a one-to-one correspondence between closed backward 
shift invariant subspaces of H2(D) and reproducing kernel Hilbert spaces with a 
reproducing kernel of the form (9.1.3) and j inner. 


This raises a number of questions and possible generalizations: 


1. What happens if we assume M contractively included in H2(D) rather than 
isometrically? 

2. Recall that the closed linear span of the polynomials in L2(T, dA) is H2(D). 
What happens if we replace L2(T, dA) by Lo(T, du) where p is a positive Borel 
measure on T. Let H2(D, dy) denote this closure. What is the structure of 
Ro-invariant closed subspaces of H2(D, dz)? 
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3. As a particular case of the preceding question, what is the structure of the 
space of polynomials of degree less than or equal to N, when endowed with 
the inner product of L2(T, du). This problem has important connections with 
the theory of second-order stationary processes and signal processing. 

4. What is the structure of Ro-invariant Hilbert spaces of analytic functions 
contractively (or maybe only continuously) included in H2(D, djs)? 

5. What happens if 7 is assumed contractive rather than inner. Then, we know 
that the kernel k, is still positive definite in 

6. What happens if rather than Ro-invariance we Seonadet the following weak- 
ened invariance property 


M4) em, 


féMand f(0)=0 => 


These questions have been answered by L. de Branges and L. de Branges 
and J. Rovnyak in various papers. Another avenue of research is to consider these 
questions when the Hardy space is replaced by the Bergman space, or the Dirichlet 
space. 


Recall that we have denoted by Ro the backward shift operator; see (1.7.3). 
We denote by || - ||2 the norm in H2(D). 
Exercise 9.1.3. Show that the space H2(D) is Ro-invariant and that the equality 


Rolla = IFll3 — FO)! (9.1.4) 
holds for all f € H2(D). 


An interesting question is what can be said if this equality is relaxed, for 
instance to an inequality, or more generally if H is a reproducing kernel Hilbert 
space of functions analytic in a neighborhood of the origin, Ro-invariant, and for 
which 


IIRofllac S IIfllae — [FOP 


(9.1.5) 
holds for all f € H. 


Exercise 9.1.4. Let a; and az denote two different points in the open unit disk D, 
and let 


1 
5(2) = Ze (bei(2) baal): 
(1) Show that the function tos@)stwy" is positive definite in D, and character- 
ize the associated reproducing kernel Hilbert space (which we will denote 


by H(s)). 
(2) Show that H(s) is Ro-invariant and that (9.1.5) holds in H(s). Does equality 
hold in (9.1.5)? 
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Exercise 9.1.5. Let H be an Ro-invariant Hilbert space of functions analytic in a 
neighborhood of the origin, and in which inequality (9.1.5) holds. Then the elements 
of H can be analytically extended to D. 


We conclude by mentioning two important results on H(s) spaces. 


Exercise 9.1.6. Let H be an Ro-invariant Hilbert space of functions analytic in 
D, and in which inequality (9.1.5) holds. Then H is a reproducing kernel Hilbert 
space, and its reproducing kernel is of the form 


where s is a (possibly) l2-valued function analytic in D. In particular, H. is con- 
tractively included in H2(D). 


Hint: (see [19]) Set Cf = f(0), and rewrite (9.1.5) as 
RoRo +O°C < In, 


and deduce that the operator 


ey /H — HEC (9.1.6) 


is a contraction. Finally extend the operator (9.1.6) to a unitary operator 


i BY. 
é 4 - HOG — HEC 
where G is a Hilbert space, and set s(z) = D+ zO(I — zRo) “1B. 


We conclude with: 


Question 9.1.7. A function s defined in the open unit disk is analytic and contrac- 
tive there if and only if it can be written as 


s(z) = D+ zC(Iy, — zA)'B, (9.1.7) 


where H is a Hilbert space and where the operator 
A B\ ({H = H 
C DD} \C C 


Hints: One direction is clear. If the function s can be written as (9.1.7) then an 
easy computation leads to (with the notation M~* = (M~')*) 


is coisometric. 


eee ee ea 


1— zw 
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Conversely, consider the space H(s) with reproducing kernel k,. The linear relation 
(see Definition 4.2.49) in (H(s) @C) x (H(s) @ C) spanned by the functions 


ks(-,w)—ks(-,0) 
ks(,w)e\ (Sc + ks(-, Od 
(( d EI s@)-90) . 4 5(0)d , dec, weD\ {0}, 


w 


is densely defined and isometric. It extends (see Exercise 4.2.50) to the graph of 
an everywhere defined isometry, whose adjoint gives the required realization. See 
[19, §2.2] for more details (in the setting of indefinite inner product spaces). 


The results in Question 9.1.7 originate with the work of de Branges and 
Rovnyak, and is of fundamental importance for the following reason: The kernel k, 
and the realization formula (9.1.7) have counterparts in a wide range of situations, 
most of them when one leaves the realm of one complex variable. We now list 
some of them (note that the references given are only indicative, and is in no way 
exhaustive): 


1. In one complex variable, when the kernel k, is assumed to have a finite 
number of negative squares. See the work of Krein and Langer [208). 

2. In the setting of compact Riemann surfaces, and models of pairs of commut- 
ing non-self-adjoint operators. See [222, 316] 

3. In the theory of time-varying systems (and then the complex numbers are 
replaced by diagonal operators). See [110, 16, 109] 

4. In the theory of multiscale linear systems, when the integers are replaced by 
the nodes of a homogeneous tree. See [21] 

5. In several complex variables, in particular in the setting of the polydisk and 
the ball. In particular, in the polydisk setting, the counterpart of Schur func- 
tions is the class of Schur—Agler functions, which are functions s analytic in 
the polydisk D’ , which admit a representation of the form 


N 
1 — s(z)s(w) = Ya — ZuWu)ku(z,w), (with z= (21,...,zn)), (9.1.8) 
u=1 
where ky,...,k, are positive definite in D’. See [3]. 


6. In the theory of functions of several noncommuting variables. See for instance 
the work of Ball and Bolotnikov and Ball and Vinnikov, and Kalyuzhnyi- 
Verbovetski? and Vinnikov [199]. 

7. In hypercomplex analysis, in the setting of Fueter series. See the work of 
Shapiro, Volok and the author [45], in the setting of slice-hyperholomorphic 
functions (see the work [14] with Sabadini and Colombo) and in the setting 
of bicomplex numbers, see the work [27] with Luna-Elizarrards, Shapiro and 
Struppa. 


and other cases too, such as white noise space analysis. 


In each of these cases, a version of the equivalence in Question 9.1.7 holds. 
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9.2 Interpolation 


There are numerous approaches to interpolation problems for Schur functions. We 
here use the tools presented earlier in the book to use the theory of de Branges 
spaces to solve the Nevanlinna—Pick interpolation problem in its simplest form. 
This is a very simple instance of a general matrix-valued two-sided interpolation 
problem. 


Problem 9.2.1. Let (wi,s1),...,(wn,sn) be N pairs of elements in D x D. 


(1) Find a necessary and sufficient condition for a Schur function s to exist such 
that 
s(we) = Sp, kK=1,...,N. 


(2) Describe the set of all solutions when the above condition is in force. 


In preparation of the various exercises and questions which present the solu- 
tion to Problem 9.2.1 we introduce some notation. 


We denote by P the N x N Hermitian matrix with (j,&) entry 


1— s8;5,% 
Pye = ——*. 
1 — wjWr 
Furthermore, we set 
1 1: 1 ee ee ae _f1 0 
= (5 ae =) A= diag (Wi,...,Ww), and r=(5 a) 


Finally we denote by M the space spanned by the columns of the matrix function 
F(z) = CUy -— 2A)“, 
and endow M with the inner product defined by P, meaning that 
(Fc, Fd)y=d*Pc, cdeCn. 


Exercise 9.2.2. P > 0 is a necessary condition for Problem 9.2.1 to have a solution. 


Exercise 9.2.3. It holds that 
P-A*PA=CJC. 
Exercise 9.2.4. Assume that Problem 9.2.1 has a solution s. Show that the map 
fw -s) f (9.2.1) 
is an isometry from M into H(s). 


In the following four questions we assume P > 0. Question 9.2.5 is a particular 
case of Exercise 7.7.17. 
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Question 9.2.5. Assume P > 0 and let 
Q(z) = Ip — (1— z)C(In — zA) Po (In — A*) 1 C*S. 
Show that 
«__ J — O(z) JO(w)* 
a 1— zw : 
The argument in the following exercise seems to first have appeared in the 


work of de Branges and Rovnyak; see [85, Theorem 13, p. 305]. It is the key to 
the reproducing kernel approach to interpolation problem. 


F(z)P7'F(w) 


a 


Exercise 9.2.6. Let O = and assume that s is a solution to the interpo- 


b 
d - 
lation problem. Show that there is a Schur function € such that 
aée+b 
a : 9.2.2 

° Ce +d ( ) 
Hint: Use Theorem 7.6.6. In the proof it is useful to check that d~! is invertible 
in D and that both d~' and d~‘c are Schur functions. 


Exercise 9.2.7. Show that 
(1 =s;)O@,)=(0 0), g=1,...,N, 


Hint: Check that 
(1 —s;) C(Ln — w;A)™ 
is the jth line of the matrix P. 


Exercise 9.2.8. Show that any function of the form (9.2.2) is a solution to the 
interpolation problem. 


Question 9.2.9. Assume now that P is singular. Show that there is a unique solu- 
tion, and that this solution is a finite Blaschke product. 


9.3 Carathéodory’s theorem 


In this section we follow Sarason’s analysis from [274, p. 48] and discuss Carathéo- 
dory’s theorem on the angular derivative using reproducing kernel spaces. To sim- 
plify the exposition we consider radial limits rather than angular limits. 


Exercise 9.3.1. Let s be a Schur function and let e° € T be such that 


1 — |s(ret*°)|? 


up. —— Se ge, 9.3.1 
ré(0,1) i — 2 ( ) 
Show that there is c € T such that the function 
1— s(z)é 
7 1 — ze—tto 


belongs to H(s). 
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Exercise 9.3.2. In the notation of the previous exercise, show that the limit 


(9.3.2) 


exists and is positive. 


Question 9.3.3. What happens when the limit (9.3.2) is equal to 0? 


9.4 A few words on Schur analysis 


Functions analytic and contractive in the open unit disk are part of classical math- 
ematics, as is illustrated by the works of Schur [281, 282], Takagi [303, 304] and 
Bloch [75], to name a few. They bear various names and we will call them Schur 
functions here. We will denote by S the family of Schur functions. They play an 
important role in numerous areas of mathematics, and can be characterized in a 
number of way. Via an iterative procedure now called the Schur algorithm, Schur 
associated in 1917 to a function s € S a (possibly finite) sequence of numbers in 
the open unit disk (with additionally a number of modulus one if the sequence 
is finite), which uniquely characterizes s. An important, but not so well known, 
consequence of the Schur algorithm is in topological analysis, with a proof of the 
power expansion for an analytic function without using integration. See [252] and 
see [320, 102] for more information on topological analysis. The study of var- 
ious questions associated with the Schur algorithm is called Schur analysis. In 
the present book, Schur analysis does not really come into play, but this section 
reviews some of its aspects, and is based in part on the survey [15]. 

An element s € S can be characterized in various ways. Recall (see for 
instance [180, pp. 67-68]) that a function f analytic and bounded in the open 
unit disk admits a multiplicative representation f(z) = i(z)o(z) into an inner 
function i(z) and an outer function o(z), the inner function being itself a product 
of a constant c of modulus 1, a Blaschke product 6(z) and of a singular inner 
function j(z): thus, 


with 


it 

es 
Sr a(t) 
? 


5(z) = foam 
o(z) = e2 Jio,2n1 a bela cer lie: 
In these expressions, p € No, J C N and the points z, € D\ {0}. Furthermore, du 
is a finite singular measure. When the function at hand is a Schur function, the 
outer part is also a Schur function. 
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The above representation is fundamental in function theory and in operator 
theory, and admits generalizations to the matrix-valued and operator-valued cases. 
See [253]. On the other hand, it does not seem to be the best tool to solve classical 
interpolation problems such as the Nevanlinna—Pick interpolation problem (see 
Section 9.2, where the theory of de Branges-Rovnyak spaces is used rather than 
the Schur algorithm), or Carathéodory—Fejér interpolation problem: 


Problem 9.4.1 (the Carathéodory—Fejér interpolation problem). Given N € No 
and ag,...,an € C, find necessary and sufficient conditions for a function s € S 


to exist such that 
g(7)(0) 
—— =a,, n= 0;...,N, 
n! 


and describe the set of all solutions when these conditions are in force. 


This problem arose at the beginning of the previous century as a step to solve 
the trigonometric moment problem, as we explain below. 


In his 1917 paper [281] Schur associates to s € S aseries of functions $1, s2,... 
of S via the recursion 


80(z) = s(z) 


—_———.,, z€ D\ {0}, 
Saqi(2) = Al —s,{0\sn(Z)) € D\ 10} re ee (9.4.1) 


called the Schur algorithm. The recursion stops at rank n if |s,(0)| = 1. This 
algorithm, originally developed to solve classical interpolation problem, has been 
shown to have numerous applications in signal processing. The Schur algorithm 
ends after a finite number of iterations if and only if f is a finite Blaschke product. 


As just mentioned above, the motivation of Schur was the trigonometric 
moment problem which is equivalent to an interpolation problem in the class of 
functions analytic in the open unit disk, and with a positive real part there. We 
will denote by C this family of functions. These functions are called Carathéodory 
functions. 


Exercise 9.4.2. Let s#—1€S. Show that the function 


_ 1-a(z) 


ae (9.4.2) 


y(z) 


belongs to C, and compare the power expansions at the origin of s and vp. 


The previous exercise is simple, but very important. To see this, recall first 
the definition of the trigonometric moment problem: 
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Problem 9.4.3. Given to,...,tnw € C, find a necessary and sufficient condition for 
a positive Borel measure on [0,27] to exist such that 


20 
| edi) =ty mea Tinsel, 
0 


and describe the set of all solutions when this condition is in force. 


Question 9.4.4. Using the Herglotz representation formula for Carathéodory func- 
tions (see [CAPB, (5.5.9), p. 207]), show that the trigonometric moment problem 
is equivalent to the Carathéodory-Fejér problem for Schur functions. 


The following question is adapted from [32, pp. 28-29]. 


Question 9.4.5. Let (a,b,c) © CN*N x CN*! x CX", and assume that the spectral 
radius of a is strictly less than one. 


(1) Show that the equations 
A-—a*Aa=bb* and Q-a*?Qa=c*c 


admit unique solutions A and Q, and that these are Hermitian matrices. 
(2) Forn € No such that 


det (1 as Adar) ggnt1) #0, (9.4.3) 
we define 
-1 
Pn = —ca” (Iv - Aatm+) nan") b, n=0,1,2,... 


and 


Rr(z) =c ((tv = Aang") = ey = Aa’"Qa")a) b. 


(a) Show that there is at most a finite number of integers such that (9.4.3) 
fails to hold. 

(b) Let no be such that (9.4.3) holds for alln > no. Show that, in a neigh- 
borhood V_ of the origin, 


Rn (z)=Pn 
Rpalz) = | aa zeV\ {0}, 


Pn+1; z=0. 


As an example we have (see [32]): 


Question 9.4.6. Let s(z) = s25-. Show that 


15-2” 


2, n= 01... 
Pa= Gene rig "9 
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The following is Exercise 2.3.8, p. 68 of [CAPB], to which we refer for a 
proof.! The result appears in [227]; see also [192, Theorem 7, p. 67]. It is an 
example where the Schur algorithm is not the right tool to use. 


Exercise 9.4.7. Show that the non-trivial Moebius map p(z) = a maps the 
Cz 
open unit disk into itself if and only if 
|ac — bd| + |ad — be| < |d|? — |c|?. (9.4.4) 


Another question of importance where the Schur algorithm does not seem 
to be the appropriate tool to use is the following result of Landau. See Landau’s 
paper [212] and also the paper [98] of Chen and Choi for recent advances on the 
subject. 

Theorem 9.4.8. Let s be a Schur function (not equal to a unitary constant), with 


power series expansion at the origin s(z) = >- 9 8nz" Then it holds that 


N 


yas 


n=0 


N 
it 
<Gy, N=0,1,... where ov= ae (), N=0;1,..54 
n=0 


are the Landau constants. 


9.5 Solutions of the exercises 


Solution of Exercise 9.1.3: Let f € H2(D), with power series 


=Sraq2", and — (f13= Solan? 
n=0 


n=0 


Then, 


(Rof)(2) = Sran2", and Rof 2 = So lanl? 


n=1 n=1 


The equality (9.1.4) follows since f(0) = ao. 


Solution of Exercise 9.1.4: 
(1) Recall the notation k,(z,w) = ios@)stu)" and similarly for ky,, and kp,, (see 
(7.7.17)). From the formula 


1 = bas (z)bar(w) _ 1 — jaa)? 
1-—2w (1 — zaz)(1 — Way) 
1We mention a misprint in the proof in [CAPB]; adjoints are missing in the completing of the 


square argument, and the center of the image of the unit circle is ae. and not as written. 


This does not change the arguments. 
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(see for instance [CABP, (1.1.49), p. 21]) and 


1—s(z)s(w)* 1 | 1—ba, (z)ba, (w) 1 = ba, (z)ba2(w) 
ee i 

1— zw 2 1— zw 1— zw 
we see that the function k,(z,w) is positive definite in D. The reproducing ker- 
nel Hilbert space associated with the functions shoe, (z,w) and shiva, (z,w) are 
spanned by the function = and = respectively, and so have a zero inter- 
section. By Theorem 7.5.22 the space H(k,) is the orthogonal sum of the spaces 
H(skv,,) and H(skp,, ). More precisely, 


I 
fEH(s) —= Fz) = 21 ae’ 
where Aj, A2 € C, and with norm 
4? |A2|? 
2 =? | 1 : 
ie =2(e es 
See Exercise 7.5.8 for the latter. 
(2) We have 
_ ay az 
and so 
|arA1/? |az2/? 
Rofl? =2 | =" 
| of || ae im 1 — |a9|? 
= || FI? — 2(|A1 |? + |A2l?) 
< |IfIl? — FO), 
since 
| f(O)|? = [Ar + Agl? < 2(JAa|? + |A2]?). (9.5.1) 
Furthermore, 


2(JAa|? + |Ao|?) — [Ar + Azg|? = [Ar — Azl?, 


and so inequality (9.5.1) is strict for Ay 4 Ag. So equality will not hold in (9.1.5) 
in general. 


Solution of Exercise 9.1.6: We follow the hint. The operator (9.1.6) is a contraction 


and so is its adjoint. Thus 
Ro\ (Ro\ 
( Q) ( o) < Inec- 
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A contractive operator has a positive squareroot (see Exercise 4.2.31). We have 


_ (Ro\ (Ro\"” , (B\ (BY 
twoe= (0) (2) + (2) (2) 
where we decompose the positive squareroot though a Hilbert space G which is 
isomorphic to 


Then the function s(z) = D+ zC(I — zRo)~1B satisfies 


1 — s(z)s(w)* 


1— zw 


C(I — 2Ro)* (I — wR) *C* = 


This ends the proof since the reproducing kernel of H is given by 


C(I — zRo)"\(I —wRo) *C*. 


l 


Solution of Exercise 9.2.2: This is a special case of Question 7.6.16 with K(z, w) 
1 
T-Z0" 


Solution of Exercise 9.2.3: The (j,k) entry of the matrix P — A*PA is 


1—s,35, 1 — s;5% 
2 J j —— 
Pix = w; Pir Wr = ee 
1 — wjWr 1 — wjWr 
=1-—8j55 


which is the (j,k) entry of the matrix C* JC. 


Solution of Exercise 9.2.4: The space M is spanned by the functions fi,..., fr, 


where 
e 
Ss; 
fi2a=—e j=l,...,N. 


~~ —? 
1 — 20; 


Assuming s to be a solution to the interpolation problem (note that at this stage 
we do not know yet that solutions exist at all) we have 
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Thus 


1— s(z)s(w; . 
(1 —s(z)) f(z) = 1a se)stu) =k,.(z,w;) j=l,...,N, (9.5.2) 
— £W5 
and the map (9.2.1) sends M into H(s). To check that (9.2.1) is an isometry, and 
taking into account (9.5.2), we write 


(1 =—s)fes(l =—s) fee = Gee) Bow) aia 
= k,(w;, wr) 


1 — s(wy)s(we) 
1 — wjWK 

1 — sj5K 

1 — wjWK 

=P, 

= (fr, fi) M- 


Solution of Exercise 9.2.6: From Exercise 7.6.6 with y(z) = z and 


w= O(z) JO(w)* 


Ky (z,w) 1—20 


, Ko(z,w) = ks(z,w) 


and 


we have that the kernel 


k,(z,w) — (1 —s(z)) —_— (1 —s(w))* 
is positive definite in D. Since 
(1 = —s(w))) teat 
we see that the kernel 
(1 —s(z)) OC) (1 s(w))” >0 
in D, that is, 
(a(z) ~ s(z)e(z))(a(w) ~ s(w)e(w)) ~ (b(z) ~ s(z)d(z))(O(w) — s(w)d(w)) . 4 
1-20 ~ 
in D. Since O(1) = Iz we have that a(z) — s(z)c(z) 40 and so, with 
b(z) — s(z)d(z) 


(9.5.3) 
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we have that k-(z,w) is positive definite on D \ Z(a — sc), where we denote by 
Z(a— sc) the set of zeros of a — sc. The function € is in particular bounded in 
modulus in D \ Z(a — sc), and Riemann’s removable singularity theorem insures 
that the singularities of ¢ are removable. Thus ¢ is a Schur function. 


Since © is J-contractive we have 
(0 1)@(z)J(0 1)°< (0 1)7(0 1)", zeD, 


that is 


le(z)|? — |d(z)? <-1, zeED 


or 


1+ |e(z)|? < |d(z)|?, zeD. 


It follows that d~! is invertible in D and that d~‘c is a Schur function, strictly 
contractive in D and so c(z)e(z) + d(z) is invertible in D. Then (9.2.2) follows from 
(9.5.3). 


Solution of Exercise 9.2.7: This is a direct computation. We follow the hint and 
write 


(1 —8;) C(In — wjA)7* = (1 — 8,37 1l—sj3z +: 1— s;3N) 
1 1 1 
di ————, ——...., —— 
ean (SS Ss) 
_ 1l-sj;37 1l—sj;sq 1l—s;sn 
_ (aS 1—w;W2’ a 2s) 
= (Pi Pio ests P; Ve 
Thus 
(1 —s;) CUn —w;A)' Po = (0 0 -- 1 0 =) ; 
ee 


jth entry equal to 1 and the other ones equal to 0 
and 
(1 —s;) O(wy) 
=(1 —s;) (Ig —(1—w;)C(Un — wjA)7'P7'(In — A*)7*C* J) 
=(1 -s;)—(l—w;)(0 0 +--+» 1.0 --) 


1 1 1 
i ——- veep I OS 
ade (— Ss) 


=(0 0) 


since the jth row of C*J is equal to (1 —s;). 
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Solution of Exercise 9.2.8: Let ¢ be a Schur function. We have: 


(a -sae@(.y)) _ =6. 


J 


Thus 
(a(z)e(z) + b(z)) — s(z)(c(z)e(z) + d(z)) =0 for z=w,..., ww. 


The result follows since ce+d is invertible in the open unit disk (see Exercise 9.2.6) 
and since the image of the open unit disk under the linear fractional transformation 
defined by a J-contractive matrix is inside the open unit disk. 


Solution of Exercise 9.3.1: For every r € (0,1) we have that 


. —_ ito \|2 
be(re) € Hs) and [lks(-,7e") [yay =P 


Condition (9.3.1) expresses that the family (k.(-,re’"°)),<(0,1) is uniformly bounded 
in norm in H(s) and therefore has a weakly convergent subsequence (say, indexed 
by the sequences 11, 72,... of points in (0,1)), whose limit we denote by g. Since 
weak convergence implies pointwise convergence we have 


g(2) = lim (ka(+, ret?) a(+s2))0(0) 


. 1L=s(z)s(rne”) 
lin ——————_—- 


noo _ zZrne to 


I 


» Wee 


Since (in view of (9.3.1)) s #0 we have that c = limy +0 s(rne"’) exists, and is 
of modulus 1 since T is compact. Thus the function 


1— s(z)é 
2) = Fo 
belongs to H(s). 
To conclude we show that the limit does not depend on the given subsequence. 
Assume that both _ a 
1— s(z)e a4 1- s(z)e> 
1 — ze—*to 1— ze-to 
belong to the space H(s) for two different points c; and c2 on the unit circle. Then, 
the function 
8(z) 


zo — 
eto — z 


belongs to H(s), and in particular in the Hardy space H2(D). But this forces 


lim s(re’) = 0. 


rs 
re(0,1) 


See Exercise 8.2.5 for the latter. 
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Solution of Exercise 9.3.2: By definition of the weak limit we have 


0 < (9(-), 9(-)) 2408) 
= lim (9(-), haley tae™ )aues) 


n—- co 


= lim g(rne”*) 


n—-Co 
. 1l=s(rpe)e 
— tim Loslrae Ie 
n—>0o 1-Tpy 


As in the previous exercise, the limit does not depend in fact on the given sequence. 


Solution of Exercise 9.4.2: Since s(z) # —1, the maximum modulus principle 
insures that s(z) 4 —1 for all z € D (note that, of course, s could be a constant of 
modulus 1, but not the function s(z) = —1). Therefore y is defined for all points 
in D and we have 


From (9.4.2) we have 
(1+ yl(z))(1 + (2) =2 


from which we obtain the relation between the power series developments of y 
and s at the origin. If y(z) = ~P-.g Ynz” and s(z) = 77.4 Snz” we have 


(1+ go)(1 + 80) = 2, 
(1+ ¥o)s1 + Yi(1 + 80) = 0, 
(1+ Yo)s2 + 9181 + pa(1 + 80) = 0, 
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Bergman Spaces 


As already said, Bergman spaces seem to form the first example of reproducing 
kernel Hilbert spaces of analytic functions. In this chapter we discuss the case of 
the disk and the polyanalytic cases. More involved cases, such as the annulus and 
the ellipse, are only mentioned en passant. We urge the reader to look at these 
cases. 


10.1 The Bergman space of analytic functions 
analytic in D 


In this section we focus on the case 2 = D and p = 2 in Exercise 4.1.17. As already 
mentioned the cases where Q is an ellipse or an annulus are treated in Sections 
10.2 and 10.3 respectively. 


Exercise 10.1.1. Let f be analytic in the open unit disk, with power expansion 


f(g) =o tak”. Show that ¥ Lal < oo if and only if {J |f(z)|/?dady < co, 
and that, when one of these expressions is finite, it holds that: 


% yell _ = ff ite | f(z) |Pdady. (10.1.1) 
=o S- +1 °° 

Exercise 10.1.2. In the notation of Exercise 4.1.17, assume that p = 2. Letw EQ. 
Show that there exists Ky € Bo(Q) such that 


f(w) = (f, Kw) B.(a), Vf © Bo(Q). (10.1.2) 


Exercise 10.1.3. Show that the backward shift operator Ro (defined by (1.7.3) with 
a= 0) is bounded from the Bergman space B2(D) into itself. 
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Exercise 10.1.4. Let s be analytic and strictly contractive in D. 
(1) Show that C, is a contraction from the Bergman space into itself, and show 
the bound 
ICs\lB.w) < ICsllix, wy: (10.1.3) 


(2) Prove directly the claims in (1) for s(z) = ba(z), where ba is the Blaschke 
factor based at a € D, that is, ba(z) = 4% (see (1.2.9)). 


1-—za 


Question 10.1.5. Let s be analytic and strictly contractive in D. Is there a converse 
inequality to (10.1.3)? 


In view of the following question, recall that the weighted Bergman space was 
defined as the reproducing kernel Hilbert space with reproducing kernel (8.2.8). 


Question 10.1.6. Let N © {2,3,...}. 


(1) Show that the positive plane Borel measure jun absolutely continuous with 
respect to Lebesgue measure and with density 


(N 1) 


My (ty) = G=pry 


is such that the reproducing kernel Hilbert space By with reproducing kernel 
ace is isometrically included in L2(D, B, un). 
(2) Characterize the elements of By in terms of their power series at the origin. 


In the previous exercise, j1y was given. On the other hand, a detailed hint is 
provided in order to solve the following problem. 


Exercise 10.1.7. Let N © N. Show that there is a measure dun on D, of the form 
din (z) = fn(r)drdé 


such that the reproducing kernel Hilbert space with reproducing kernel aoa is 
isometrically included in Lo(D, B, un). 


Hint: We first recall the following result on the moment problem on an interval. 
See [209, Theorem 2.5, p. 64]. 


Theorem 10.1.8. Given a,b € R with a < b and given a sequence (Cn)neNo of real 
numbers, there exists a positive Borel measure on [a,b] such that 


/ u"du(u) =cn, n=0,1,2,... 
[a,b] 


if and only if the functions 


K(é, k) = Ch+k (10.1.4) 
Kal, k) = (a + b)ce+ p41 — ACELk — Cetk+2 (10.1.5) 


are positive definite on No. 
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With this result at hand, we suggest the following strategy: 
(1) Show that there exist strictly positive numbers d;,, such that 


(2) Let Hy» denote the reproducing kernel Hilbert space of functions analytic in 
the open unit disk with reproducing kernel aca Show that 


CF oar = Organs (10.1.6) 


3) Taking into account the special form of wy, translate (10.1.6) into a moment 
& Hb 
problem on the interval [0,1] and apply the previous theorem. 


10.2 The Bergman space of analytic functions analytic 
in an ellipse 


Recall that the Bergman spaces associated with an open set 2 have been defined 
in Exercise 4.1.17. We now discuss the density of the polynomials inside the space 
B2(Q), when 2 is a bounded open set. This is important in view of the formula 
for the kernel function associated with Q. In [244, p. 254] and using Riemann’s 
mapping theorem, Zeev Nehari gives such a criteria. Nehari’s result is: 


Theorem 10.2.1 ([244, p. 254]). Let Q be a bounded domain and assume that C\Q 
is the closure of a domain. Then the polynomials are dense in Bo(Q, daxdy). 


Note that an annulus will not meet the hypothesis of the theorem. 
Exercise 10.2.2. Show that the polynomials are not dense in the space B(Ar), 
where R>1 and (as in (2.1.14)) Ar denotes the annulus 
Arp ={zEC;3l<|z|< R}. 
We present as an exercise another result of this type, based on Mergelyan’s 
theorem (see for instance [266, Théoréme 20.5]). 


Theorem 10.2.3 (Mergelyan). Let kK be a compact subset of the complex plane 
such that C\ K is connected. Then any function analytic in the interior of K and 
continuous on K can be uniformly approximated by polynomials. 


Exercise 10.2.4. Let K be a compact subset of the complex plane such that C \ Kk 
is connected. Show that the polynomials are dense in Bo(K,daxdy). 
Hint: Approximate K by an increasing sequence Ky, Ko,... of compact sets with 


connected complements, and included in kK. On each K,, apply Mergelyan’s the- 
orem to f restricted to Ky. 
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Question 10.2.5 (see [244, p. 259]). Let a,b > 0 be such thatr =a+b> 1, and let 


& denote the ellipse 
2 2 
— se 
a 


The Bergman kernel associated with € is given by the formula 


, 4 (n + 1)Un(z)Un(w) 
K(z,w)=-)> ares gaa ae (10.2.1) 
n=0 


where Uo, U1,... denote the Tchebycheff polynomials of the second kind. 


10.3 The Bergman space of the annulus 


The Bergman space of the annulus is studied in details in particular in [70, pp. 
2 and 10], where R > 1. There, and with the annulus r < |z| < 1, S. Bergman 
shows that the reproducing kernel of the associated Bergman space is given by the 
formula (5.6.5): 


1 = 1 1 
TZ {pcn(em)) = Ti sh : 


In this expression, 77; is a constant whose definition we will not recall here and ¢ de- 
notes a Weierstrass function (with appropriate periods). The expression ¢(In(z@)) 
is well defined in view of the periodicity of ¢. 


Recall that the annulus Ar has been defined in (2.1.14) as the set of complex 
numbers such that 1 < |z| < R, 


Example 10.3.1. Let R > 1, and let f be analytic in Ar. 
(1) Compute 


| 2"z"daedy, m,ne€Z. (10.3.1) 
AR 


(2) Express in terms of the coefficient of the Laurent series of f the fact that 


I _[F(e) Pedy < oe. 


10.4 The Bergman spaces of polyanalytic functions 


Let now 2 = D and du = dzxdy, the area measure in C. There is an interesting 
family of Hilbert spaces between B2(D) and L2(D,dxdy), namely the Bergman 
spaces of polyanalytic functions. See Balk’s book [57, p. 169]. 
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Definition 10.4.1. Let N € N. We denote by BY (D) the closure in L2(D, dxdy) of 
the functions of the form 


N 


f(z) =) 2 vj(2) 


j=0 
where po,--.,pn are polynomials in z. When p = 0, we have B3(D) = Bo(D). 


Exercise 10.4.2. Show that the range of the operator Mz of multiplication by Z 
from B2(D) into L2(D, dxdy) is closed. 


Exercise 10.4.3. Show that the spaces 2 Bo(D) are closed in L2(D,daxdy), but that 
their sum is not closed. 


Hint: Use Theorem 4.1.25. 


It follows in particular from the preceding exercise that B3’(D) is not the 
space of functions of the form 


N 
F(Z) => Phy) (10.4.1) 
j=0 
where the h; belong to the Bergman space B2(D). 

It is not clear at this stage that the spaces B2’(D) are spaces of functions, 
let alone reproducing kernel Hilbert spaces. We consider these questions in the 
following exercises. We denote by £(B2) the space of the functions of the form 
(10.4.1), with hi, ho, re B2(D). 

Exercise 10.4.4. 
(1) Find the function ko € Bi’ (D) such that 


f (0) = (f, ko) Bx my, (10.4.2) 


for all f € B3’(D) of the form (10.4.1) with hy, h2,... polynomials. 
(2) Let f € BS (D) and w €D, and let b,, be a Blaschke factor (see (1.2.9)): 


zZ-Ww 
bw (z) = ; 
(2) 1l-—zw 
Show that the function 
(1+ Zw)% 


Gw(z) — F(b-(2)) : (10.4.3) 


(1 + zw) N*2 


also belongs to BY (D). 
(3) Show that for every w € D there exists ky € B’(D) such that 


f(w) = (f, kw) Bx), (10.4.4) 


for all f € B3’(D) of the form (10.4.1) with hy, h2,... polynomials. 
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Hints: (see Koéelev’s paper [207]) Remark that the functions 277 = 22) (j = 
0,1,...,.N) belong to B3’ and look for h of the form 
N: * 
h(z) = >> ailz|”* (10.4.5) 
i=0 
for appropriate choice of real constants do,...,an-. 


In the proof of (2) it is enough to prove that the composition map f > f (bw) 
maps B2(D) into itself. This can be done directly computing the norm of f(b) in 
B2(D). 


Remark 10.4.5. The operator defined by (10.4.3) is of the form (7.6.7). It is in 
fact continuous thanks to Exercise 7.6.18. 


Exercise 10.4.6. Show that B3’(D) is a reproducing kernel Hilbert space. 


Remark 10.4.7. We note that the functions e;,; defined by (2.1.11) form an or- 
thonormal basis of Bi’ (D) for k = 0,...,N and j € No. Furthermore an explicit 
form of the reproducing kernel is given by (0.0.6). See [207] and [57, (6.41), p. 169]. 


10.5 Solutions of the exercises 


Solution of Exercise 10.1.1: Let p € (0,1). For z such that |z| =r < p we have: 
)1< Do lfalo" =M, < ce. 
n=0 


Furthermore let, with z = re”, 


Nas S” finer, (10.5.1) 
n,mENo 
n+m<N 
We have 
lim Fy(z) = |f(z)|?, 
N-co 
and 


|Fi(z)| < Mp. 


The dominated convergence theorem allows us to conclude that 


lim ae z)dady = | Jim, Fy (z)dady 
N-00 JJ |zl<p lzi<p% 
= ff z)dady. 
lz|<p 
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On the other hand, 


‘ee z)dady = Ef jin drm et rebrdt, 
la|<p 


n,mENo 
n+m<N 
and 
0, if 
[- [, pout eit(n— ™ rdrdt, = = a : n x m 
t ana, if n=m. 


Hence for p € (0,1) we have: 


oo fi 2 ,2n+2 
oa fre I =2ff ou 2)Pdady. 
= or lel<p 


One concludes by using the dominated convergence theorem to let p — 1. 


Solution of Exercise 10.1.2: The existence of K,, follows from Riesz’ theorem. The 
function K,, can also be computed directly from the power series characterization 
of the Bergman space: 


K,(z) = So(n+ 1270". (10.5.2) 


Remark 10.5.1. It follows from (10.5.2) that 


ae i = Omyn: 
(2 1% ) Bo (D) oe ; 


This formula can also be obtained from a direct computation of the inner product 
in terms of a double integral. We see in particular that the functions 


vn+12", n=0,1,2,... 


form an orthonormal basis of the Bergman space B2(D). 


Solution of Exercise 10.1.3: Let f € B2(D) with Taylor expansion f(z) = > fnz” 
n=0 
Then, (Rof)(z) = pg fn41z” and we have 


= [Fret |* 
|Roflla.@) = dX eat 


[fn4il? n +2 Vineet C 
=> eal? ke oa oy pes < 2\|fllé.@): 


n=0 n=0 
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Solution of Exercise 10.1.4: 
(1) We have for z,w € 


By hypothesis, and using Exercise 7.6.6, the kernel 


a 
1-20 1—s(z)s(w) 


is positive definite in D. Thus (10.5.3) expresses the kernel 


1 1 


(I= 26) ~ (1 — s(z)s(w))? 


as a product of two positive definite kernels, and the claim follows from Exercise 
7.6.6. 


We now prove (10.1.3). Let M > 0. We have 


The kernel ( — ~~.) is positive definite in D for any M > 0, while the 


1-20 1—s(z)s(w) 
1 VM 


1-2 1— s(z)s(w) 


kernel 


(10.5.5) 


is positive definite for M < Ic: For such M the kernel (10.5.4) is positive 
SI'H2(D) 


definite in D. To show the bound (10.1.3) we note that any M for which (10.5.4) 
is positive definite in D satisfies 


M||Cs|lB,(o) < 1- 


Since the kernel (10.5.5) is positive definite in D for 
1 


M = 
IC.IK, 


we obtain the desired inequality. 
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(2) We recall that (see [CAPB, Exercise 1.1.20, p. 21]) 


1—ba(z)ba(w) _ 1 —|al? 
1-20 (1 — 2@)(1 — aw)" 

Let 1 | \2 1 | | 

ve (+ al)? 1+/Jal’ 
We have 

1 7 C2 7 if 1_ C? 
(l— 20)? (1—ba(z)ba(w))2 (1 — 20)? 1 — ba(z)ba(w) 
1— zw 
1 C? 


Gap} > 7 a-ae 2 
(qian) 


{— VG(1— 2a) VC(1—Wa) 
C(1 — za)(1 - =) Vi-lal2 /1=|al? 


1 
= il 
s(t 1— jal? 1l—-2w 


= ky (z, w)ko(z, w)k3(z, w), 


with ki (z, w) = oe. and (since ap = Ta) 
— 1 
hole) = 141), (em) = ET 
where r(z) = earip 


The kernels k, and kz are clearly positive definite in D. So is the kernel kg 
since sup,ep |r(z)| = 1. It follows that the kernel 
1 ce 


(L— 2m)? (1 —ba(z)ba(w))? 


is positive definite in D and so ||Cy,||B,(p) < a But the equality (with r as 
above) 
1 C _ 1=—r(z)r(w) 
1-20 1-b(z)b,(w) 1-20 


shows that ||Co, |lH,(0) = a. and hence we obtain the required inequality. 
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Solution of Exercise 10.1.7: 
(1) One has 


il = (Nn — 1)! 
aaF ee ar Da 
n=0 


so that dyin = ee 
(2) We thus have 


Qn _ (N-1)!n! — (W-1) 
on fr a) Te il > el) 


The change of variable r? = u suggests that we look for a positive Borel 
measure on [0,1] such that 


: 7 1 
I dun (u) = (Nani Gee 1) 


(3) We now apply Theorem 10.1.8 with c, Since the function 


_ 1 
~~ (N¥n=T) (+I) 
seo is positive definite on the real numbers we conclude that each of the 


functions 
1 1 


N+n+m-—-1 — (n+ 4+) 4+ (m+ %) 


is positive definite on R and so is the function cn4m defined by (10.1.4), 
since it is then a product of positive definite functions. We now consider the 
function (10.1.5). With a = 0 and b= 1 we have: 


Cn+m+1 — Cn+m+2 
7 1 1 
— (N+n4tm)---(m+n+2) (N+n+m+1):-:(m+n+4+3) 
N-1 


(N+1+m-+n)---(m+n+2) 


which is positive definite, as is seen using the same argument as for the 
function (10.1.4). 


Solution of Exercise 10.2.4: There exists an increasing sequence Ky, Ko,... of 


° 
compact sets, with connected complements, and such that K,4 0 and 
K,C KoC--- and Ur, Kn = K. 


By Mergelyan’s theorem there exist polynomials pj, p2,... such that 


IL 
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Solution of Exercise 10.3.1: 


(1) Using polar coordinates to compute the integral at hand we get 


20 
| 2°23" dady = I [ prtm+l eit (n—m )dtdr 
AR 


nZéM, 


2n+2 
— oom _ nm =m 1, 


2rInR, n=m=-l. 


(2) Let 
[o<) Co Dn 
f@) = iane"+ OF 
n=0 n=1 


denote the Laurent series of f in Ar. Furthermore, let for N EN, 
M Ny 2 

)=|Saan+ yo 
n=0 n=l 


and let r; and rg be such that 1 < Tr; < rg < R. The Laurent expansion of f 
converges absolutely and uniformly in the closed annulus 


ri 


Apo = {2 €C : 1 < |z| < 7a}, 


and we have in particular: 


(2) < So Janlrg + > os 


n=0 n=1 


and 
lim gn (z )= If(2)/?, VzeE Ap, ,ro- 


N-0o 


Thus the dominated convergence theorem allows us to write: 


Tg © 
I z)|? dxdy = 2a (/ », |an|2r 2n+1 gp 
Ary, r2 Tl n=0 mes 
+|b1|?(In rz — Inr;) ef lb |2r eee 
n=2 


Let now, as in the previous exercises, ry be a decreasing sequence of numbers 
such that limy+.6Tin = 71 and rgn be an increasing sequence of numbers such 
that limy-..?en = rg (and assume r1y < rom for every choice of N, M € N), 
and let 
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(10.5.6) leads to 


| gn (z)dady = =2r (/ s lan |?r 2m] pt 
Ar 


rT. n=0 
oo an 

+[/?dare — tury) +> [ parma) 
n=2"T1 


and the monotone convergence theorem allows us to conclude that 


Gas Rent? _ 1 ad R2-2n _ 1 
Y~ Jan|?——— ] + 2ld1[71 ye ——— 
“({ |ay| al )s |b |? nR+ [br | an < 00 


n=1 n=2 


is a necessary and sufficient condition for the function f analytic in Ar to belong 
to L2(Ar, dxdy). 


We note that the functions 


1 n+l 
eres! gt Z\ f-1 
ke rue? "SBN 


form an orthonormal basis of the Bergman space of the annulus. The computation 
of the associated reproducing kernel 


(n + l)z nay 
~ Qn n R)z 1 7S ean 


is done in [70, p. 2 and p. 10]. See (5.6.5) above. 


Solution of Exercise 10.4.2: We have 


Gr 2" ieee 2" Laas) = bn 
Let now h(z) = 37°.) Anz” € Bo(D). Then, 
italien Pe. a 
Me =o 3 ee = Sllal?. 
The inequality 
|| Mzhl|2 > sll? (10.5.7) 


implies that the range is closed. Indeed, let (Mzhn)nen be a Cauchy sequence in 
the range of Mz. Then (10.5.7) implies that (hy)nen is a Cauchy sequence in the 
Bergman space and thus converges to some element, say h, of B2(D). By continuity 
of Ms we then have lim,_5., Mshy = Mgh. 
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Solution of Exercise 10.4.3: We give the proof for N = 1 and will apply Theorem 
4.1.25 with H; = B2(D) and Hz = 762(D). From the previous exercise we know 
that Hz is closed in L2(D, B, dxdy). 

Assume that inequality (4.1.19) holds for some c > 0. Then (with some abuse 
of notation for the functions) 


lz" — Z2" "||, (w.B,dedy) 2 C*llz"|IL,@,B,azay)> n=0,1,... 


for some c > 0. Thus 


1 1 2 a. oh 
— - >C : 
n+1 n+3 n+27 °&ne+ti1 


Multiplying both sides of this inequality by n and letting n — oo we get c = 0, 
which is not possible by hypothesis. 


Solution of Exercise 10.4.4: 
(1) Let f € Ln (Be) and write 
f(z) = folz) + Zfr(z) +--+ +2 f(z), 
where the functions fo,..., fy € Bo(D). Set fi(z) = ae finz”. We note that 


file? Yay wy = (2° fi2"* a) = fi a a rah (10.5.8) 


for i,j =0,...,N. Thus, with h of the form (10.4.5), we have 


N 
(f,h) = > afi pa = Dt (> cn). 


i,j=0 i=0 


This last expression will be equal to f(0) = foo for all f € £n(B2(D)) if and only 
if ao,...,@yN are chosen such that 


1 a s4i, a 4 

1 2 I+ ” T 

a i ards ay 0 
2 3 pam 

a2 = 0 

N+l WN+2 2IN+1 an 0 


i i 

1 2 I+N 

i i = 

2 3 2—-N 
N+1 N+2 2N+1 


is invertible (and in fact strictly positive; see Exercise 4.2.34). 
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(2) With h as in o and gy defined by (10.4.3) with f € BY (D), we have: 
f(w) = gw (0 


fa 


(where we have made the change of variable z = b.,(¢) with Jacobian equal to 
o,,(C)|2, and we set ¢ =a + ib) 


Ddedy = [fa Guo(Bu (6) Pw () 0 (6) [da 


—* = |w)?)™ 
> Gd —tw)¥ | 71 Fan\N 1 — w)?)2 
1 - oh 
(since b/,,(¢) = jee) 
= ff som Cdadb with ky (6) = rhb) 


To conclude, it follows from 


= ( — Cw) ~ ; i i 
kw(¢) = (l — Cm) N+2 Sai (bw(6)) (bw (¢)) 
i=0 
N * 
= _ Fy N-te _ gyiy (eel wt 
polynomial of degree N in = ae 


that the function k,, € BY (D). 
Remark 10.5.2. The properties of the inner product of L2(D, dxdy) really used are 
(2f(z),9(2)) = (F(z), Z9(2)), (10.5.9) 
(z',z24)=0, fori¥j, (10.5.10) 

and that, with a, = (z", 2"), the Hankel matrix 


H= (ai+5); j= =0,...,N 


is invertible. We note that this last property will not hold a the case of the 
Lebesgue space L2(T, da), which corresponds to the kernel + that is to the 
Hardy space. 


= 


Solution of Exercise 10.4.6: Formula (10.4.4) implies that Cauchy sequences of 
functions of the form (10.4.1) with hy, he,... polynomials converge also pointwise. 


Chapter 11 


Fock Spaces 


Bargmann-—Fock-—Segal spaces of analytic functions play an important role in quan- 
tum mechanics; we refer for instance to the book of Yurii Neretin [246]. In this 
chapter we collect some exercises related to these spaces and to their polyanalytic 
extensions. Important related tools, such as the Bargmann transform (see Exercise 
2.1.27), were introduced in the earlier chapters. 


11.1 The Bargmann—Fock-—Segal spaces of 
analytic functions 


As we saw earlier in the book, the operators 
Pf(z)=zf(z) and Qf(z) = f'(z) 


satisfy the equation QP—PQ = J, and are continuous in the Schwartz space and in 
the space of functions analytic in an open set 2. On the other hand they are never 
simultaneously continuous in a normed space (say, of functions analytic in some 
open set). Motivated by the work of Fock [134] on quantum field theory, Bargmann 
(60, 61] introduced a Hilbert space of entire functions where these operators are 
adjoint of each other. They are then both unbounded. 


Before giving the definition of the Bargmann space (also called Fock, or 
Bargmann—Fock—Segal space) we present one preliminary exercise. In [CAPB, Ex- 
ercise 5.6.9 (2), p. 213], the following question is posed: Show that there are no 
entire functions (different from the function identically equal to 0) such that 


I If (2) Pandy < oo. 


© Springer International Publishing Switzerland 2015 475 
D. Alpay, An Advanced Complex Analysis Problem Book, 
DOI 10.1007/978-3-319-16059-7_ 11 


476 Chapter 11. Fock Spaces 


Similarly we ask now: 


Exercise 11.1.1. Show that there are no nonzero entire function f such that 


| lf(z)2e” ~Y dady < co. (ida) 
Cc 


Hint: Use [CAPB, Exercise 5.6.9 (2), p. 213]. 


Remark 11.1.2. As for the Hardy space, the Bargmann space defined below will 
admit four characterizations: 


(1) The first is geometric. This is the second item in Exercise 11.1.3. 

(2) The second is in terms of reproducing kernel. This is Exercise 11.1.4. 

(3) The third is analytic. This is the first item in Exercise 11.1.3. 

(4) The fourth is in terms of a transform (the Bargmann transform). This is 
Exercise 2.1.27. 


3 
4 


Exercise 11.1.3. Let f be an entire function, with power series expansion f(z) = 
ro fnz”. Show that 


co 


S > nl|fnl? < 00 (11.1.2) 


n=0 


if and only if [fc | f(z)2e7|4l" dady < oo, and that, when one of these expressions 
is finite, it holds that: 


> allfal? = = I If (2) P2e- dandy. (11.1.3) 


n=0 


The space of entire functions f for which (11.1.3) is finite is a Hilbert space 
called the Bargmann space, Fock space or Bargmann—Fock—Segal space. We will 
denote it by F. More precisely, it is the symmetric Fock space associated to C (the 
full Fock space associated with C being the space f2(No)). The Fock space was 
given in the previous exercise a geometric and analytic interpretation. To complete 
the picture we now give: 


Exercise 11.1.4. 


(1) The Fock space is the reproducing kernel Hilbert space with reproducing ker- 
nel e7”, 
(2) The polynomials are dense in the Fock space. 


Exercise 11.1.5. Using formula (8.1.1), or by direct computations, compute (with 
u=«x+ty) 


1 = 
~ |f Ture te" dady. (11.1.4) 
Cc 


Hint: Apply (8.1.1) to f(w) =u™ and K(z,w) =e”. 
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Analytic description is given in terms of the Bargmann transform. See Exer- 
cise 2.1.27. Summarizing these three results we have: 


Theorem 11.1.6. Let f be an entire function, with power series expansion f(z) = 
> Ganz”. The following are equivalent: 


(1) f satisfies 
| | f(z)|2e7 7? dady < co. 
Cc 


Co 


> n!|fnl? < 00. 


n=0 
(3) There exists g € Lo(R,dx) such that 


(2) f satisfies 


where 
he(u) = pel +e va}, 
14 
Exercise 11.1.7. 
(1) Show directly (that is, without resorting to Exercise 4.3.5) that the operators 


(5.6.1) (denoted here by Mz and 0, respectively) 
(M.f)(z)=2f(2) and (0-f\(2) =F") (11.15) 


are not bounded in the Fock space. 
(2) Show that M? = 0, and OF = M,. 
(3) What are the eigenvectors of the operators M,0, and 0,M,? 
Exercise 11.1.8. Show that the operator Re M, has no point spectrum in the Fock 
space. 


Exercise 11.1.9. Let wo € C. Show that the weighted composition operator 


2 
lwo | 
2 


(Two f)(z) =e 2 ~e7*™ f(z + wo) (11.1.6) 


is unitary from the Fock space onto itself, and compute its inverse. 
Hint: Use Exercise 7.6.6 to prove that T,,, is coisometric and compute T_»,,Two- 


Remark 11.1.10. The analysis and results in this section extend without much 
difficulties to the case of several complex variables, the corresponding positive 
definite function being e&n-1*»™, The situation is much more involved in the 
case of an infinite number of variables, that is, when the positive definite function 
is (7.1.14): 

K(z,w) = en x we bo. 


One enters then the realm of infinite-dimensional analysis. 
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The counterpart of Exercise 11.1.9 in the reproducing kernel Hilbert space 
with reproducing kernel (7.1.14) (that is, in the symmetric Fock space associated 
with 2) is: 


Question 11.1.11. Let F(z) be the reproducing kernel Hilbert space with repro- 
ducing kernel (7.1.14), and let u € 9. Show that the map which to f € F(l2) 
associates the function 


ar en Bt (au)? f(g +u) 


is a unitary map from F (2) into itself. 


11.2 The Bargmann—Fock—Segal spaces of 
polyanalytic functions 


We defined the Bergman spaces of polyanalytic functions in Section 10.4. See 
Exercise 10.4.4. The Fock space of polyanalytic functions is discussed in [57, pp. 
169-170], and is the topic of the exercise below. We denoted by Ly (F) the set of 
functions of the form (10.4.1), that is, 


with ho, h1,...,hn € F. 


Exercise 11.2.1. Let N € No. We denote by F™ the closure in L2(R2, e~!#!’ drdy) 


of the functions 
n 


2°), nENo and j=0,...,N. 
(1) Find the function ky € FN such that 
f(0) = (f, ko) FN, (11.2.1) 


for all f © LN(F). 
(2) Let f © Ly(F) and w € C. Show that the function 


Gu (z) =” f(z +w) (11.2.2) 


is of the same form. 
(3) Show that for every w € C there exists ky € F™ such that 


f(w) = (fi kw) en, (11.4.3) 


for all f © F® of the form (10.4.1) with ho,hi,...,hn polynomials. 
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Hints: As in Exercise 10.4.4, remark that the functions z?/ = 2 zJ (j =0,1,..., N) 
belong to F™ and look for ko of the form (10.4.5) for an appropriate choice of real 
constants ao,...,a@y. In the proof the (NV +1) x (NV +1) matrix with (m,n) entry 
equal to (m+n)! appears. Use Exercise 1.6.2 to show that this matrix is strictly 
positive. 


Remark 11.2.2. In fact the function k,, sought for in item (3) in the previous 
exercise is given by (0.0.7). 


The proof of the following question is as the proof of Exercise 10.4.6. 
Question 11.2.3. Show that F™ is a reproducing kernel Hilbert space. 


Exercises 10.4.4, 10.4.6, 11.2.1 and Question 11.2.3 suggest the following 
problems: 
Question 11.2.4. 


(1) Given a positive measure on Q C C such that the closed linear span of the 
polynomials in Le(Q, dw) is a reproducing kernel Hilbert space, define (if 
possible) the corresponding Hilbert space of polyanalytic functions and find 
its reproducing kernel. The case of an annulus should be of special interest. 

(2) Consider the polyanalytic versions of the Dirichlet space and of other spaces 
of the kind considered in this book. 

(3) More generally, if H is a reproducing kernel Hilbert space of functions analytic 
in a set Q CC, characterize the closure (in some appropriate sense) of the 
functions of the form (10.4.1) with hi,...,hnw €H. 


11.3 Solutions of the exercises 


Solution of Exercise 11.1.1: We note that 


ene = le" | 
and so (11.1.1) can be rewritten as 


I |f(z)e® /?|2dady < ov. 


By [CAPB, Exercise 5.6.9 (2), p. 213], f(z)e*’/? = 0, and so f(z) =0. 


Solution of Exercise 11.1.3: The proof is similar to that of Exercise 10.1.1. First 
fix p € (0,00), and define Fy as in (10.5.1). Then a change of variable and the 
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dominated convergence theorem leads to: 
oe yk 2,—|z?| 1 2,—|27| 
lim — |F'n (z)|“e dady = — |f(z)|-e dady 
N00 T MW z|<p ™ I \2\<p 
lee) p 5 
=25 Int fl omtera 
n=0 0 
as vP 
= Soil? [went 
n=0 0 


The monotone convergence theorem now allows to let  — oo and to conclude 
since 


| ue “du=T(n+1)=n!, (11.3.1) 
0 


where I denotes the Gamma function. 


Remark 11.3.1. We note that (11.3.1) corresponds to v = n in (8.8.16) and to 
t = 0 in the integral (2.1.36). 


Solution of Exercise 11.1.4: 
(1) For w € C the function 


belongs to F since 


Po mw oo |w|?” 
Vl = Vo <0, wee. 


n=0 n=0 


co 
Furthermore, by definition of the inner product we have for f(z) = > anz” © F: 


n=0 
(f(2),e™)x = So nlan = Saw" = f(w) 
n=0 n=0 


(2) It follows from the previous item that 
(27,2 ee SOs 


The formula 


implies then the asserted density. 
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Solution of Exercise 11.1.5: Applying (8.1.1) to f(z) = u" and K(u, z) = e”” we 
have 


1 _ mm 
= | Ture%el“l" dady _ (uw a 7) = (gay) 
THe OZ r 


“te if m>n, 


Solution of Exercise 11.1.7: 
(1) A first way to see that M, is unbounded is via the characterization of mul- 
tipliers in a reproducing kernel Hilbert space (see Exercise 7.6.6). Since for any 
M>0 

lim el7’(M — |z|?) = —o0, 

Z—0o 
there does not exist a M > 0 such that the kernel e*”(M — z7) is positive definite 
in C, and so M, is unbounded. 

Another quicker way is to note that 


|Me(2")I% _ le" _ (n +1)! 
Ie [ele ~ al 
As for the differentiation operator O,, it is also unbounded since 
MeV IR alle" a(n — 0)! 


=p = nh C= OO Era oo os hk 
edie Ile F n! 


=n+1l-@w as now. 


(2) Recall that the domain of the adjoint operator M* is the space of elements 
g € F such that the map 
fo(Mef, gr (11.3.2) 


extends to a continuous linear functional on F. Let f € F with power series 
expansion f(z) = )>°°.9 an2”. Then, f € Dom M, if and only if 


co 
» |an—1|?n! < 00. 
n=1 


For such an f and for g € F with powers series expansion g(z) = > 
have 


Co 


nao On2”", we 


(Mf, Q)F = ss Gn—1b_n! = SS An((n + 1)bn4i)n!. 
n=0 


n=1 
Thus, (11.3.2) is bounded if and only if 


Co 


0.9(z) = So (n+ Lbn4i2” € F. 


n=0 


This shows that M? = 0,. The other claim is proved in the same way. 


482 Chapter 11. Fock Spaces 


(3) We look for solutions in F of the equations 
2f!(z) =Af(z) and 2f'(z) + f(z) =Af(z) 


for some complex number X. Note that these equations are identical (up to replac- 
ing A by \— 1 in the first equation). To solve the first equation, it suffices to look 
for a solution of the form f(z) = pee Gnz”, where the coefficients a, are subject 
to (11.1.2). Thus, for the first equation, we have: 


co loc) 
> Nanz” = r S- Anz”. 
n=1 n=0 
Comparing coefficients, we get 
O=Aap and nan =Adn, n=1,2,... 
and it follows that the eigenvalues of M,0, are exactly the functions 
fo(z)= 2", p=0,1,..., 


with corresponding eigenvalue p. Finally, the functions fp, are the eigenfunctions 
of the operator 0, M,, with corresponding eigenvalues p+1 where p = 0,1,.... 


Solution of Exercise 11.1.8: By Exercise 2.1.14, the solutions of the equation 


Re M, u = pu 


z 


2 
are of the form u(z) = ce“*~ 7, and such functions are in not the Fock space for 
c # 0. Indeed, with pp = a+ ib, 


y2—«2 


2_ 2 
(Re (uz))+ 23 = |cleat—but * ae 


|u(z)| = Icle 


So 


2 ee eee 
|u(z) |e! = lee" 2x € ma 


which is not integrable with respect to the Lebesgue measure of the plane (since, 
for every real b, the function y + e~?°¥ does not belong to Lo(R, B, dy)). 


Solution of Exercise 11.1.9: We use Exercise 7.6.6 with 


m(z) =e” = e 0, v(z)=z+wo, and Ki(z,w) = Ko(z,w) =e™. 


Then, 


> 205 (2+ wo) (B+) ,— ry ,— wel” 
e Oe 0 Ve 0@ 3 
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Thus equation (7.6.9) holds: 
Ko(z,w) = m(z)Ki(y(z)), e(w))m(w), Vz,wec, 


and so, by Exercise 7.6.6, Ty, is unitary from the Fock space onto itself. Further- 
more, for f € F it holds that 


(T-pTun f)(2) = 7 F e7™9(Ty, f)(z — wo) 


lwol? J _ [wo |? 
ee 2 


eW (2 wo) F(z + wo — wo) 


Thus, 
Tae Pins = Lied we S Te. 


It follows that fb = Tg: 


Remark 11.3.2. More generally we note that 
Ty, ta a 
Therefore we have 
fe NT Tg Vwo,w1 €C. 


Solution of Exercise 11.2.1: 


(1) In a way similar to the proof of Exercise 10.4.4 we have: 


1 

o! u fe. oN ao = 

1! 2! vs (N41)! ] | 0 
a2 |—| 9]. (11.3.3) 

N! (N+1)! --  (2N)! oe 0 


It is always possible to solve this system of equations since the Hankel matrix 
appearing in (11.3.3) is invertible. To check this last fact, set 


0! i «s 
u! H. «e (N11) 

Hy = (11.3.4) 
N! (N+! +»  (2N)! 


and let My be as in Exercise 1.6.2. Then 


My = DnHnDn 


484 Chapter 11. Fock Spaces 


where Dy = diag (a> ate + eas a): So Hy is strictly positive since My is strictly 
positive (see Exercise 1.6.2 for the latter). 


(2) First note that 
a k 
hae su—k—u 
(z+w)F = a Ww (*) : 


The claim follows by noting furthermore that for any polynomial p and any c € C 
the function z+ e°*p(z) belongs to F. 


(3) Let now f(z) = paar 2 pj(z), where po,...,pn are polynomials in z, and let 
F(z) =e“ f(z+w). 
In view of the preceding remarks, F' € Ly(F). By (1) we have 
F(0) = (F ko) x 


that is 
1 —— 2 
= - | F(z)ko(z)e7!*! dady. 
T SSC 


Hence (and with the abuse of notation as in (0.0.8)), 


f(w) = (e- f(z + w), ko(z)) e6 


2 = [fee + wih“ dey 
== ff toe (WP Ro(e — wel" dandy 
== ff toe e aeey 


which gives 


since 


oe (2-w)Ge-|z—w/? Zw—|2|?_ 


— 


Remark 11.3.3. The reproducing kernel of F% is given in [57, p. 170] to be equal to 
N 
_ 20 ae ( NPT) Lae |. oR 
Fy(z,w) =e (s 1) es giz— wl | - 


This formula is obtained also from the above analysis since (see Exercise 1.6.4) 
the first column of My" (where My is the Hankel matrix defined by (11.3.4)) is 
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the (N + 1) x 1 vector 


(—1)* Ga (11.3.5) 
N+1 
_4)\N 
0" (4a) 
and hence the first column of Hy is equal to 
ue (N+1 
Oo Oe 
1k (N+1 
en Gn t) . (11.3.6) 
cy" (N+1 
“NW! \ N+] 


Remark 11.3.4. When N = 1 we have as a particular case that the function 


F,(z,w) = e?” (2 — |z — w)*) (113-7) 


is positive definite in C. A direct proof of this fact (without knowing the underlying 
inner product) is given in Exercise 7.2.5. The proof there is elementary, but does 
not provide insights on the associated reproducing kernel Hilbert space. On the 
other hand, specializing the previous analysis, it is not difficult to prove directly 
that (with u = x + iy) 


709 — |z — w|*) =i hfe (2 — ju — w|?)e™*(2 — |u—Z|2)e7! dady. (11.3.8) 


More precisely, (11.3.8) with w = 0 amounts to 


2—|z|? = ~ ff (2 — |ul?)e™*(2 — [ua — Z|*)e" |" dady 


= = ff — |u|?)(2 — |z|? — |ul? + we + z)e™e7|"l" drdy. 


| |u|te""" dady, ... 
Cc 


The various integrals 
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are given by (11.1.4) and the equality (11.3.8) readily follows when w = 0, that is, 


1 = 
2—|zP = — [Le — |ul2)e™* (2 — ja —2|2)e—!" dedy. 


The case of arbitrary w is obtained from the case w = 0 by replacing z by z — w 
and then making the change of variable u = t — w in the above integral. More 
precisely, with t = a+ ib we have: 


1 = 
J- bow? - ff-e — jul?)e7@-") (2 — [a — + DP )ew" dedy 
1 —_ = 2 
~ ff e- |t — w|?)e@- @-“) (2 — [E — Z|? )e “#8 dadb 
T SWIC 


—1 = _ > 2 
ee | (2 — |t— w[2)e"7 (2 — |f — Z)2)e#e- It” dads, 
TNC 


since _ : 7 5 
e(t-B) (2—-w) ——|t-w| _ eizt+tw—wz-|t| ; 
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